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Preface

It has been said that ‘a true scholar publishes only one book in his lifetime and that
posthumously’ [105, p. 435]. In fact, this book has not taken a lifetime to complete,
although it has had a very long gestation period: there have been many distractions,
most of which have not been unpleasant.

The book is concerned with the scattering of time-harmonic waves by obsta-
cles; the words ‘multiple scattering’ in the title signify that there are at least two
obstacles. The problems considered come from acoustics (sound waves, Helmholtz
equation), electromagnetics (Maxwell’s equations), elastodynamics (waves in solids)
and hydrodynamics (surface water waves). The book describes a variety of mathe-
matical techniques for solving such problems: the main techniques involve separation
of variables, integral equations and T -matrices. Most of the book is concerned with
exact methods, although the last chapter discusses several effective approximate
methods. There are also two chapters on addition theorems; these are useful in other
contexts as well as for multiple scattering. For detailed information on the topics
covered, see the Table of Contents and Section 1.7; for a list of topics not covered,
see Section 1.2.

The mathematics used is classical: separation of variables, special functions,
Green’s functions, Fourier methods, asymptotics. The reader should also have some
familiarity with simple uses of boundary integral equations. Operator notation is used
when convenient.

As far as I know, there is no other book that treats all four of the main phys-
ical domains: acoustics, electromagnetics, elastodynamics and hydrodynamics. The
reader will see many connections between these domains. As far as I know, there
is no other book that focuses on multiple scattering. (Of course, it is inevitable that
we begin by considering scattering by one obstacle.) In addition, the book has an
extensive reference list. This should be useful to future workers, and may help reduce
duplication of effort.

xi



xii Preface

The book contains a sprinkling of quotations from the literature. These are intended
to be illuminating, amusing or both. Some may help the reader to not lose heart when
the calculations become complicated; some may hint that great men are human; and
some may simply reflect the author’s English sense of humour!

I cannot give thanks individually to everybody who has helped me over the
years, perhaps by sending me reprints or answering my questions. However, I must
thank four people for shaping my outlook and taste in applied mathematics: Ralph
Kleinman, Frank Rizzo, Fritz Ursell and Gerry Wickham. I also thank Chris Linton
for his detailed comments on an early draft. No doubt some errors remain, for which
I must take sole responsibilty. Please let me know if you find errors. In particular, if
you think that I should have cited one of your papers, send me a copy!



1
Introduction

Privately, [Rayleigh] often quoted with relish a saying attributed to Dalton when
in the chair at a scientific meeting: “Well, this is a very interesting paper for
those that take any interest in it”.

(Strutt [1157, p. 320])

1.1 What is ‘multiple scattering’?
The mathematics of the full treatment may be altogether beyond human power
in a reasonable time; nevertheless � � �

(Heaviside [489, p. 324])

‘Multiple scattering’ means different things to different scientists, but a general
definition might be ‘the interaction of fields with two or more obstacles’. For example,
a typical multiple-scattering problem in classical physics is the scattering of sound
waves by two rigid spheres. Further examples, such as the scattering of spherical
electron waves by a cluster of atoms, can be found in condensed-matter physics [1379,
168, 422, 424, 423]. Many other examples will be discussed in this book.

The waves scattered by a single obstacle can be calculated in various well-known
ways, such as by the method of separation of variables, T -matrix methods or integral-
equation methods. All of these methods will be discussed in detail later.

If there are several obstacles, the field scattered from one obstacle will induce
further scattered fields from all the other obstacles, which will induce further scattered
fields from all the other obstacles, and so on. This recursive way of thinking about
how to calculate the total field leads to another notion of multiple scattering; it can
be used to actually compute the total scattered field – each step is called an order of
scattering. In 1893, Heaviside [489, p. 323] gave a clear qualitative description of
this ‘orders-of-scattering’ process.

1.1.1 Single scattering and independent scattering

In his well-known book on electromagnetic scattering, van de Hulst [1233, §1.2]
considers two classifications, namely single scattering and independent scattering.
Let us review his definitions of these ideas.

1



2 Introduction

1.1.1.1 Single scattering
This is the simplest approximation, in which the effects of multiple scattering are
ignored completely: ‘the total scattered field is just the sum of the fields scattered
by the individual [obstacles], each of which is acted on by the [incident] field in
isolation from the other [obstacles]’ [111, p. 9]. This approximation is used widely; it
is only expected to be valid when the spacing is large compared with both the size of
the obstacles and the length of the incident waves. Indeed, with these assumptions,
higher-order approximations can be derived [1382, 1383, 1381] and these can be
effective [511]. However, there are many instances where multiple scattering is
important; for some natural examples, see Bohren’s fascinating book [109] and his
related paper [110]. Thus, in atmospheric physics, the single-scattering approximation
is not justified, ‘for example, by clouds, where multiple scattering can be appreciable’
[111, p. 9].

1.1.1.2 Independent scattering
When waves interact with several obstacles, a ‘cooperative effect’ may occur. This
could be constructive interference, leading to unexpectedly large fields, such as
can happen with a periodic arrangement of identical scatterers as in a diffraction
grating or a crystal lattice. Alternatively, there could be destructive interference,
leading to unexpectedly small fields, such as can happen with a random arrangement
of scatterers. These are examples of dependent scattering: in theory, one ‘has to
investigate in detail the phase relations between the waves scattered by neighboring
[scatterers]’ [1233, p. 4]. Thus, the ‘assumption of independent scattering implies
that there is no systematic relation between these phases’ [1233, p. 5].

The notions of single scattering and independent scattering need not be separated.
For example, the authors of [866] consider

only independent scattering, randomly positioned particles. This means that par-
ticles are separated widely enough, so that each particle scatters light in exactly
the same way as if all other particles did not exist. Furthermore, there are no
systematic phase relations between partial electromagnetic waves scattered by
different particles, so that the intensities � � �of the partial waves can be added
without regard to phase. In other words, we will assume that each particle is in
the far-field zone of all other particles, and that scattering by different particles
is incoherent.

(Mishchenko et al. [866, p. 4])

The authors go on to quantify what ‘separated widely enough’ means: ‘Exact scat-
tering calculations for randomly oriented two-sphere clusters composed of identical
wavelength-sized spheres suggest that particles can scatter independently when the
distance between their centers is as small as four times their radius [868]’ [866, p. 5].
This is consistent with van de Hulst [1233, p. 5]: ‘Early estimates have shown that
a mutual distance of 3 times the radius is a sufficient condition for independence’.
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1.1.2 Scattering by N obstacles

Suppose that we have N disjoint obstacles, Bi, i = 1�2� � � � �N . The boundary of Bi
is Si. A given wave is incident upon the N obstacles, and the problem is to calculate
the scattered waves.

We assume that we know everything about every obstacle: location, shape, orienta-
tion and boundary condition; if the obstacles are penetrable, so that waves can travel
through them, we assume that we know the internal composition. There are many
situations where all of this information is not available; for example, the obstacles
might be located randomly.

Mathematically, the exact (deterministic) multiple-scattering problem is easily
formulated: it is an exterior boundary-value problem (with a radiation condition at
infinity) where the boundary is not simply-connected. However, the problem is not
easy to solve, due mainly to the complicated geometry: hence Heaviside’s pessimistic
comment. Another comment, in a similar vein, was made by van de Hulst [1233]:

Multiple scattering does not involve new physical problems, � � � � Yet the problem
of finding the intensities inside and outside the cloud [of N scatterers] is an
extremely difficult mathematical problem.

(van de Hulst [1233, p. 6])

This attitude led naturally to single-scattering approximations, as mentioned above.
One scatters the incident wave from the ith obstacle (ignoring the presence of the
other obstacles), and then sums over i. Indeed, van de Hulst’s book and [276] are
devoted entirely to single scattering.

At the other extreme, one may attempt to solve the N -body scattering problem
directly, perhaps by setting up a boundary integral equation over

S =
N
⋃

j=1

Sj� (1.1)

see Chapter 5. Analytically, although ‘it would be esthetically preferable to treat
the [N -body] configuration as a unit, this approach seems limited to certain special
problems’ [1196, p. 42]. Computationally, this direct approach can be expensive,
especially for problems involving many three-dimensional obstacles.

In the first comprehensive review of the literature on multiple scattering, Twersky
opined that

it is convenient in considering multiple scattering, to assume that solutions for the
component scatterers when isolated are known, and that they may be regarded
as “parameters” in the more general problem.

Thus, one seeks representations for scattering by many objects in which the effects
of the component scatterers are “separated” from the effects of the particular con-
figuration (or statistical distribution of configurations) in the sense that the
forms of the results are to hold independently of the type of scatterers involved.

(Twersky [1198, p. 715])
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Similarly, in the context of hydrodynamics (where water waves interact with immersed
structures, such as neighbouring ships, wave-power devices or elements of a single
larger structure), Ohkusu wrote:

For the purpose of calculating hydrodynamic forces � � � � it is essential that only
the hydrodynamic properties of each element be given. A method having such a
merit will facilitate the calculation for a body having many elements and may be
applied to the design arrangement of the elements.

(Ohkusu [927, p. 107])

In other words, assuming that we know everything about scattering by each obstacle
in isolation, how can we use this knowledge to solve the multi-obstacle problem?
The best way is to use a ‘self-consistent’ method. In the next section, we describe
such a method in general terms.

1.1.3 Self-consistent methods

A self-consistent method

assumes that a wave is emitted by each scatterer of an amount and directionality
determined by the radiation incident on that scatterer (the effective field). The
latter is to be determined by adding to the incident beam the waves emitted
by all other scatterers, and the waves emitted by those scatterers are in turn
influenced by the radiation emitted by the scatterer in question. � � �The self-
consistent procedure is not an expansion in primary, secondary, tertiary waves,
etc. The field acting on a given scatterer, or emitted by it includes the effects of
all orders of scattering.

(Lax [687, pp. 297–298])

Specifically, write the total field as

u= uinc +
N
∑

j=1

ujsc� (1.2)

where uinc is the given incident field and ujsc is the field scattered (‘emitted’) by the
jth scatterer. Define the ‘effective’ or ‘external’ or ‘exciting field’ by

un ≡ u−unsc = uinc +
N
∑

j=1
j �=n

ujsc� (1.3)

it is the ‘radiation incident on [the nth] scatterer’ in the presence of all the other
scatterers.

Now, as the problem is linear, it must be possible to write

ujsc = �juj� (1.4)
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where �j is an operator relating the field incident on the jth scatterer, uj, to the field
scattered by the jth scatterer, ujsc. Hence, (1.3) gives

un = uinc +
N
∑

j=1
j �=n

�juj� n= 1�2� � � � �N� (1.5)

or, equivalently,

unsc = �n

{

uinc +
N
∑

j=1
j �=n

ujsc

}

� n= 1�2� � � � �N� (1.6)

If one could solve (1.5) for un or (1.6) for unsc, n= 1�2� � � � �N , the total field would
then be given by

u= uinc +
N
∑

j=1

�juj (1.7)

or (1.2), respectively.
The derivation of (1.5) given here follows [1193, Chapter 6, §3]; see also [1191,

Chapter 7, §2]. Its simplicity is somewhat illusory, because we have not clearly
defined the operator �j ; also, we have not indicated where (1.5) or (1.6) is required
to hold in space. Nevertheless, we have given an abstract framework within which a
variety of concrete methods can be developed.

The general scheme leading to (1.5) and (1.7) is often called the Foldy–Lax self-
consistent method. Foldy [354] used a special case of the method for ‘isotropic point
scatterers’; see Section 8.3 for a detailed description. Lax [687] used the general
scheme, with a certain prescription for �j ; see [687, §III]. We will see several
specific realisations later, including the T -matrix methods developed in Chapter 7.

For simple geometries, such as circular cylinders or spheres, a self-consistent
method is easily realised. One combines separated solutions of the Helmholtz equa-
tion (multipoles); a necessary ingredient is an addition theorem for expanding mul-
tipoles centred at one origin in terms of similar multipoles centred on a different
origin. This old but useful method will be developed in detail in Chapter 4. The
method itself goes back to a paper of Lord Rayleigh, published in 1892; we discuss
this next.

1.1.4 Rayleigh’s paper of 1892

In his paper ‘On the influence of obstacles arranged in rectangular order upon
the properties of a medium’ [1009], Rayleigh considered potential flow through a
periodic rectangular array of identical circular cylinders. As a special case of his
analysis, let us consider an infinite square array of rigid cylinders of radius a with
centres at �x� y� = �mb�nb�, where m and n are integers and b > 2a; see Fig. 1.1.
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P

Q

x

y

Fig. 1.1. Rayleigh’s problem: an infinite square array of circles.

The ambient flow has potential V =Hx. In Rayleigh’s words [1009, p. 482]: ‘If we
take the centre of one of the cylinders P as origin of polar coordinates, the potential
external to the cylinder may be expanded in the series

V = A0 + �A1r+B1r
−1� cos�+ �A3r

3 +B3r
−3� cos 3�+· · · � ’ (1.8)

where � is measured from the x-axis. Symmetry implies that V −A0 must be an odd
function of x and an even function of y; these conditions lead to the form of the
expansion (1.8). Imposing the boundary condition �V/�r = 0 on r = a gives

Bn = a2nAn� n= 1�3�5� � � � � (1.9)

Next [1009, p. 483]: ‘The values of the coefficients A1, B1, A3, B3 � � � are neces-
sarily the same for all the cylinders, and each may be regarded as a similar multiple
source of potential. The first term A0, however, varies from cylinder to cylinder, as
we pass up or down the stream’.

At this stage, we have obtained one condition relating An and Bn, namely (1.9), but
we need another. To find it, Rayleigh begins as follows [1009, p. 483]: ‘The potential
V at any point may be regarded as due to external sources at infinity (by which the
flow is caused) and to multiple sources situated on the axes of the cylinders. The
first part may be denoted by Hx’.

Then, Rayleigh proceeds [1009, p. 484] ‘by equating two forms of the expression
for the potential at a point x� y near P. The part of the potential due to Hx and to the
multiple sources Q (P not included) is

A0 +A1r cos�+A3r
3 cos 3�+ � � � �
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or, if we subtract Hx, we may say that the potential at x� y due to multiple sources
at Q is the real part of’

A0 + �A1 −H�z+A3z
3 +A5z

5 +· · · � with z= x+ iy� (1.10)

Continuing: ‘But if x′� y′ are the coordinates of the same point when referred to the
centre of one of the Q’s, the same potential may be expressed by’

	
B1z
′−1 +B3z

′−3 +· · · � with z′ = x′ + iy′� (1.11)

‘the summation being extended over all the Q’s. If ��
 be the coordinates of a Q
referred to P, x′ = x−�, y′ = y−
; so that’ Bnz

′−n = Bn�z−z0�
−n with z0 = �+ i
.

Then, the binomial theorem gives

z′−n = �−z0�
−n
{

1+n�z/z0�+
1

2
n�n+1��z/z0�

2 +· · ·
}

� (1.12)

Hence [1009, p. 484]: ‘Since (1.10) is the expansion of (1.11) in rising powers of
x+ iy [ = z], we obtain, equating term to term,’

H−A1 =B1	2 +3B3	4 +5B5	6 +· · ·

−3!A3 = 3!B1	4 + 1

2
5!B3	6 +· · ·

−5!A5 = 5!B1	6 + 1
2

7!B3	8 +· · ·

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(1.13)

‘and so on, where

	2n = 	��+ i
�−2n� ’ (1.14)

‘the summation extending over all the Q’s.’ (As 	2s+1 = 0, we also obtain A0 = 0.)
Thus, the system comprising (1.9) and (1.13) can now be solved, in principle, for

An and Bn. Note that, for two-dimensional potential flow (Laplace’s equation), the
addition theorem amounts to an application of the binomial theorem, (1.12). Note
also that the situation becomes more complicated when the periodicity is destroyed,
because then the coefficents An and Bn will vary from cylinder to cylinder.

Rayleigh [1009] also considered flow past a rectangular three-dimensional array
of identical spheres, and (briefly) low-frequency sound waves through rectangular
arrays of rigid cylinders or spheres. For further comments, see [1205, §(6)], [648,
§2] and [888, §3.1].

1.1.5 Kasterin, KKR and the electronic structure of solids

Shortly after Rayleigh’s paper [1009] was published, a graduate student at
Moscow University, N.P. Kasterin, set out to apply [Rayleigh’s] ideas to a gen-
uine scattering problem. He chose the relatively simple phenomenon of reflec-
tion and refraction of low-frequency sound by an orthorhombic grid of hard
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spheres. � � �Kasterin’s results were published in his 1903 Moscow thesis. A pre-
liminary report � � � came out in 1898.

(Korringa [648, p. 346])

As a special case of Kasterin’s analysis, consider an infinite planar square array of
spheres of radius a with centres at �x� y� z�= �mb�nb�0�, where m and n are integers
and b > 2a. We take the incident field as a plane wave at normal incidence to the
array, uinc = eikz.

Generalising (1.8), the total field at r near the jth sphere can be expanded as

u�r�=∑

n�m

{

dmnj�̂
m
n �rj�+ cmnj�

m
n �rj�

}

� (1.15)

where r = rj +bj and r = bj is the sphere’s centre. Here, �m
n �rj� are outgoing multi-

poles (separated solutions of the Helmholtz equation in spherical polar coordinates),
singular at rj = 0 (r = bj) and �̂m

n �rj� are regular spherical solutions. (Precise defini-
tions will be given later.) The coefficients dmnj and cmnj correspond to Rayleigh’s An

and Bn, respectively. Evidently, the periodic geometry and the simple incident field
imply that

dmnj ≡ dmn and cmnj ≡ cmn �

the coefficients are the same for every sphere.
Applying the boundary condition �u/�r = 0 on r = a yields one relation between

dmn and cmn , namely

dmn = �nc
m
n � (1.16)

where �n is a known constant (see Section 4.6).
The effective field incident on the jth sphere is

∑

n�m

dmn �̂
m
n �rj�� (1.17)

This must be the same as the sum of the actual incident field and the scattered fields
emitted by all the other spheres, namely

eikz +∑

l

l �=j

∑

n�m

cmn �
m
n �rl�� (1.18)

Equating (1.17) and (1.18) in a neighbourhood of the jth sphere gives a second
relation between dmn and cmn . This solves the problem, in principle.

To proceed further, suppose that we have the expansions

eikz =∑

n�m

emn �̂
m
n �rj� (1.19)

and

�m
n �rl�=∑

���

Sm�n� �bj −bl� �̂
�
� �rj�� (1.20)
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we will discuss emn and Sm�n� �b� shortly. Then, equating (1.17) and (1.18), using (1.16),
(1.19) and (1.20), we obtain

�nc
m
n −∑

���

c��
∑

l

l �=j

S�m�n �bj −bl�= emn �

In this linear system of algebraic equations, we can take j = 0 without loss of
generality.

The Rayleigh–Kasterin method, described above, is rigorous, and it can be gener-
alised in various ways. It has been used to obtain numerical solutions for many related
problems with (infinite) periodic geometries. For example, see [727] for acoustic scat-
tering by a single periodic row of circles, and see [984] for two-dimensional elastic
waves around a square array of circular cavities; see also [888, Chapter 3].

The Rayleigh–Kasterin method was also adapted to problems in solid-state physics.
In that context, it is known as the KKR (Korringa–Kohn–Rostoker) method; see, for
example, [1379, §10.3], [775, 424] or [423, §6.8]. For a clear presentation of the
two-dimensional KKR method (for sound waves around an infinite square array of
soft circles), see [90].

For historical background, including a detailed description of Kasterin’s work,
see [648].

To generalise Rayleigh’s method to a non-periodic configuration, consider the
problem of acoustic scattering by two spheres (see Section 1.3 for background
information). Suppose that the spheres are centred at O1 and O2. Write the scattered
field usc as a superposition of outgoing multipoles �mn , one set singular at O1 and the
other set singular at O2:

usc =∑

n�m


amn �
m
n �r1�+bmn �

m
n �r2�� �

Then, determine the coefficients amn and bmn by applying the boundary condition on
each sphere in turn: this requires the expansion of �m

n �r2� in terms of regular spherical
solutions centred on O1, �̂m

n �r1�. Thus, we need the addition theorem

�m
n �r2�=∑

���

Sm�n� �b� �̂
�
� �r1��

which is valid for r1 < b, where r1 = �r1�, r2 = r1 + b and b = �b� is the distance
between O1 and O2. The matrix S = �Sm�n� � is called the separation matrix or the
translation matrix or the propagator matrix. It is an important ingredient in several
exact theories of multiple scattering. We will give much attention to various methods
for calculating S, with emphasis on acoustic problems (Helmholtz equation) in two
(Chapter 2) and three (Chapter 3) dimensions.

We also need expansions of the incident field, similar to (1.19); these will be
derived too.

Kasterin did not have explicit expressions for the matrix S: we can see that the
expansions (1.19) and (1.20) are analogous to Taylor expansions about rj = 0, and
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so the coefficients could be obtained by applying appropriate differential operators.
This is one of several methods for constructing S that we shall develop later.

1.2 Narrowing the scope: previous reviews and omissions

Multiple scattering is a huge subject with a huge literature. For an extensive review up
to 1964, see [1198] and the supplement [163]. For a collection of articles surveying
many aspects of scattering (including theory, computation and application), see the
957-page volume edited by Pike & Sabatier [977].

There is a 1981 survey by Oguchi on ‘multiple scattering of microwaves or
millimeter waves by an assembly of hydrometeors’ [924, p. 719]. Two approaches
are reviewed. One is the Foldy–Lax–Twersky integral equation method, introduced
by Foldy in 1945 [354] and generalised by Lax [687, 688] and Twersky [1200, 1201].
The second approach is based on the radiative transfer equation; this may be regarded
as the final stage in a larger calculation:

the treatment of light scattering by a cloud of randomly positioned, widely sepa-
rated particles can be partitioned into three steps: (i) computation of the far-field
scattering and absorption properties of an individual particle � � � (ii) computa-
tion of the scattering and absorption properties of a small volume element
containing a tenuous particle collection by using the single-scattering approx-
imation; and (iii) computation of multiple scattering by the entire cloud by
solving the radiative transfer equation supplemented by appropriate boundary
conditions.

(Mishchenko et al. [870, p. 7])

We do not consider radiative transfer further, but see [1190] for more information.
In 2000, Tourin et al. [1182] reviewed a variety of applications, including theory

and experiment: in one example of note, sound waves in water are scattered by a
random collection of 1000 identical parallel steel rods.

Major areas not covered in this book include the following.

(i) Scattering by an infinite number of identical obstacles arranged in some periodic
manner, such as in a row or in a regular lattice. For plane-wave scattering, problems
of this type can be reduced to a problem in a single ‘unit cell’ (for lattices) or to
waveguide problems (for a row of equally-spaced obstacles). The prototype for
this reduction, of course, is Rayleigh’s paper [1009], discussed in Section 1.1.4.

Larsen [684] gave an early review of scattering by periodic rows of identical
cylinders. For scattering by a semi-infinite periodic row of cylinders, see [859,
502, 501, 861, 729].

(ii) Scattering by an infinite rough surface. For such problems, one has to solve
a governing partial differential equation (such as the Helmholtz equation) in
the region y > f�x�, where y = f�x�, −� < x < �, is the rough surface with
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0 ≤ f�x� ≤ h, say, and f and h are given. There is an extensive literature on
this topic; see, for example, the reviews [280, 1286, 1049, 279] or the books
by Ogilvy [923] and Voronovich [1268].

(iii) Scattering by unbounded obstacles. We consider bounded scatterers in three
dimensions (such as spheres) or cylindrical scatterers with bounded cross-
sections in two dimensions. Thus, we do not consider problems such as diffrac-
tion by parallel semi-infinite rigid planes or by wedges and cones. For early
work on such problems with one scatterer, see [135].

(iv) Scattering by random arrangements of scatterers. Problems of this type will be
discussed in Section 8.6, although we do not develop probabilistic techniques
in detail. In particular, we do not consider the localisation of waves by random
arrays of identical scatterers; see, for example, [508, 615, 228, 1132, 1100].

(v) Transient problems. We exclusively consider time-harmonic problems. Tran-
sient problems may be reduced to time-harmonic problems using Fourier trans-
forms. Laplace transforms may be used for initial-value problems. There is
also an extensive (and classical) literature on the use of retarded potentials,
leading to integral equations of Volterra type. For more information, see the
books by Friedlander [365] and by Baker & Copson [53]. Numerical aspects
are discussed in [60, §10.5], [116, Chapter 7], and [367, 773, 1040].

(vi) Non-linear problems. In practice, non-linear effects are usually negligible or
they are ignored.

(vii) Variational (weak) formulations. We do not use such formulations, so that, in
particular, we do not discuss finite-element methods (except that certain hybrid
methods are mentioned) or the use of Sobolev spaces. For some information in
this direction, see [526, 836, 903, 879].

1.3 Acoustic scattering by N obstacles
May not Music be described as the Mathematic of sense, Mathematic as Music of
the reason? the soul of each the same! Thus, the musician feels Mathematic, the
mathematician thinks Music, – Music the dream, Mathematic the working life –
each to receive its consummation from the other when the human intelligence,
elevated to its perfect type, shall shine forth glorified in some future Mozart–
Dirichlet or Beethoven–Gauss – a union already not indistinctly foreshadowed
in the genius and labours of Helmholtz!

(J.J. Sylvester, quoted in [331, p. 133])

Sound waves in a homogeneous, compressible fluid are governed by the wave
equation,

�2U = 1
c2

�2U

�t2
�

where �2 is the Laplacian, c is the constant speed of sound, t is time, and U

is a physical quantity such as the (excess) pressure or the velocity potential; see,
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for example, [885, Chapter 6], [714, Chapter 1] or [974, Chapter 1]. We consider
time-harmonic motions exclusively, so that

U = Re
{

u e−i�t
}

� (1.21)

where � is the radian frequency. Hence, the complex-valued function u satisfies the
Helmholtz equation,

�� 2 +k2�u= 0 in Be� (1.22)

where Be is the unbounded exterior region occupied by the fluid and k = �/c. We
assume that the wavenumber k is real and positive. Then, the problem is to solve
(1.22), subject to a boundary condition on S and a radiation condition at infinity.

Nowadays, the use of complex-valued functions u, as in (1.21), is so familiar that
it usually goes unremarked. However, the following quotation suggests that this was
not always the case.

There was Lamb, who had only recently gone to Adelaide [in 1875], and whose
book on hydrodynamics [682, 514] (then a slight volume, being an exposition
of lectures he had given at Trinity) was the first English book that revealed a
use of the complex variable in mathematical physics: let me add that it was an
age when the use of

√−1 was suspect at Cambridge even in trigonometrical
formulae.

(Forsyth [357, p. 164])

1.3.1 The Sommerfeld radiation condition

The radiation condition serves two purposes. First, it ensures that the scattered waves
are not incoming at infinity. Thus, imagine enclosing the N obstacles by a large
sphere, and then sending an incident wave into this sphere; then, we suppose that
scattered waves can leave the large sphere but not enter. This is physically reasonable.

Second, the radiation condition (usually) serves a mathematical purpose. Thus, for
reasonable boundary conditions, the radiation condition ensures uniqueness: in the
absence of an incident wave, the only solution of the boundary-value problem is
u≡ 0 in Be.

For example, in three dimensions, the scattered field usc is required to satisfy

r

(

�usc

�r
− ikusc

)

→ 0 as r → �� (1.23)

uniformly in � and �, where r, � and � are spherical polar coordinates with respect
to a chosen origin in the vicinity of the scatterers. Equation (1.23) is the Sommerfeld
radiation condition; it implies that rusc is O�1� as r → � [223, Remark 3.4].

A consequence of (1.23) is that

usc�r� ����∼ eikr

ikr
f����� as r → �� (1.24)
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where f����� is known as the far-field pattern [223, Corollary 3.7]. The function
f is not known but it may be calculated by solving the boundary-value problem
for usc. Note that the factor of �ik�−1 on the right-hand side of (1.24) is sometimes
absorbed into f ; the definition (1.24) is convenient because, if usc is dimensionless,
then so is f .

In two dimensions, the Sommerfeld radiation condition is

r1/2

(

�usc

�r
− ikusc

)

→ 0 as r → �� (1.25)

uniformly in �, where r and � are plane polar coordinates.
For further discussion on the Sommerfeld radiation condition, see, for example,

[1149, §9.1], [1144], [564, §1.27], [53, Chapter I, §4.2] and [974, §4-5].

1.3.2 Boundary conditions

For a typical scattering problem, we have a given incident field uinc. We then write
the total field as

u= uinc +usc in Be�

where usc is the (unknown) scattered field. The boundary condition is usually speci-
fied in terms of u, but it can then be rewritten in terms of usc, if convenient. There
are three standard boundary conditions:

Dirichlet condition (‘sound-soft’ or ‘pressure-release’)

u= 0 or usc = −uinc on S�

Neumann condition (‘sound-hard’ or ‘rigid’)

�u

�n
= 0 or

�usc

�n
= −�uinc

�n
on S�

Here, �/�n denotes normal differentiation on S. The (unknown) boundary
values of u can be used to calculate the far-field pattern directly; see (5.81).

Robin condition [457] (impedance condition)

�u

�n
+�u= 0 on S�

where � is given; � may be real or complex, it may be a constant, or it may
vary with position on S.

Uniqueness theorems for these three problems are proved by Colton & Kress [223,
Theorems 3.13 and 3.37]. Their proofs are for one obstacle, but the number of
obstacles is irrelevant to the argument.

For multiple-scattering problems, there is the possibility that we have a different
boundary condition on each scatterer. For example, we could have N1 sound-hard
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obstacles and N2 sound-soft obstacles, with N1 +N2 = N . We shall refer to these as
mixture problems. For more information and a uniqueness theorem, see [657].

1.3.3 Transmission problems

The three standard boundary conditions given above all suppose that the obstacles
Bi are impenetrable: there is no transmission through the interfaces Si. There are
situations where this is unrealistic. For example, consider the scattering of a wave in
a compressible fluid by blobs of another fluid; the wave will be partially reflected
and partially transmitted through S into the blobs. Then, mathematically, we have to
solve the following transmission problem: given uinc, find u and u0, where u satisfies
(1.22), u0 satisfies

��2 +k2
0�u0 = 0 in B =

N
⋃

j=1

Bj�

u−uinc satisfies the radiation condition (1.23), and u and u0 satisfy a pair of trans-
mission conditions on the interfaces,

u= u0 and
�u

�n
= �

�u0

�n
on S� (1.26)

Here, k0 =�/c0 is the wavenumber in B, c0 is the speed of sound in B and � may be
interpreted as a density ratio (when u is regarded as the excess pressure); see (1.31)
and [262, §1.A.3].

This is the simplest transmission problem, where k, k0 and � are all constants.
There are situations where k0 and � are different constants for each obstacle. There
are also important situations where k0 varies with position, in which case the obstacles
are inhomogeneous; see Section 1.3.4.

If k, k0 and � are all constants, we have uniqueness provided that their values are
restricted suitably [627]; in particular, we have uniqueness if k, k0 and � are all real
and positive [223, Theorem 3.40].

1.3.4 Inhomogeneous obstacles

Time-harmonic waves in a compressible, inhomogeneous fluid are governed by [885,
p. 408]

�div
(

�−1 gradp
)+�2p= 0� (1.27)

where � is the density, p is the acoustic pressure, � = �/C and C is the speed of
sound; in general, � and C are functions of position. According to Pierce [975],
(1.27) was first given by Bergmann in 1946 [87]; a derivation is given in [793].

If the density is constant, (1.27) reduces to

�2p+k2n�r�p= 0� (1.28)
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where n�r�= �c/C�r��2 is the (square of the) refractive index at position r, k= �/c

and c is a constant sound speed. For our discussion here, we assume that n�r�→ 1 as
r → � in all directions; this excludes media that are layered at infinity, for example.

There is a considerable literature on (1.28), especially in the context of quantum
mechanics; some of this will be mentioned below. In addition, several point-source
solutions (Green’s functions) are known for various functional forms of n�r�; see
[711] for a review.

For scattering problems in acoustics, there are essentially three cases, depend-
ing on properties of n. First, suppose that �1 −n�r�� has compact support, so that
n�r� ≡ 1 for r = �r� > a, say. Suppose further that n�r� is smooth for all r in
three-dimensional space. Then, one can reduce the scattering problem to an integral
equation over B, the finite region in which n�r� �≡ 1. One such is the Lippmann–
Schwinger equation; see Section 6.3.3 and, for example, [14], [225, §8.2] and [911,
§10.3]. Asymptotic approximations are available for ka � 1 [14, 660]; the paper
[660] also discusses (1.27) briefly.

Second, we could have situations in which �1 − n�r�� does not have compact
support, but is such that n�r�→ 1 as r → �. The corresponding scattering problems
are uncommon in acoustics.

Third, we could have n�r� ≡ 1 outside B with n discontinuous across S, the
boundary of B. The corresponding scattering problem will require transmission con-
ditions across the interface S. (If the material in B is actually homogeneous, so that
n�r�= n0, a constant, in B, we recover the standard transmission problem discussed
in Section 1.3.3.) Here, we are mainly concerned with this third class of problem:
acoustic scattering by N bounded inhomogeneous obstacles Bj , j = 1�2� � � � �N , sur-
rounded by an unbounded homogeneous fluid occupying Be. In Be, we denote the
density, speed of sound and pressure by �e, c and pe, respectively, where �e and c
are constants. For scattering problems, we write

pe = pinc +psc in Be�

where pinc is the given incident field and psc is the corresponding scattered field.
From (1.27), the governing equation for psc is

��2 +k2�psc = 0 in Be� (1.29)

where k=�/c is a positive constant. We assume that pinc satisfies (1.29) everywhere,
except possibly at some places in Be. We require that psc satisfies the Sommerfeld
radiation condition (1.23).

Inside the inhomogeneous obstacles, we denote the density, speed of sound and
pressure by �0, c0 and p0, respectively, so that (1.27) becomes

�0 div
(

�−1
0 gradp0

)+k2
0p0 = 0 in B� (1.30)

where k0 = �/c0; in general, �0 and k0 vary within B. Across the interface S, we
require continuity of pressure and normal velocity. These transmission conditions
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reduce to

pe = p0 and
1

�e

�pe

�n
= 1
�0

�p0

�n
on S� (1.31)

This defines the scattering problem for inhomogeneous obstacles.

1.3.4.1 Reduced equations
We can reduce Bergmann’s equation to an equation without first derivatives by
introducing a new dependent variable [87]; thus, define

p0 = �
1/2
0 v0 (1.32)

whence v0 is found to satisfy

� 2v0 + �k2
0 +K�v0 = 0� (1.33)

where

K = 1
2
�−1

0 �2�0 − 3
4�

−2
0 �grad�0�2 (1.34)

= −�1/2
0 �2

(

�
−1/2
0

)

� (1.35)

Equations (1.32)–(1.34) (but not (1.35)), can be found in [138, p. 171].
In a homogeneous region, �0 and c0 are constants. Then, K≡ 0, k0 is a constant and

(1.33) reduces to the standard Helmholtz equation. If �0 is constant but c0 is not, we
still have K ≡ 0 and then (1.33) is usually written as (1.28); see, for example, [225,
Chapter 8].

Finally, we can write (1.33) as

�2v0 + �k2 −V�v0 = 0� (1.36)

where k2 is a constant and V = k2 − k2
0 −K. In this form, (1.36) is recognised as

Schrödinger’s equation with potential V [911, eqn (10.59)].
For scattering problems, it is natural to mimic (1.32) in Be, defining ve by pe =

�1/2
e ve. Then, the transmission conditions (1.31) become

�1/2ve = v0 and �−1/2 �ve

�n
= �v0

�n
+ v0

2�0

��0

�n
on S�

where � = �e/�0 evaluated on S.

1.4 Multiple scattering of electromagnetic waves
In the past 25 years, numerical techniques for scattering and absorption by
variously-shaped objects have proliferated like weeds.

(Wiscombe & Mugnai [1330, p. 119])
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The scattering of electromagnetic waves is governed by Maxwell’s equations. Thus,
in the exterior domain Be, we have

curl E − i��H = 0 and curl H + i��E = 0� (1.37)

where E is the electric field, H is the magnetic field, � is the electric permittivity,
� is the magnetic permeability and the time-dependence of e−i�t is suppressed. We
always assume that � and � are constants. Eliminating H, say, from (1.37) gives

curl curl E −k2E = 0�

where k=�
√
��; H satisfies the same equation. Also, (1.37) implies that div E = 0

and div H = 0. It follows that

�� 2 +k2�E = 0 and ��2 +k2�H = 0�

so that all the Cartesian components of E and H satisfy the same Helmholtz equation.
A given electromagnetic wave, 
Einc�Hinc�, is incident upon the obstacles Bi,

i= 1�2� � � � �N . Write

E = Einc +Esc and H = Hinc +Hsc in Be� (1.38)

where 
Esc�Hsc� is the scattered field. Then, the problem is to solve Maxwell’s
equations (1.37) in Be subject to appropriate boundary conditions on S and a radiation
condition at infinity.

1.4.1 The Silver–Müller radiation conditions

The generalisation of the Sommerfeld radiation condition to electromagnetics was
given by Silver and Müller in the late 1940s. There are two conditions, namely

√
� r̂×Hsc +√

�Esc → 0 (1.39)

and

√
� r̂×Esc −√

�Hsc → 0 (1.40)

as r = �r� → �, uniformly in r̂, where r = r r̂. In fact, it is sufficient to impose just
one of (1.39) and (1.40), as either one implies the other [223, Corollary 4.6]. Also,
Maxwell’s equations can be used to deduce radiation conditions for Esc and Hsc

separately; for example, (1.39) and (1.37) give

r̂× curl Esc + ikEsc → 0 as r → ��
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In particular, we can deduce that r̂ ·Esc and r̂ ·Hsc vanish as r → �. For more
information, see [223, §4.2] or [262, §1.EM.4].

1.4.2 Boundary conditions

In electromagnetic problems, the most important boundary condition is that corre-
sponding to a perfectly-conducting surface. This condition is

n×E = 0 or n×Esc = −n×Einc on S� (1.41)

where n is the unit normal pointing from S into Be; see [223, §4.1] or [225, §6.4].

1.4.3 Transmission problems

If the regions Bi, i= 1�2� � � � �N , are filled with a different material, we are led to an
electromagnetic transmission problem: given 
Einc�Hinc�, find 
E�H� and 
E0�H0�,
where 
E�H� satisfies (1.37), 
E0�H0� satisfies

curl E0 − i�0�H0 = 0 and curl H0 + i�0�E0 = 0 in B� (1.42)


E −Einc�H −Hinc� satisfies the Silver–Müller radiation conditions, and 
E�H� and

E0�H0� satisfy

n×E = n×E0 and n×H = n×H0 on S� (1.43)

Here, �0 and �0 are the electric permittivity and the magnetic permeability, respec-
tively, of the material in B. For more information on this problem, see [482, 799].
For the transmission problem when the material in B is chiral, see [47, 48].

1.4.4 Inhomogeneous obstacles

Suppose that the obstacles B are inhomogeneous, with electric permittivity �0�r� and
magnetic permeability �0�r� at position r. Maxwell’s equations, (1.42), continue to
hold. Eliminating H0 gives

�0 curl ��−1
0 curl E0�−k2

0E0 = 0� (1.44)

where k2
0�r�= �2�0�0. Similarly, eliminating E0 gives

�0 curl ��−1
0 curl H0�−k2

0H0 = 0�

These equations are discussed in [196, §1.3], together with their generalisation to
anisotropic media for which �0�r� and �0�r� are replaced by (invertible) matrices.
For problems where �0 is constant, see [225, Chapter 9].
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1.4.5 Two-dimensional problems

For electromagnetic scattering by perfectly-conducting cylinders, where the fields,
boundary conditions and geometry do not vary with z, say, we can reduce the problem
to two uncoupled problems for the scalar Helmholtz equation [564, §1.34]. They are

��2 +k2�Ez = 0 with Ez = 0 on S (1.45)

and

��2 +k2�Hz = 0 with �Hz/�n= 0 on S� (1.46)

Solutions of (1.45) and (1.46) are known as TM waves and TE waves, respec-
tively [549, §8.2].

1.5 Multiple scattering of elastic waves

In this section, we formulate some problems involving the scattering of elastic waves
by obstacles. Thus, we begin by supposing that the exterior domain Be is filled with
homogeneous elastic material, with elastic stiffnesses cijkl and mass density �. We
assume, as usual, that

cijkl = cjikl = cklij � (1.47)

For an isotropic solid,

cijkl = ��ij�kl +�
(

�ik�jl +�il�jk
)

� (1.48)

where � and � are the Lamé moduli. Hooke’s law gives the stresses as

�ij = cijkl��/�xk�ul�

where ui are the components of the total displacement u and we have used the
standard Einstein summation convention. The equations of motion for u are

�

�xj
�ij +��2ui = 0� i= 1�2�3� in Be� (1.49)

For an isotropic material, these reduce to

k−2grad div u−K−2curl curl u+u = 0 in Be� (1.50)

where the two wavenumbers k and K are defined by

��2 = ��+2��k2 = �K2� (1.51)

We assume that k and K are real and positive, and, as usual, the time dependence
e−i�t is suppressed.
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A given stress wave, uinc, is incident upon the obstacles Bi, i= 1�2� � � � �N . Write

u = uinc +usc in Be�

where usc is the scattered field. Then, the problem is to solve (1.49) or (1.50) subject
to a boundary condition on S and a radiation condition at infinity.

There are many good textbooks on elastodynamics. See, for example, [2, 429, 520,
83, 250].

1.5.1 The Kupradze radiation conditions

Kupradze generalised the Sommerfeld radiation to elastodynamics, assuming that
the (homogeneous) material in Be is isotropic; see [671, Chapter III, §2], [673,
pp. 124–130] or [520, §6.5]. Thus, decompose the scattered field as

usc = uPsc +uSsc in Be�

where

uPsc = −k−2grad div usc and uSsc = K−2curl curl usc�

Then, in three dimensions, the elastodynamic radiation conditions are

r

(

�uPsc

�r
− ikuPsc

)

→ 0 and r

(

�uSsc

�r
− iKuSsc

)

→ 0

as r → �, uniformly in r̂. Note that the fields uPsc and uSsc are the longitudinal and
transverse parts, respectively, of the scattered field; they satisfy

��2 +k2�uPsc = 0 and ��2 +K2�uSsc = 0

and correspond to radiated P-waves and S-waves, respectively. Note also that
curl uPsc = 0 and div uSsc = 0.

1.5.2 Boundary conditions

In elastodynamics, the most important boundary condition is that corresponding to a
cavity or hole. This condition is

Tu = 0 or Tusc = −Tuinc on S� (1.52)

where the traction operator is defined by

�Tu�m = nicimkl
�uk
�xl

= �nm
�uj

�xj
+�nj

(

�um
�xj

+ �uj

�xm

)

(1.53)

and n is the unit normal vector pointing from S into Be.
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Equation (1.52) may be regarded as the elastodynamic analogue of the Neumann
condition. The corresponding Dirichlet condition is

u = 0 or usc = −uinc on S�

This condition is usually said to characterise a rigid surface S. In fact, if B contains
a rigid material (which cannot deform, by definition), it will move, and this should
be taken into account [936].

1.5.3 Transmission problems

If the regions Bi, i = 1�2� � � � �N , are filled with a different homogeneous isotropic
elastic material, we are led to an elastodynamic transmission problem (or inclusion
problem): given uinc, find u and u0, where u satisfies (1.50), u0 satisfies

k−2
0 grad div u0 −K−2

0 curl curl u0 +u0 = 0 in B�

u−uinc satisfies the Kupradze radiation conditions, and u and u0 satisfy

u = u0 and Tu = T0u0 on S� (1.54)

Here, k0, K0 and T0 are defined by (1.51) and (1.53) with �, � and � replaced
by �0, �0 and �0, respectively, which are the material constants for the elastic solid
occupying B. More generally, each inclusion could be made of a different anisotropic
elastic material.

The transmission conditions (1.54) correspond to a ‘welded’ or ‘perfect’ interface.
They can be modified to account for various imperfect interfaces [790].

The acoustic transmission problem (Section 1.3.3) can be modified so as to rep-
resent the problem of fluid–solid interactions: given the acoustic pressure field uinc,
find the acoustic scattered field usc in Be and an elastic displacement u0 in B, subject
to

�u

�n
= �f�

2 n ·u0 and −un = T0u0 on S�

where u= uinc +usc and �f is the density of the compressible inviscid fluid occupying
Be. For more information on this problem, see [750].

1.5.4 Inhomogeneous obstacles

Suppose that the obstacles are inhomogeneous and anisotropic, with elastic stiffnesses
c0
ijkl�r� and density �0�r� at position r. The equations of motion will now involve

derivatives of the stiffnesses:

�

�xj
�0
ij +�0�

2u0
i = 0� i= 1�2�3� in B�
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where Hooke’s law gives the stresses as

�0
ij = c0

ijkl��/�xk�u
0
l �

and u0
i are the components of u0, the displacement in B. The traction vector is T0u0

with components �0
ijnj .

If the stiffnesses are only piecewise-smooth functions of position within B, one
may sometimes make progress by partitioning B into subregions, within each of
which the stiffnesses are smooth. Then, one has to impose transmission conditions,
similar to (1.54), across all the internal interfaces. This approach can be used, for
example, if each scatterer is layered like an onion or the trunk of a tree.

1.5.5 Two-dimensional problems

Let �x� y� z� be Cartesian coordinates and suppose that eachBi is a cylinder with genera-
tors parallel to the z-axis. Then, if the incident field is independent of z, the
three-dimensional scattering problems formulated above can be decomposed into two
subproblems in a cross-sectional plane. Thus, letu = �u� v�w�, whereu�x� y�andv�x� y�
are the in-plane components of u andw�x� y� is the anti-plane component. The problem
of findingw reduces to an acoustic problem, as ��2 +K2�w= 0; solutions forw are usu-
ally referred to as SH-waves. Finding u and v remains as a genuinely coupled problem.
For more information, see, for example, [2, §2.7] or [520, §1.8]. The two-dimensional
Kupradze radiation conditions are discussed in [69, 1167] and [520, §6.9].

In-plane problems are often reduced to problems involving acoustic potentials.
Thus, with u2 ≡ �u� v� being the in-plane displacement, we can write

u2 = grad�+ curl ��ẑ�� (1.55)

where

�� 2 +k2��= 0� �� 2 +K2�� = 0

and ẑ is a unit vector in the z-direction [520, §2.7]. The representation (1.55) is con-
venient for constructing valid displacement fields. However, although � and � sat-
isfy separate Helmholtz equations, they are inevitably coupled through the boundary
conditions on S, and this fact makes elastic problems more difficult to solve.

1.5.6 Half-space problems

There are several areas of application for which the most relevant problems involve
obstacles in (or attached to) an elastic half-space, rather than an unbounded ‘full-
space’. Examples come from seismology [1123], soil-structure interaction [585, 269]
and non-destructive evaluation.

Suppose that the half-space occupies the region y > 0. The boundary is usually
taken to be free from tractions, so that Tu = 0 on (all or most of) y= 0. The obstacles
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could be grooves, cracks, canyons or other indentations in the free surface, they could
be buried cavities, cracks or inclusions, or they could be elastic structures extending
into y< 0. The flat free surface extends to infinity, and can support Rayleigh (surface)
waves; see, for example, [1265], [2, §5.11] or [520, §3.4].

For problems of this kind, it is convenient to write u = uinc + usc inside the
half-space, where uinc now consists of the total displacement in the absence of the
scattering obstacles. If the incident wave is a plane P-wave, for example, then uinc

would consist of this wave together with the reflected P- and S-waves: in other
words, uinc is constructed so that Tuinc = 0 on y = 0.

A uniqueness theorem for two-dimensional half-plane problems has been proved
by Gregory [440].

1.6 Multiple scattering of water waves

Consider an infinite ocean of constant depth h. Specifically, let �x� y� z� be Cartesian
coordinates, chosen so that z = 0 is the undisturbed free surface with z increasing
with depth: the rigid bottom is at z= h. The water is assumed to be incompressible
and inviscid. The motion is assumed to be irrotational, whence a velocity potential
� exists. For time-harmonic motions, we have � = Re
� e−i�t�, where

�2�= 0 in Be� (1.56)

which is the region occupied by the water.
We suppose that there are N obstacles Bi (i= 1�2� � � � �N ) immersed in the water;

these may be completely submerged or they may pierce the free surface. The wetted
boundary of Bi is Si.

A given wave with velocity potential �inc is incident upon the obstacles. Write

�= �inc +�sc�

where �sc is the scattered potential. Then, the problem is to solve Laplace’s equation
subject to boundary conditions on S (defined by (1.1)), the bottom and the free
surface, and a radiation condition.

The standard references on water waves are the books of Lamb [682] and Stoker
[1145], and the encyclopaedic review by Wehausen & Laitone [1303]. More recent
books include [102, 842, 731, 675].

For reviews on the interaction of water waves with multiple bodies, see [816, 909,
832].

1.6.1 Boundary conditions

In hydrodynamics, there is usually no flow through S or the bottom, whence

��

�n
= 0 or

��sc

�n
= −��inc

�n
on S� (1.57)
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and

��

�z
= 0 on the bottom� z= h� (1.58)

For ‘deep water’ (h= �), the bottom boundary condition (1.58) is replaced by

�grad�� → 0 as z→ ��
On the free surface, we have a Robin condition,

K�+ ��

�z
= 0 on the free surface�F�

where K = �2/g and g is the acceleration due to gravity. The boundary F is all
of z = 0 if the obstacles are all submerged, otherwise it is the portion of z = 0 not
intersected by the obstacles.

The boundary condition (1.57) is appropriate for scattering by fixed obstacles.
More generally, we could consider floating, movable obstacles. The solution of such
problems (with N three-dimensional obstacles) can be written as a linear combination
of 6N (in general) radiation problems (with no incident wave) and the solution of the
scattering problem (with all obstacles held fixed). The appropriate linear combination
is determined using the equations of motion of the moving obstacles; see, for example,
[753]. So, for one obstacle, one has to solve six radiation problems, in general; see,
for example, [1303, §19�]. In this context, the scattering problem is sometimes
known as the diffraction problem [1303, §18 ], [906].

1.6.2 Radiation conditions

Water waves are surface waves with gravity as the restoring force. Typical velocity
potentials for wave-like solutions are

eikx cosh k�h− z� and J0�kr� cosh k�h− z�� (1.59)

where k is the unique positive real solution of

K = k tanh kh� (1.60)

J0 is a Bessel function, and r = �x2 +y2�1/2. For deep water, k= K.
The free-surface elevation is given by

−1

g

��

�t

∣

∣

∣

∣

z=0

= Re
{


�x� y� e−i�t
}

�

so that 
�x� y� = i��/g���x� y�0�. Thus, for three-dimensional water waves, the
waves propagate over a two-dimensional plane (the free surface, z= 0). Also, we see
that the surface elevations corresponding to the wave-like solutions (1.59) satisfy two-
dimensional Helmholtz equations so that it is natural to impose the two-dimensional
Sommerfeld radiation condition, (1.25), on the scattered potential �sc�x� y� z�; this
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condition is to hold uniformly in all horizontal directions and for all depths z. For
more information on radiation conditions for water-wave problems, see [731, §1.3.1]
or [675, p. 13].

1.6.3 Two-dimensional problems

For two-dimensional scattering problems, it is usual to express the far field (and
hence, the radiation condition) in terms of reflection and transmission coefficients.
Thus, we identify two problems, corresponding to waves incident from the right or
the left. For deep water and a wave incident from x= +�, we have

�inc�x� z�= e−Kz−iKx = �−
inc�

say, and then �≡ �+ satisfies

�+�x� z�∼
{

e−Kz�e−iKx +R+eiKx� as x→ ��
T+e−Kz−iKx as x→ −��

Similarly, for deep water and a wave incident from x = −�, we have

�inc�x� z�= e−Kz+iKx = �+
inc�

say, and then �≡ �− satisfies

�−�x� z�∼
{

T−e−Kz+iKx as x→ ��
e−Kz�eiKx +R−e−iKx� as x→ −��

The constants R± and T± are the (complex) reflection and transmission coefficients,
respectively. They satisfy the following relations:

T+ = T− = T� �R+� = �R−� = �R��
�R�2 +�T �2 = 1 and TR+ +TR− = 0�

where the first two equations define T and �R�, respectively, and the overbar denotes
complex conjugation. Proofs of these relations and further references can be found
in [787] and [842, §7.6.2]. Furthermore, if one applies Green’s theorem to �+ and
�+

inc in a region bounded by F , S and straight lines at x = X, x = −X and z = Z

(where X → � and Z→ �), the result is a formula for T+; repeating the calculation
for the other three combinations of signs in �± and �±

inc gives formulae for the other
three coefficients. Thus, we have

R± = −i
∫

S
�±

�

�n
�

∓
inc ds (1.61)

and

T± = 1− i
∫

S
�±

�

�n
�±

inc ds� (1.62)
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Such applications of Green’s theorem (and other reciprocity relations) often yield
useful formulae with minimal work; for a careful exposition, with many examples,
see Achenbach’s book [3].

The formulae (1.61) and (1.62) are valid for any (finite) number of scatterers.
They are useful because they express the reflection and transmission coefficients in
terms of the boundary values of the total potentials, �±, and these may be computed
by solving a boundary integral equation, for example.

1.6.4 Vertical cylinders

Suppose that every obstacle Bi is a vertical cylinder and that the water has constant
finite depth, h. For the scattering problem, we start with an incident plane wave,
given by �inc�x� y� z�= eikx cosh k�h− z�. Then, provided each cylinder extends from
the bottom at z= h through the free surface, we can separate out the dependence on
z, writing �sc�x� y� z�= !�x� y� cosh k�h− z�. As �sc satisfies Laplace’s equation in
three dimensions, we find that the reduced potential ! satisfies the two-dimensional
Helmholtz equation,

��2 +k2�!= 0�

Hence, the problem reduces to a two-dimensional acoustic scattering problem. For
radiation problems (with prescribed normal velocity on S), we can still separate the
variables, writing ��x� y� z� = !�x� y�Z�z�, say, but now, in general, we obtain an
infinite set of eigenfunctions for Z. Explicitly, we obtain

��x� y� z�= !�x� y�Z0�z�+
�
∑

n=1

!n�x� y�Zn�z�� (1.63)

where

Z0�z�= cosh k�h− z�� Zn�z�= coskn�h− z� for n= 1�2� � � � � (1.64)

kn (n= 1�2� � � �) are positive real solutions of

K = −kn tan knh (1.65)

and !n solves ��2 −k2
n�!n = 0, the two-dimensional modified Helmholtz equation.

Notice that the vertical eigenfunctions are orthogonal:
∫ h

0
Zn�z�Zm�z�dz= 0 if n �=m� with n≥ 0 and m≥ 0� (1.66)

1.6.5 Uniqueness

Although the basic problems for the scattering and radiation of linear water waves
were formulated long ago, the first general mathematical analysis was given by John
in 1950 [559]. In particular, he studied the question of uniqueness. He proved that
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the boundary-value problems for bodies that are not completely submerged do have
at most one solution, provided the bodies satisfy a certain geometrical condition.
In the same year, Ursell [1225] proved uniqueness for a single horizontal circular
cylinder, completely submerged beneath the free surface of deep water. Subsequently,
there was much work in which the geometrical conditions were weakened: it was
widely believed that the geometrical conditions were superfluous, and that a general
uniqueness proof would be found one day. All this changed when a counter-example
was found by McIver in 1996 [826]. She constructed a symmetric catamaran-type
structure in two dimensions for which the corresponding homogeneous boundary-
value problem has a non-trivial solution at one value of K. Further examples have
been found since; for a good discussion, see [675].

1.7 Overview of the book

In this chapter, we have delineated the scope of the book. The basic problem to
be studied is the scattering of time-harmonic waves by a finite number of bounded
obstacles: let us call this the basic multiple-scattering problem. As a prototype, we
consider acoustic scattering (governed by the Helmholtz equation) in detail. Results
for two and three dimensions are given. Many extensions are also described, including
those for elastic waves, electromagnetic waves and water waves.

The oldest methods for solving the basic multiple-scattering problem combine
separated solutions (for example, in cylindrical or spherical polar coordinates) with
appropriate addition theorems. Indeed, the general idea of combining multipole
expansions with addition theorems has been used in many physical contexts, involv-
ing configurations of cylinders and spheres. Thus, we begin in Chapter 2 with two-
dimensional separated solutions, including their associated addition theorems. The
corresponding three-dimensional results are given in Chapter 3, where the emphasis
is on the use of spherical polar coordinates. These two chapters are rather technical,
but the material developed there is used extensively in the subsequent chapters.

Apart from cylindrical wavefunctions (involving Bessel and Hankel functions),
Chapter 2 also contains new results for elliptical wavefunctions (Mathieu functions)
and a discussion of multipole solutions for water-wave problems. Chapter 3 contains
a wealth of formulae for spherical wavefunctions. The main justification for this
development is that three-dimensional addition theorems are complicated, and new
methods continue to be devised for the efficient computational use of these theorems.
For example, we derive various formulae that have been used in ‘fast multipole
methods’ (see Section 6.14). Chapter 3 also includes new addition theorems for
water-wave multi-pole potentials.

Chapter 4 is dedicated to methods based on separation of variables. Results are
given for circular cylindrical coordinates, elliptic cylindrical coordinates and spherical
polar coordinates. These methods are exact, in principle, and they are fast in practice.
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However, they are limited to scatterers with simple shapes. Consequently, more
general methods are developed in the subsequent chapters.

Methods based on integral equations (mainly boundary integral equations) are
developed in Chapters 5 and 6. The first of these covers the basic theory with simple
acoustic applications. Chapter 6 considers many other problems and physical applica-
tions: penetrable and inhomogeneous scatterers; electromagnetic problems, including
inhomogeneous obstacles and thin wires; elastodynamic problems, including inclu-
sions and cracks; hydrodynamic problems; modified integral equations, designed to
eliminate ‘irregular frequencies’; and the use of exact Green’s functions. We also
discuss Twersky’s method for the basic multiple-scattering problem. The chapter
ends with a discussion of some analytical aspects of fast multipole methods.
T -matrix and related methods are developed in Chapter 7. These methods may

be viewed as generalisations of the method of separation of variables, in which
spherical multipoles are used for non-spherical scatterers, for example. They may
also be viewed as a method for solving certain integral equations. Chapter 7 also
considers several related topics: Kupradze’s method and the ‘method of fundamental
solutions’; complete sets of functions, as used to represent functions defined on a
curve or surface; and various properties of the T -matrix.

Chapter 8 is concerned with approximations. How do the exact methods in the rest
of the book simplify if the scatterers are small or widely separated? Detailed results
are given for acoustic scattering by one small obstacle in two and three dimensions;
these lead to new low-frequency approximations for the T -matrix. An exact method
due to Foldy is described: it assumes that each obstacle scatters isotropically, and so is
appropriate for small soft obstacles, for example. We extend Foldy’s method to non-
isotropic scatterers by including acoustic dipoles of unknown strength and orientation.
Various wide-spacing approximations are discussed in Section 8.5. Finally, we also
give a brief discussion of problems in which the scatterers are located randomly. This
is a large topic, with a large literature; we outline some of this work, with emphasis
on multiple scattering.

The book ends with nine appendices and a list of references. The reference list is
extensive, from Abramowitz & Stegun [1] to Zurk et al. [1386]. It is not intended
to be exhaustive because, first, the subject is too old and too broad, and second, we
only cite material that we have actually seen: according to one study [1103], ‘only
about 20% of citers read the original’!
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Addition theorems in two dimensions

Bessel functions are not algebraic functions, � � � they are not simply periodic func-
tions, and � � � they are not doubly periodic functions. Consequently, in accordance
with a theorem of Weierstrass, it is not possible to express J��Z+z� as an alge-
braic function of J��Z� and J��z�. That is to say, that Bessel functions do not
possess addition theorems in the strict sense of the term.

(Watson [1298, p. 358])

2.1 Introduction

Watson began his chapter on ‘Addition Theorems’ for Bessel functions with the
remarks above. Nevertheless, he went on to give proofs of various formulae which
are ‘commonly described as addition theorems’.

An example of an addition theorem in the strict sense is

ei�x+y� = eix eiy�

In the wider sense, we have the formula

J0�x+y�=
�
∑

n=−�
�−1�nJn�x� Jn�y�� (2.1)

where Jn is a Bessel function. Further examples are given by Askey [46, Lecture 4].
Addition theorems are at the heart of most theories of multiple scattering. Roughly

speaking, they are used to transform one expansion about some point in space into
a similar expansion about a different point. We shall prove several theorems of
this type, in both two and three dimensions. This chapter is concerned with two-
dimensional addition theorems; these results are mainly classical. Analogous results
in three dimensions are proved in Chapter 3. These are typically more complicated,
and they are still the subject of current research.

29
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2.2 Cartesian coordinates

Let �x1� x2� � � � � xq� be Cartesian coordinates. In practice, we are usually interested in
q = 2 or q = 3; when convenient, we write x, y and z for x1, x2 and x3, respectively.

Consider the general linear homogeneous partial differential equation
q
∑

i=1

q
∑

j=1

aij
�2u

�xi�xj
+

q
∑

i=1

bi
�u

�xi
+ cu= 0� (2.2)

where aij , bi and c are all constants. Typical examples are Laplace’s equation,

�2
q u= 0�

and the Helmholtz equation,

��2
q +k2�u= 0�

where �2
q is the q-dimensional Laplacian,

�2
q = �2

�x2
1

+ �2

�x2
2

+· · ·+ �2

�x2
q

�

Solutions of Laplace’s equation are called harmonic functions, whereas solutions of
the Helmholtz equation are called wavefunctions.

It is obvious that if u solves (2.2), then so does any linear combination of deriva-
tives of u with respect to any xk. Thus, given one solution of (2.2), further solutions
can be found by differentiation. The use of this idea for constructing harmonic func-
tions in three dimensions (by repeated differentiation of 1/r) is described at length
by Thomson & Tait [1175, Appendix B].

In order to define multipole solutions, we introduce a radial coordinate,

r =√

	q � where 	q = x2
1 +x2

2 +· · ·+x2
q�

Hobson’s theorem, several variants of which are proved below, is convenient for
applying differential operators in Cartesian coordinates to functions of 	q. To be
precise, let fn�x1� x2� � � � � xq� be a homogeneous polynomial of degree n, where
n≥ 0 is an integer. This means that

fn�
x1�
x2� � � � � 
xq�= 
nfn�x1� x2� � � � � xq��

for any 
, and implies that

fn�x1� x2� � � � � xq�=
n
∑

j=0

x
j
1gn−j�x2� x3� � � � � xq��

where gm is a homogeneous polynomial of degree m in the q − 1 variables
x2� x3� � � � � xq . Given fn, we define the differential operator of order n, fn��q� by

fn��q�= fn
(

�

�x1

�
�

�x2

� � � � �
�

�xq

)

� (2.3)
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Hobson’s theorem gives the result of applying fn��q� to F�	q�, where F is any
sufficiently smooth function of one variable. The result simplifies if fn is a harmonic
homogeneous polynomial, �n say, so that

�2
q�n�x1� x2� � � � � xq�= 0�

In this chapter, we take q= 2. In this case, there are exactly two linearly independent
harmonic homogeneous polynomials of degree n for each positive n; they can be
taken as

�±
n �x� y�= �x± iy�n = rne±in�� (2.4)

where r and � are plane polar coordinates (x= r cos� and y = r sin �).

2.3 Hobson’s theorem

We start with a simple one-dimensional version of Hobson’s theorem; according to
Hobson [507, p. 125], it is due to Schlömilch.

Theorem 2.1 Let 	1 = x2. Let n be a positive integer. Then

dn

dxn
F�	1�=∑

l=0

2n−2l

l! F�n−l��	1�
d2l

dx2l
xn�

where F�m� is the mth derivative of F and the summation has a finite number of
terms.

Proof We give an inductive proof. The case n = 1 is trivial. Assuming the result
for n, we consider

dn+1

dxn+1
F�	1�= d

dx

∑

l=0

2n−2l

l! F�n−l��	1�
d2l

dx2l
xn�

=∑

l=0

2n−2l

l!
{

2xF�n+1−l� d2l

dx2l
xn+F�n−l� d2l+1

dx2l+1
xn
}

= 2n+1xn+1F�n+1�+∑
l=1

2n+1−2l

l! F�n+1−l��ln�

where

�ln = x d2l

dx2l
xn+2l

d2l−1

dx2l−1
xn = d2l

dx2l
xn+1


the last equality can be proved by direct calculation or by taking P= xn1 in Lemma 2.2.
Thus, the result is true for n+1, and so the theorem is proved.



32 Addition theorems in two dimensions

Lemma 2.2 Let �2
q be the q-dimensional Laplacian, let �x1� x2� � � � � xq� be Carte-

sian coordinates, and let l be a positive integer. Then

� 2l
q �x1P�−x1�

2l
q P = 2l�2l−2

q

�P

�x1

for any sufficiently smooth function P�x1� x2� � � � � xq�, where, by definition, �2l
q =

��2
q �
l.

Proof The result is trivial for l= 1:

�2
q �x1P�−x1�

2
q P = 2

�P

�x1

� (2.5)

Assuming the result for l, we consider

�2l+2
q �x1P�−x1�

2l+2
q P = �2l

q

{

�2
q �x1P�

}−x1�
2l
q �

2
q P

= �2l
q

{

x1�
2
q P+2

�P

�x1

}

−x1�
2l
q �

2
qP�

using (2.5). Then, applying the assumed formula to � 2
q P, we see that the right-hand

side becomes

2l� 2l−2
q

�

�x1

�2
qP+2�2l

q

�P

�x1

= 2�l+1�� 2l
q

�P

�x1

�

as required.

We generalise Theorem 2.1 to two dimensions.

Theorem 2.3 (Hobson’s theorem in two dimensions) Let 	2 = x2 +y2. Let fn�x� y�
be a homogeneous polynomial of degree n, where n is a positive integer. Then, with
fn��2� defined by (2.3),

fn��2�F�	2�=∑

l=0

2n−2l

l! F�n−l��	2��
2l
2 fn�x� y��

where the summation has a finite number of terms.

Proof Again, we give an inductive proof. First of all, we note that the one-
dimensional theorem, Theorem 2.1, is valid for functions of 	2, so that we have

�n

�yn
F�	2�=∑

l=0

2n−2l

l! F�n−l��	2��
2l
2 y

n� (2.6)

for every positive n.
For the inductive argument, we start by noting that the result is true for n= 1. In

this case, we have f1�x� y�= a0x+a1y, and so

f1��2�F�	2�= 2F ′�	2�f1�x� y��

as required (�2l
2 f1 = 0 for l≥ 1).
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Next, we assume that the result is true for n. We have

fn+1�x� y�= xfn�x� y�+ayn+1 (2.7)

for some coefficient a. Thus,

fn+1��2�F�	2�= �

�x
fn��2�F�	2�+a �

n+1

�yn+1
F�	2�

= �

�x

∑

l=0

2n−2l

l! F�n−l��	2��
2l
2 fn

+a∑
l=0

2n+1−2l

l! F�n+1−l��	2��
2l
2 y

n+1�

using the assumed result and (2.6). The first term on the right-hand side is

∑

l=0

2n−2l

l!
{

2xF�n+1−l��2l
2 fn+F�n−l�

�

�x
�2l

2 fn

}

�

whereas, by (2.7), the second term is

∑

l=0

2n+1−2l

l! F�n+1−l��2l
2 fn+1 −∑

l=0

2n+1−2l

l! F�n+1−l��2l
2 �xfn��

Hence,

fn+1��2�F�	2�=∑

l=0

2n+1−2l

l! F�n+1−l��	2��
2l
2 fn+1�x� y�+Ln�

where

Ln =∑

l=0

2n−2l

l!
(

2F�n+1−l� [x�2l
2 fn−�2l

2 �xfn�
]+F�n−l� �

�x
�2l

2 fn

)

�

We must show that Ln ≡ 0 to complete the proof. To do this, we note that the
expression in square brackets vanishes when l= 0, whence

Ln =∑

l=1

2n+1−2l

l! F�n+1−l�
{

x� 2l
2 fn−�2l

2 �xfn�+2l
�

�x
�2l−2

2 fn

}




this vanishes by Lemma 2.2, as required.

The theorems above are special cases of a general theorem proved by Hobson
[507, §79]. Our proofs are less elegant but perhaps more transparent.

The result of Hobson’s theorem simplifies if fn is harmonic. Thus, we obtain the
following corollary.

Corollary 2.4 Let r =√

x2 +y2. Let �n�x� y� be a harmonic homogeneous poly-
nomial of degree n, where n is a positive integer. Then

�n��2�F�r�= �n�x� y�

(

1
r

d
dr

)n

F�r��
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Thus, if fn is harmonic, the (finite) series in Theorem 2.3 reduces to just one term.
A simple example follows; applications to wavefunctions will be given in the next
section.

Example 2.5 Take F�r�= log r and �n = �±
n , defined by (2.4), giving

(

�

�x
± i
�

�y

)n

log r = 2n−1�n−1�! e±in�

rn
�

The q-dimensional version of Corollary 2.4 can be found in [893, §12, Theorem 1].

2.4 Wavefunctions

Hobson applied his theorem to harmonic functions in three dimensions. We apply it
here to wavefunctions (solutions of the Helmholtz equation), in two dimensions.

Let Z��w� denote any cylinder function of order �, that is

Z��w�= J��w�, Y��w�, H�1�
� �w� or H�2�

� �w�. (2.8)

Then, we have ([1, eqn (9.1.30)], [1298, §3.2])
(

1

w

d
dw

)m
Z��w�

w�
= �−1�m

Z�+m�w�
w�+m

(2.9)

for m= 0�1�2� � � � and any �. In particular, setting � = 0 and w = kr gives
(

1
kr

d
dr

)m

Z0�kr�= �−1�m

rm
Zm�kr�� (2.10)

Next, we show that wavefunctions can be generated by the application of certain
differential operators.

Definition 2.6 The differential operators �±
m are defined by

�±
m =

[−1
k

(

�

�x
± i

�

�y

)]m

�

for m= 0�1�2� � � � � where �±
0 = I , the identity operator.

The action of these operators on cylindrical wavefunctions is described by the next
two theorems.

Theorem 2.7

�±
m�Z0�kr��= Zm�kr� e±im� for m= 0�1�2� � � � �

First proof Apply Corollary 2.4 to F�r� = Z0�kr�, using (2.10), with �m =
�−1/k�m�x± iy�m.

We can also give a direct proof of Theorem 2.7 using an inductive argument.
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Second proof The theorem is obviously true for m= 0. For subsequent values, we
use induction. We have, assuming the result is true for m,

�±
m+1Z0 = �±

1 ��
±
mZ0�= �±

1 �Zm�kr� e±im���

Now, in terms of plane polar coordinates, we have

�±
1 �r�= −1

k
e±i�

(

�

�r
± i
r

�

��

)

�

Hence �±
m+1�Z0�kr��= Zm+1�kr� e±i�m+1��, since [1, §9.1.27]

Z′
��w�− ��/w�Z��w�= −Z�+1�w��

and the result follows.

Another interesting relation, similar to Theorem 2.7, is

�m�Z0�kr��= im Zm�kr� cosm�� (2.11)

where �m = Tm��ik�−1�/�x� and Tm�w� is a Chebyshev polynomial of the first kind
[427, §8.94]. Formula (2.11), which is [83, eqn (2.6.14)], can be proved by induction,
using the recurrence relation for Tn.

We can generalise Theorem 2.7, but first we state a trivial but useful property
of �±

m .

Lemma 2.8 If u is any solution of the two-dimensional Helmholtz equation,

�+
m�

−
mu= �−

m�
+
mu= �−1�mu for m= 0�1�2� � � � �

We shall use this lemma in the proof of the next theorem.

Theorem 2.9

�+
m�Zn�kr� ein��= Zm+n�kr� ei�m+n��� (2.12)

�−
m�Zn�kr� ein��= �−1�nZm−n�kr� e−i�m−n���

= �−1�mZn−m�kr� ei�n−m��� (2.13)

for m= 0�1�2� � � � and n= 0�±1�±2� � � � .

Proof Let A denote the left-hand side of (2.12). If n≥ 0, we have

A= �+
m�

+
n Z0 = �+

m+nZ0 = Zm+n�kr� ei�m+n���

If n < 0, set n= −l, whence

A= �−1�l�+
m�

−
l Z0�

Now, there are two cases. First, if m≥ l, we use Lemma 2.8 to eliminate �−
l :

A= �+
m−lZ0 = �+

m+nZ0�
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as before. Second, if m< l, we use Lemma 2.8 to eliminate �+
m :

A= �−1�l+m�−
l−mZ0 = �−1�l+mZl−m�kr� e−i�l−m��

and again we obtain the desired result, after using Z−n = �−1�nZn. A similar argument
succeeds for (2.13).

We remark that similar results can be proved for modified Bessel functions In�w�
and Kn�w�.

2.5 Addition theorems

Consider two origins, O1 and O2. Let rj be the position vector of a general point
P with respect to Oj , for j = 1�2. Let b be the position vector of O1 with respect
to O2, so that r2 = r1 +b. Let rj = �rj cos�j� rj sin �j� and b = �b cos��b sin��. See
Fig. 2.1 for a sketch of the geometry. The simplest addition theorem was proved by
C. Neumann in 1867; see [1298, §11.2], [884, p. 1371], [691, eqn (5.12.2)] or [31,
eqn (4.10.2)].

Theorem 2.10 (Neumann’s addition theorem)

J0�kr2�=
�
∑

n=−�
�−1�nJn�kb� Jn�kr1� ein��1−�� (2.14)

=
�
∑

n=0

�n�−1�nJn�kb� Jn�kr1� cosn��1 −��� (2.15)

where �0 = 1 and �n = 2 for n > 0.

Note that (2.14) reduces to (2.1) when �1 = �.

P

O2

O1

r1r2

b

θ2

θ1

β

Fig. 2.1. Configuration for two-dimensional addition theorems.
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First proof The Parseval integral for J0�kr2� gives

J0�kr2�= 1

2�

∫ �

−�
eikr2 cos	 d	= 1

2�

∫ �

−�
eikr2 cos �	−�2� d	

= 1
2�

∫ �

−�
eikr1 cos �	−�1� eikb cos �	−�� d	� (2.16)

Now, from the generating function for Bessel functions [1298, p. 14],

exp
{

1
2
w�t− t−1�

}

=
�
∑

n=−�
tnJn�w��

with the substitution t = iei	, we obtain the Jacobi expansion [1298, p. 22]

eiw cos	 =
�
∑

n=−�
inJn�w� ein	� (2.17)

Use this expansion twice in (2.16), once for each exponential, and then integrate
over 	 using

∫ �

−�
eim	 d	= 2� �0m (2.18)

to complete the proof.

Before generalising Neumann’s theorem, we give an alternative proof. This is
based on properties of the differential operators �±

m , defined by Definition 2.6.

Second proof of Neumann’s addition theorem Since J0�kr2� is a solution of the
two-dimensional Helmholtz equation, it must have an expansion of the form

J0�kr2�=
�
∑

n=−�
CnJn�kr1� ein�1� (2.19)

for some coefficients Cn. To find these coefficients, we apply the operator �+
m�r2�

to (2.19), with m≥ 0, keeping b fixed; this gives

Jm�kr2� eim�2 =
�
∑

n=−�
Cn�

+
m�r2�

{

Jn�kr1� ein�1
}

�

Since the Cartesian axes are parallel, we have �+
n �r2� = �+

n �r1�. Hence, using
Theorem 2.9, we obtain

Jm�kr2� eim�2 =
�
∑

n=−�
CnJm+n�kr1� ei�m+n��1� (2.20)

for m= 0�1�2� � � � � Now, let r1 → 0, so that r2 → b and �2 → �; since Jm�0�= �0m,
we obtain

Jm�kb� eim� = C−m� (2.21)
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for m= 0�1�2� � � � � A similar argument, using �−
m�r2�, gives

Jm�kr2� e−im�2 =
�
∑

n=−�
Cn�−1�nJm−n�kr1� e−i�m−n��1� (2.22)

for m = 0�1�2� � � � � Letting r1 → 0 shows that (2.21) holds for m < 0 too. Then,
substitution of (2.21) in (2.19) completes the proof.

In the course of this proof, we have also proved a more general result. Thus,
combining (2.20), (2.21) and (2.22), we obtain the following result.

Theorem 2.11 (Graf’s addition theorem for Jm�kr� eim�) For m= 0�±1�±2� � � � �
we have

Jm�kr2� eim�2 =
�
∑

n=−�
Jn�kb� ein� Jm−n�kr1� ei�m−n��1

=
�
∑

n=−�
Jm−n�kb� ei�m−n�� Jn�kr1� ein�1 �

This is a special case of an addition theorem published by Graf in 1893 [428].
Graf’s theorem gives an expansion for J��kr2� ei��2 with arbitrary complex �; see
[1298, §11.3] or [1, eqn (9.1.79)]. We are mainly interested in integer values of �.
For this case, a simpler proof was given by Walker [1270]; we give it here, as it is
a straightforward extension of the first proof of Neumann’s addition theorem.

Second proof of Graf’s addition theorem for Jm�kr�e
im� From (2.17), we have

imJm�kr2�= 1
2�

∫ �

−�
eikr2 cos	 e−im	 d	

= 1
2�

∫ �

−�
eikr2 cos ��2−	� e−im��2−	� d	 (2.23)

= 1

2�
e−im�2

∫ �

−�
eikr1 cos ��1−	� eikb cos ��−	� eim	 d	�

Now, use (2.17) twice and integrate over 	 to give the result.

Notice that we can rewrite (2.23) as

Jn�kr� ein� = �−i�n

2�

∫ �

−�
eik�x cos	+y sin	�ein	 d	� (2.24)

This formula expresses regular cylindrical wavefunctions as a superposition of plane
waves. The three-dimensional analogue of (2.24) is known as the Funk–Hecke for-
mula; see Theorem 3.12.

In our first proof of Graf’s addition theorem for Jm�kr� eim�, we combined appro-
priate differential operators (�+

m and �−
m) with a simpler addition theorem for J0�kr�.

This idea can be used for three-dimensional problems in spherical polar coordinates;
see the second proof of Theorem 3.26. In fact, we used it to obtain the addition
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theorem for J0 itself. One virtue of these proofs is that they extend easily to Ym, H�1�
m

and H�2�
m . In particular, we have the following theorem.

Theorem 2.12 (Graf’s addition theorem forH�1�
m �kr� eim�) Form= 0�±1�±2� � � � �

we have

H�1�
m �kr2� eim�2 =

�
∑

n=−�
H�1�
m−n�kb� ei�m−n�� Jn�kr1� ein�1 (2.25)

for r1 < b, and

H�1�
m �kr2� eim�2 =

�
∑

n=−�
Jm−n�kb� ei�m−n�� H�1�

n �kr1� ein�1 (2.26)

for r1 > b.

First proof Assume that r1 < b. As H�1�
0 �kr2� is a solution of the two-dimensional

Helmholtz equation for r2 > 0, it must have an expansion of the form

H
�1�
0 �kr2�=

�
∑

n=−�
CnJn�kr1� ein�1�

for some coefficients Cn, but only for r1 < b (due to the singularity on the left-hand
side at r2 = 0). Now, apply �±

m�r2� and then let r1 → 0, exactly as in the second
proof of Neumann’s addition theorem. The result (2.25) follows. The result (2.26)
follows by interchanging the roles of r1 and b.

Second proof Suppose that r1 > b. Then, there must be an expansion of the form

H�1�
m �kr2� eim�2 =

�
∑

n=−�
CnH

�1�
n �kr1� ein�1 � (2.27)

Now, let r1 → �, with b fixed. We have r2
2 = r2

1 +2b · r1 +b2 and

tan �2 = b sin�+ r1 sin �1

b cos�+ r1 cos�1

�

Hence, r2 ∼ r1 +b cos ��1 −�� and �2 ∼ �1 as r1 → �. Also, it is known that (see,
for example, [1298, p. 197] or [1, eqn (9.2.3)])

H�1�n �w�∼√

2/��w� exp
{

i
(

w− 1
2
n�− 1

4
�

)}

as w→ �. (2.28)

So, letting r1 → � in (2.27), we obtain

�−i�m eikb cos ��1−��eim�1 =
�
∑

n=−�
Cn �−i�n ein�1 �

The result (2.26) follows after using (2.17) and (2.18).
If r1 < b, begin with the expansion

H�1�
m �kr2� eim�2 =

�
∑

n=−�
CnH

�1�
n �kb� ein�
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and then let b→ �, with r1 fixed, making use of

r2 ∼ b+ r1 cos ��1 −�� and �2 ∼ � as b→ �.

The result (2.25) follows readily.

A special case of Graf’s theorem, obtained by putting m= 0, is

H
�1�
0 �kr2�=

�
∑

n=−�
�−1�nH�1�

n �kb� Jn�kr1� ein��1−�� (2.29)

for r1 < b, and

H
�1�
0 �kr2�=

�
∑

n=−�
�−1�nJn�kb�H

�1�
n �kr1� ein��1−�� (2.30)

for r1 >b. These are useful as H�1�
0 is a fundamental solution for the two-dimensional

Helmholtz equation; see Chapter 5.
Another proof of Theorem 2.12 is given in Section 2.8.1. A fourth proof of (2.29)

can be found in Section 6.13.2.

2.6 The separation matrices S and̂S

Let us introduce a short-hand notation for the various wavefunctions.

Definition 2.13 Let r = �r cos�� r sin ��. The outgoing cylindrical wavefunction �n
is defined by

�n�r�=H�1�n �kr� ein��

Similarly, the regular cylindrical wavefunction �̂n is defined by

�̂n�r�= Jn�kr� ein��

The wavefunction �n is described as ‘outgoing’ because it corresponds to outgoing
waves at infinity: �n satisfies the Sommerfeld radiation condition in two dimensions,
(1.25). To see this, use (2.28) to deduce that

Re
{

�n�r� e−i�t
}∼

√

2

�kr
cos

{

�kr−�t�+n
(

�− 1
2
�

)

− 1
4
�

}

as r → �; the argument �kr −�t� signifies a wave propagating outwards as t
increases.

The wavefunctions �̂n and �n are easily seen to satisfy

�̂n�r�= �−1�n �̂n�−r�= �−1�n �̂−n�r� (2.31)
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and

�n�r�= �−1�n �n�−r�� (2.32)

respectively, where the overbar denotes complex conjugation.
Using Definition 2.13, we can rewrite Theorem 2.11 as

�̂m�r2�=
�
∑

n=−�
̂Smn�b� �̂n�r1� � (2.33)

where r2 = r1 +b and

̂Smn�b�= �̂m−n�b��

Similarly, we can rewrite Theorem 2.12 as

�m�r2�=
�
∑

n=−�
Smn�b� �̂n�r1� (2.34)

for r1 < b, and

�m�r2�=
�
∑

n=−�
̂Smn�b��n�r1�

for r1 > b, where

Smn�b�= �m−n�b��

We call the matriceŝS = �̂Smn� and S = �Smn� separation matrices as they depend
on b, where b is the separation between the two origins, O1 and O2: r2 = r1 + b.
These matrices play a crucial role in multiple-scattering theories.

From (2.31), we obtain

̂Smn�b�= �−1�m+n
̂Smn�−b�= �−1�m+n

̂Snm�b� �

whence

̂S�−b�=̂ST�b� � (2.35)

wherêST is the transpose of̂S. For S, we have merely

Smn�b�= �−1�m+n Smn�−b��

Taking the shorthand notation further, define vectors � = ��n� and �̂ = ��̂n�.
Then, Graf’s addition theorem for �̂m, (2.33) (for all m), becomes

�̂�r2�=̂S�b� �̂�r1�� (2.36)
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where r2 = r1 +b. If we suppose further that r1 = r3 + c, we obtain

�̂�r2�=̂S�b�̂S�c� �̂�r3� (2.37)

after a second application of Graf’s addition theorem for �̂. But we also have that
r2 = r3 + �b+ c�, whence

�̂�r2�=̂S�b+ c� �̂�r3�� (2.38)

If we compare (2.37) and (2.38), we see that the regular separation matrix satisfies

̂S�b�̂S�c�=̂S�b+ c�=̂S�c�̂S�b�� (2.39)

In particular, if we take c = −b, we obtain

̂S�b�̂S�−b�=̂S�−b�̂S�b�=̂S�0�= I�

the identity, using Jn�0�= �n0. When this is combined with (2.35), we obtain

̂S−1 =̂ST


this property means that̂S is unitary.
Next, consider Graf’s addition theorem for �m, (2.34), rewritten as

��r2�= S�b� �̂�r1�� (2.40)

where r2 = r1 +b and r1 < b. Recalling the notation at the beginning of Section 2.5,
we see that (2.40) holds for any point P inside a circle C1 with centre O1 and radius
b. Now, introduce a third origin O3 inside this circle and set r1 = r3 + c. Thus, P
has position vector rj with respect to Oj , for j = 1�2�3. Moreover, O3 has position
vectors c and b+ c with respect to O1 and O2, respectively. As O3 is inside C1, we
have b > c = �c�. See Fig. 2.2 for a sketch of the geometry.

b
cc

P

O2

O4

O1

O3

C1

r1 r3

r2

Fig. 2.2. Geometry for addition theorems.



2.7 Use of rotation matrices 43

Then, use of (2.36) gives �̂�r1�=̂S�c� �̂�r3�, whence (2.40) gives

��r2�= S�b�̂S�c� �̂�r3�� (2.41)

But r2 = r3 + �b+ c�, whence (2.34) gives

��r2�= S�b+ c� �̂�r3� (2.42)

for r3 < �b+ c�. Comparing (2.41) and (2.42) in a neighbourhood of O3, we obtain

S�b�̂S�c�= S�b+ c� for c < b. (2.43)

In (2.41), we have used a regular expansion of ��r2� about O3, obtained via a
regular expansion about O1. Instead, introduce a fourth origin O4 with position vector
c with respect to O2; thus, O1O2O4O3 forms a parallelogram with sides of lengths
b and c (see Fig. 2.2). If we expand ��r2� outside a circle C4 with centre O4 and
radius c, we obtain

��r2�=̂S�c���r4�

for r4 > c, where r4 is the position vector of P with respect to O4. But r4 = r3 + b
and, assuming that b > c, O3 is outside C4, and so we obtain

��r2�=̂S�c�S�b� �̂�r3��

Hence, comparing with (2.42), we see that

̂S�c�S�b�= S�b+ c� for c < b.

When this is combined with (2.43), we obtain

S�b�̂S�c�= S�b+ c�=̂S�c�S�b� for c < b, (2.44)

which should be compared with (2.39).

2.7 Use of rotation matrices

Let Ox′y′ be the Cartesian-coordinate axes obtained by rotating the axes Oxy by an
angle � in the anti-clockwise direction. Thus

x′ = x cos�+y sin� and y′ = y cos�−x sin��

In terms of the corresponding plane polar angles � and �′, we have � = �′ +�.
Let x̂ be a unit vector in the x-direction. Then, we have

̂Smn�bx̂�= Jm−n�kb� and Smn�bx̂�=H�1�
m−n�kb��

These separation matrices are used for translating along the x-axis, rather than in a
general direction given by b.
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However, we can obtain the general case by combining two rotations with the
special case. Thus, we make the following steps.

• Rotate the axes O2x2y2 by � into O2x
′
2y

′
2, so that O1 is at x′

2 = b, y′
2 = 0, �′

2 = 0.
• Translate from O2 to O1 using ̂S�bx̂� or S�bx̂�, as appropriate; at O1, we have a

set of parallel axes, O1x
′
1y

′
1 (with x′

1 = x′
2 −b and y′

1 = y′
2).

• Rotate the axes O1x
′
1y

′
1 by −� into O1x1y1.

Observe that rotating coordinates changes angles but not radial distances.
Explicitly, for example, we have

Jm�kr2� eim�2 = eim� Jm�kr2� eim�′2

= eim�
�
∑

n=−�
̂Smn�bx̂� Jn�kr1� ein�′

1

=
�
∑

n=−�

{

eim�
̂Smn�bx̂� e−in�

}

Jn�kr1� ein�1 �

In matrix notation, we have

̂S�b�= D���̂S�bx̂�D�−���
where

D���= diag
{

eim�
}

is a diagonal matrix, the rotation matrix. Evidently,

D�−��= D���= �D����T = �D����−1�

We also have

S�b�= D���S�bx̂�D�−���
We have seen that we can decompose a general translation into a rotation, followed

by a translation in a special direction, followed by a rotation back. This approach
does not offer significant gains in two dimensions. However, it can be useful in three
dimensions, where the separation matrices are much more complicated (but so are
the rotation matrices); see Section 3.15.

2.8 Two-centre expansions

So far, we have considered situations in which a single point P is referred to two (or
more) origins Oj . There are other situations in which two points, P and P ′, are of
interest, and expansions are again sought via intermediate expansions around O1 and
O2. For example, suppose that P is in the vicinity of O1 and that P′ is in the vicinity
of O2. Suppose further that there is a wave source at P and that one wants to expand
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this about P ′. One way of doing this is to make a ‘local expansion’ about O1, and
then to re-expand about O2. It turns out that this indirect approach is computationally
efficient whenever one has sources at many points Pi and one wants to calculate
their effects at many points P ′

j: this is the basic idea behind so-called ‘fast multipole
methods’ for solving the boundary integral equations of scattering theory.

We use the same notation as before, with rj being the position vector of P with
respect to Oj , j = 1�2, and b being the position vector of O1 with respect to O2.
Similarly, let r′

j be the position vector of P ′ with respect to Oj, j = 1�2. Also, let R
be the position vector of P with respect to P ′, so that

R = r1 − r′
1 = r2 − r′

2 = r1 +b− r′
2� (2.45)

The geometry is sketched in Fig. 2.3.
Theorem 2.12 gives

H
�1�
0 �kR�=

�
∑

m=−�
�̂−m�r1��m�−r′

1� for r1 < r
′
1 = �r′

1�

and

�m�−r′
1�=

�
∑

n=−�
Smn�b� �̂n�−r′

2� for b > r ′2 = �r′
2�,

where R= �R� and we have used −r′
1 = b−r′

2. Hence, if both inequalities are satisfied,
we obtain

H
�1�
0 �kR�=

�
∑

m=−�

�
∑

n=−�
�−1�m+nSmn�b� �̂m�r1� �̂n�r

′
2��

where we have used (2.31). Thus, we have proved the following two-centre expan-
sion.

Theorem 2.14 (Two-centre expansion of H�1�0 �kR�) Let R = a+b+ c. Then

H
�1�
0 �kR�=

�
∑

m=−�

�
∑

n=−�
�−1�mSmn�b� �̂m�a� �̂n�c�

for a= �a�< �b+ c� and c = �c�< b = �b�; both inequalities hold if a+ c < b.

b

R

P′

P

O2 O1

r ′ r′

r2
r1

12

Fig. 2.3. Geometry for two-centre expansions.
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2.8.1 Third proof of Graf’s addition theorem for H�1�
m �kr� eim�

We can use two-centre expansions to give another proof of Theorem 2.12 for any
m, assuming that the result is known for m= 0; the proof also makes use of Graf’s
addition theorem for �̂m.

From R = r1 − r′
1, (2.29) gives

H
�1�
0 �kR�=

�
∑

l=−�
�̂l�r

′
1��−l�−r1� for r1 > r

′
1. (2.46)

Then, as r′
1 = r′

2 −b, Graf’s addition theorem for �̂l, (2.33), gives

�̂l�r
′
1�=

�
∑

m=−�
�̂l−m�−b� �̂m�r

′
2��

whence (2.46) gives

H
�1�
0 �kR�=

�
∑

m=−�
�−1�m�̂m�r

′
2�

�
∑

l=−�
�̂l−m�b��−l�r1�� (2.47)

where we have used (2.31) and (2.32).
Alternatively, assume that r2 > r

′
2 with R = r2 − r′

2, whence

H
�1�
0 �kR�=

�
∑

m=−�
�̂m�r

′
2��−m�−r2�� (2.48)

Comparing (2.47) and (2.48), in a neighbourhood of O2, we see that

�−m�r2�=
�
∑

l=−�
�̂l−m�b��−l�r1��

The result (2.26) (or (2.34)) follows after replacing m by −m and l by −n.

2.9 Elliptical wavefunctions
We confine our formulas here to the minimum, though this minimum is not
insignificant, owing to the unfortunate propensity of Mathieu function formulas
for coming in fours � � �

(Morse & Feshbach [884, p. 1408])

Elliptic cylindrical coordinates, �����, are defined by

x= c cosh � cos� and y = c sinh � sin�� (2.49)

where 0 ≤ � <�, −� ≤ � < � and c is a positive constant. The coordinate � is the
radial-like variable and � is the angular variable. Also, � and � are related to plane
polar coordinates, r and �, by

r2 = 1

2
c2�cosh 2�+ cos 2�� and tan � = tanh � tan��
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so that

r ∼ 1

2
c e� and � ∼ � as �→ �. (2.50)

Choosing � = �0, say, gives an ellipse

�x/A�2 + �y/B�2 = 1�

with A = c cosh �0 and B = c sinh �0. The foci are at �x� y� = �±c�0�, and � > �0

gives the exterior of the ellipse. In particular, the ellipse degenerates into a finite
strip of width 2c when �0 → 0.

In terms of � and �, the two-dimensional Helmholtz equation becomes

�2u

��2
+ �2u

��2
+ �kc�2�sinh2 �+ sin2 ��u= 0�

Separated solutions, u�����= R�������, can be found, where

R′′ − �a−2q cosh 2��R= 0� (2.51)

�′′ + �a−2q cos 2��� = 0 (2.52)

and q = � 1
2kc�

2; the parameter a is the separation constant. Equation (2.52) is Math-
ieu’s equation, whereas (2.51) is the modified Mathieu equation.

Seeking 2�-periodic solutions of (2.52) leads to a countable set of values of
a, denoted by an�q�; these eigenvalues are usually divided into those giving even
functions of � (denoted by cen���q�) and those giving odd functions of � (denoted
by sen���q�).

For each an�q�, there are two independent solutions of (2.51); those associated with
cen are Mc�j�n ��� q� with j = 1�2, whereas those associated with sen are Ms�j�n ��� q�,
j = 1�2. The functions with j = 1 are regular for all �.

The notation for Mathieu functions is cumbersome and varied. We combine the
definitions of [1, Chapter 20] with the shorthand ideas of [162], and define e�n���q�
(� = c� s) by

ecn���q�= cen���q� and esn���q�= sen���q�� (2.53)

These functions satisfy e�n��+��q�= �−1�n e�n���q� and
∫ �

−�
e�m���q� e�n���q�d�= ��mn���� (2.54)

Similarly, we define M�j�
�n ��� q� by

M�j�
cn ��� q�= Mc�j�n ��� q� and M�j�

sn ��� q�= Ms�j�n ��� q��

The functions e�n���q�,M
�1�
�n ��� q� andM�2�

�n ��� q�, � = c� s, are all real. The functions
with j = 3, defined by

M�3�
�n =M�1�

�n + iM�2�
�n �
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are analogous to Hankel functions of the first kind; their use ensures that the Som-
merfeld radiation condition is satisfied: from [1, eqn (20.9.1)], we have

M�3�
�n ��� q�∼ �2/��kr��1/2 exp

{

i
(

kr− 1

2
n�− 1

4
�

)}

as �→ �. (2.55)

Let us now define elliptical wavefunctions.

Definition 2.15 The outgoing elliptical wavefunction ��n is defined by

��n�����q�=M�3�
�n ��� q� e�n���q��

Both �sn and ��/����cn are discontinuous across the interfocal line.
Similarly, the regular elliptical wavefunction �̂�n is defined by

�̂�n�����q�=M�1�
�n ��� q� e�n���q��

Notice that �̂�n is real.

From [1, eqns (20.7.34) & (20.7.35)], we have

�̂�n�����q�= �−i�n

2�

∫ �

−�
eik�x cos	+y sin	�e�n�	�q�d	� (2.56)

which should be compared with (2.24). See also [835, §10.50] and [322, §16.8].
Formula (2.56) can be used to obtain an expansion of a plane wave:

eik�x cos	+y sin	� = 2
∑

��n

in �̂�n�����q� e�n�	�q�� (2.57)

Here, we have used the shorthand notation

∑

��n

= ∑

�=c�s

�
∑

n=0

� (2.58)

To obtain (2.57), begin by noting that the left-hand side is a regular wavefunction,
and so it must have an expansion of the form

∑

��n

C�n �̂�n�����q��

The coefficients C�n can be found by first observing that

x cos	+y sin	= x̃ cos�+ ỹ sin��

with x̃= c cosh � cos	 and ỹ = c sinh � sin	, and then using (2.54) and (2.56).
The plane-wave expansion (2.57) is given in, for example, [886], [835, §10.53],

[884, eqn (11.2.94)] and [845, §2.68].
We can give a bilinear expansion ofH�1�

0 �kr2� using elliptic cylindrical coordinates,
analogous to (2.29) and (2.30). Thus, let ��1��1� and ��b��b� be the coordinates of
points with position vectors r1 and b, respectively, and let r2 = r1 +b. Then

H
�1�
0 �kr2�= 2

∑

��n

�−1�n ��n��1��1� q� �̂�n��b��b� q� for �1 > �b; (2.59)
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interchange �1 and �b if �1 < �b; see [884, eqn (11.2.93)]. To obtain (2.59), note first
that the left-hand side is an outgoing wavefunction, and so it must have an expansion
of the form

∑

��n

C�n ��n��1��1� q� for �1 > �b.

To find the coefficients C�n , we let �1 → �. We have

r2 = ��r1 +b� · �r1 +b��1/2 ∼ r1 +b · r̂1 as r1 → �,

where r̂1 = r1/r1 ∼ �cos�1� sin�1� as �1 → �, by (2.50). Thus

H
�1�
0 �kr2�∼ �2/��kr1��1/2 ei�kr1−�/4� exp �ik�xb cos�1 +yb sin�1��

= �2/��kr1��1/2 ei�kr1−�/4� 2
∑

��n

in �̂�n��b��b� q� e�n��1� q�

as �1 → �, where xb and yb are the Cartesian components of b and we have used
(2.57). The result follows after using (2.55).

For more information on Mathieu functions, see [835], [1, Chapter 20], [884,
pp. 562–568, pp. 633–644, pp. 1407–1432 & pp. 1568–1573], [845], [322, §§
16.2–16.8], [427, §8.6] and [1140, 364].

2.9.1 Addition theorems

Consider two right-handed Cartesian coordinate systems, O1x1y1 and O2x2y2. O1 is
at �x2� y2� = �xb� yb�. The axis O1x1 is rotated by an angle � anticlockwise from
O2x2. Thus,

x2 = xb+x1 cos�−y1 sin� and y2 = yb+x1 sin�+y1 cos�
 (2.60)

see Fig. 2.4. Equivalently, we have

x1 = �x2 −xb� cos�+ �y2 −yb� sin�� (2.61)

y1 = �y2 −yb� cos�− �x2 −xb� sin�� (2.62)

Now, introduce elliptic cylindrical coordinates ��j��j� at Oj , with 2cj as the
interfocal distance and qj = � 1

2kcj�
2, j = 1�2. Then, we have the following addition

theorem for regular elliptical wavefunctions.

Theorem 2.16

�̂�n��2��2� q2�=∑

��m

̂S��nm��b��b� q1� q2� �� �̂�m��1��1� q1�� (2.63)

where xb = c2 cosh �b cos�b, yb = c2 sinh �b sin�b,

̂S��nm = 2
�
�−1�n

∑

��l

�−1�s I���nml �̂�l��b��b� q2�� (2.64)
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yb

xbO2

O1

γ

y2

x2

x1

y1

Fig. 2.4. Geometry for addition theorems with elliptical wavefunctions.

the sum over l is such that n+m+ l= 2s is even, and

I���nml =
∫ �

−�
e�n�	�q2� e�m�	−��q1� e�l�	� q2�d	= I���lmn � (2.65)

Similarly,

�̂�n��1��1� q1�=∑

��m

̂S��mn��b��b� q1� q2� �� �̂�m��2��2� q2�� (2.66)

Proof For (2.63), use (2.60) in (2.56), and then use (2.57) twice. Similarly, for
(2.66), use (2.61) and (2.62). Notice that (2.63) contains ̂S��nm whereas (2.66) con-
tains the transpose, ̂S��mn; the proof exploits two facts: ̂S��nm is real and e�n�	�q� is
2�-periodic in 	.

The real integral (2.65) is elementary but tedious to evaluate: e�n has a known
Fourier series for � = c� s and n = 0�1�2� � � � 
 there are, of course, four cases
depending on the value of � and on whether n is even or odd. Notice that I���nml = 0
if n+m+ l is odd.

There are similar addition theorems for outgoing wavefunctions. We shall derive
them in two ways. First, we begin with the method of Section 2.8.1. Thus, let rj
and r′

j be the position vectors of points P and P ′, respectively, with respect to Oj ,
j = 1�2. Let b be the position vector of O1 with respect to O2. Let R be the position
vector of P with respect to P ′, so that (2.45) holds. In particular, R = r1 − r′

1 and so
(2.59) gives

H
�1�
0 �kR�= 2

∑

��n

�−1�n ��n��1��1� q1� �̂�n��
′
1��

′
1 +��q1�

= 2
∑

��n

��n��1��1� q1� �̂�n��
′
1��

′
1� q1�� �1 > �

′
1, (2.67)
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where ��j��j� and ��′
j� �

′
j� are the elliptic cylindrical coordinates of P and P ′,

respectively, with respect to Oj , j = 1�2. But, from (2.66),

�̂�n��
′
1��

′
1� q1�=∑

��m

̂S��mn��b��b� q1� q2� �� �̂�m��
′
2��

′
2� q2��

whence (2.67) gives

H
�1�
0 �kR�= 2

∑

��n

�̂�n��
′
2��

′
2� q2�

∑

��m

̂S��nm��b��b� q1� q2� ����m��1��1� q1�� (2.68)

Alternatively, assume that �2 > �
′
2 with R = r2 − r′

2, whence (2.59) gives

H
�1�
0 �kR�= 2

∑

��n

��n��2��2� q2� �̂�n��
′
2��

′
2� q2��

Comparing this expansion with (2.68), in a neighbourhood of O2, we see that

��n��2��2� q2�=∑

��m

̂S��nm��b��b� q1� q2� ����m��1��1� q1� (2.69)

for �1 > �
+
1 , where �+

1 will be defined shortly.
Similarly, if we reverse the roles of O1 and O2, beginning with R = r2 − r′

2 and
ending with expansions in the neighbourhood of O1, we obtain, for �2 > �

+
2 ,

��n��1��1� q1�=∑

��m

̂S��mn��b��b� q1� q2� ����m��2��2� q2�� (2.70)

Notice that the real parts of (2.69) and (2.70) are precisely (2.63) and (2.66),
respectively.

In order to specify �+
1 and �+

2 , we first let �j denote the interfocal line defined by
−cj ≤ xj ≤ cj , yj = 0, j = 1�2. Let �j = �+

j and �j = �−
j be two confocal ellipses,

centred at Oj , with �+
j > �

−
j , j = 1�2. Then, �1 = �+

1 is the smallest ellipse that
contains �2 in its interior and �1 = �−

1 is the largest ellipse that does not contain any
piece of �2 in its interior. The quantities �+

2 and �−
2 are defined similarly, using �1.

Now, as the left-hand side of (2.69) is discontinuous across �2 (more precisely,
see Definition 2.15) but the right-hand side is a wavefunction for �1 > 0, we infer
that the series (2.69) converges for �1 > �

+
1 . Similar reasoning shows that (2.70)

holds for �2 > �
+
2 .

For our second proof, we adapt the argument used in the second proof of Theo-
rem 2.12. Thus, in order to prove (2.69), we begin by asserting that there must be
an expansion of the form

��n��2��2� q2�=∑

��m

C�m ��m��1��1� q1� for �1 > �
+
1 . (2.71)

Now, let �1 → � with b fixed. To do this, put �xb� yb�= b�cos�� sin�� and �xj� yj�=
rj�cos�j� sin �j�, j = 1�2. Then, (2.60) gives

r2
2 = r2

1 +2r1b cos ��1 +�−��+b2
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and

tan �2 = b sin�+ r1 sin ��1 +��
b cos�+ r1 cos ��1 +�� �

Thus, r2 ∼ r1 + b cos ��1 +�−�� and �2 ∼ �1 +� as r1 → �, which is equivalent
to letting �1 → �. Also, �1 ∼ �1, �2 ∼ �2 and �2 ∼ �1 +� as �1 → �. So, letting
�1 → � in (2.71), using (2.55), we obtain

�−i�n eikb cos ��1+�−�� e�n��1 +��q2�=∑

��m

C�m �−i�m e�m��1� q1��

The result (2.69) follows after using (2.54) and (2.57).
Similarly, if �1 < �

−
1 , we begin with the expansion

��n��2��2� q2�=∑

��m

C�m ��m��b��b� q2� (2.72)

and then let b→ � with �1 and �1 fixed, making use of

r2 ∼ b+ r1 cos ��1 +�−�� and �2 ∼ � as b→ �.

Also, �b ∼ �2 and �2 ∼ �2 as b→ �. So, letting b→ � in (2.72), using (2.55), we
obtain

�−i�n eikr1 cos ��1−��2−��� e�n��2� q2�=∑

��m

C�m �−i�m e�m��2� q2��

whence

C�l = 2
�
�−1�n

∑

��m

�−1�s I���nml �̂�m��1��1� q1��

Then, substitution in (2.72) gives

��n��2��2� q2�=∑

��m

S��nm��b��b� q1� q2� �� �̂�m��1��1� q1� for �1 < �
−
1 ,

where

S��nm = 2

�
�−1�n

∑

��l

�−1�s I���nml ��l��b��b� q2�� (2.73)

the sum over l is such that n+m+ l = 2s is even and I���nml is defined by (2.65).
Notice that̂S��nm = Re�S��nm�.

We summarise these results in the following theorem.

Theorem 2.17

��n��2��2� q2�=∑

��m

̂S��nm ��m��1��1� q1� for �1 > �
+
1 � (2.74)

��n��2��2� q2�=∑

��m

S��nm �̂�m��1��1� q1� for �1 < �
−
1 � (2.75)
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��n��1��1� q1�=∑

��m

̂S��mn ��m��2��2� q2� for �2 > �
+
2 � (2.76)

��n��1��1� q1�=∑

��m

S��mn �̂�m��2��2� q2� for �2 < �
−
2 � (2.77)

Here, ̂S��nm =̂S��nm��b��b� q1� q2� �� and S��nm = S��nm��b��b� q1� q2� �� are defined by
(2.64) and (2.73), respectively.

Notice that there are no expansions valid for �−
j < � < �

+
j , j = 1�2.

Addition theorems of the form (2.66) and (2.76) are given in [845, §2.54]. Sub-
sequently, Særmark [1046] also obtained (2.77). His proof uses representations of
�̂�n and ��n in terms of cylinder functions (see (2.8)). In all cases, ̂S��nm and S��nm
are found as double infinite series of cylinder functions; our expressions are single
infinite series of Mathieu functions.

2.10 Vector cylindrical wavefunctions

In Section 1.5.5, we saw that in-plane elastodynamic scattering problems may be
solved using acoustic potentials; see (1.55). These representations can be used to con-
struct vector wavefunctions. For example, we can define ‘compressional multipoles’
and ‘shear multipoles’ by

un = grad �Hn�kr� ein�� and vn = curl �ẑHn�Kr� ein��� (2.78)

respectively, where k and K are the compressional and shear wavenumbers, respec-
tively. Both un and vn are elastodynamic wavefunctions; they are singular at r = 0 and
they satisfy the two-dimensional Kupradze radiation conditions. We can construct
regular wavefunctions by substituting Jn for Hn.

For half-plane problems, one can construct compressional multipoles that are
singular at a point �x� y�= �0� h� within the half-plane. They have the form

un = grad �Hn�kr� ein�+En�+ curl �ẑ�n��

where r = �x2 + �y−h�2�1/2 and the wavefunctions En and �n are to be chosen so
that Tun = 0 on y= 0. This construction is given in detail in [438]. Shear multipoles
can be constructed similarly.

One can also construct vector wavefunctions using scalar elliptic wavefunctions
in place of Hn ein� in (2.78), with appropriate choices for q. For example, we can use

un = grad �M�3�
�n ��� q� e�n���q��

with q = � 1
2kc�

2 for outgoing compressional waves, and

vn = curl �ẑM�3�
�n ���Q�e�n���Q��

with Q= � 1
2Kc�

2 for outgoing shear waves.
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2.11 Multipoles for water waves

Consider two-dimensional water-wave problems in deep water. Introduce plane polar
coordinates �r� ��, where

x= r cos�� z= r sin � and 0 ≤ � ≤ �

the free surface is part of z = 0 (� = 0��). See Fig. 2.5. We want to construct
multipole solutions; these must satisfy Laplace’s equation in the water (z > 0) and
the free-surface condition on z = 0. These are readily found: if ��r� �� is harmonic
and satisfies ��r�0�= ��r���= 0, then

(

K− �

�z

)

� =
(

K− sin �
�

�r
− cos�

r

�

��

)

�

is harmonic and satisfies the free-surface condition. For �, we can choose any
constant multiple of r� sin ��, where � is any non-zero integer. Our specific choices
are given next.

Definition 2.18 Let r = �r cos�� r sin ��. The cylindrical wavefree potential  n is
defined by

 n�r�= − �n−2�!
Kn

(

K− �

�z

)

sin �n−1��
rn−1

= �n−1�!
�Kr�n

cosn�− �n−2�!
�Kr�n−1

sin �n−1��� n= 2�3�4� � � � �

The analogous regular potential ̂ n is defined by

̂ n�r�= − Kn

�n+1�!
(

K− �

�z

)

rn+1 sin �n+1��

= �Kr�n

n! cosn�− �Kr�
n+1

�n+1�! sin �n+1��� n= 0�1�2� � � � �

The functions  n are called ‘wavefree potentials’ because they decay algebraically as
�x� → �. In order to treat scattering problems, we also need potentials that generate

Free surface
x

O

z

θ

rWater

Fig. 2.5. Polar coordinates for water-wave problems.
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waves; these are more complicated. They are defined by

 0�r�=!
∫ �

0
e−kz coskx

dk

k−K and  1�r�= − 1

K

�

�x
 0� (2.79)

where the path of integration passes below the pole of the integrand at k = K. The
function  0 represents a wave source at the origin, O; it is an even function of x. The
function  1 represents a horizontal wave dipole at the origin; it is an odd function
of x. For large �x�, we have

 0 ∼ �i e−Kze±iKx and  1 ∼ ±� e−Kze±iKx as x→ ±�, (2.80)

so that the waves propagate away from the origin. We also have the following
convergent expansion,

 0�r�= −
{

�logKr− i�+�� cosKx+
(

1

2
�−�

)

sinKx
}

e−Kz

+
�
∑

m=1

�−Kr�m
m!

(

m
∑

n=1

1

n

)

cos
{

m

(

1
2
�−�

)}

� (2.81)

where � = 0�5772 � � � is Euler’s constant. The expansion (2.81) is due to Yu & Ursell
[1369]; it shows that  0�r�∼ − log r as r → 0.

The potentials � n�= 0� 1� 2� � � � are known as Ursell’s multipole potentials
[1222, 1223, 1229]. They are harmonic, satisfy the free-surface and radiation condi-
tions, and are singular at the origin. Multipole potentials can also be defined for water
of constant finite depth, and with singularities at a submerged point, �x� z�= ��� "�,
instead of at �x� z�= �0�0�. In particular, the wave source at ��� "� is recognised as
the fundamental solution G�x� z
 �� "�; see Section 2.11.1. For more information on
multipole potentials, see [1176] and [731, Appendix B]. For multipole potentials in
elliptic cylindrical coordinates, see [1223].

An inductive argument shows that

�m

�xm

(

sin �

r

)

= �−1�mm! sin �m+1��

rm+1
� m= 0�1�2� � � � �

whence

 n+2�r�= �−1�n+1

Kn+2

(

K− �

�z

)

�n

�xn

(

sin �

r

)

� n= 0�1�2� � � � �

Thus, using

sin �

r
= z

x2 + z2
=
∫ �

0
e−kz coskx dk� z > 0�
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we obtain the following integral representations for the wavefree potentials, valid for
m= 0�1�2� � � � #

 2m+2�r�= �−1�m+1

K2m+2

∫ �

0
�k+K�k2me−kz coskx dk� (2.82)

 2m+3�r�= �−1�m+1

K2m+3

∫ �

0
�k+K�k2m+1e−kz sin kx dk� (2.83)

We note the following elementary properties:

��/�x� 1 = K� 0 − 2�� (2.84)

��/�x� n = −K n+1� n= 0 and n= 2�3� � � � � (2.85)

��/�x�̂ n = K̂ n−1� n= 1�2�3� � � � � (2.86)

2.11.1 A fundamental solution for deep water

As we have already noted, the function  0, defined by (2.79), represents a wave
source at the origin. More generally, we can put the source at a point Q in the
water, and then calculate the velocity potential at a different point, P. We denote this
potential by G�P�Q�; it is a fundamental solution. In particular, for two-dimensional
water waves on deep water, it is given by

G�P�Q�≡G�x� z
 �� "�= 1
�

log
R

R′ − 2
�
!
∫ �

0
e−k�z+"� cosk�x−��

k−K dk� (2.87)

where R = �rP − rQ� = ��x− ��2 + �z− "�2�1/2 and R′ = ��x− ��2 + �z+ "�2�1/2. In
the far field, we have

G�x� z
 �� "�∼ −2i e−K�z+"�eiK�x−�� as �x−�� → �. (2.88)

Note that G�P�O�= −�2/�� 0�rP�.
The fundamental solution for water of constant finite depth is also available. For

references and further details, see [559], [1303, pp. 479–483], [842, Appendix 7.A]
and [675, §1.1].

The function G can be used to derive boundary integral equations, and it plays a
role in null-field and T -matrix methods. There is also a bilinear expansion for G,
which we give next. This expansion will also be used to prove addition theorems
for  n.

Theorem 2.19 (Ursell [1228]) Suppose that R= �rP−rQ� with �rP �< �rQ�. Then the
two-dimensional deep-water fundamental solution G�P�Q�, defined by (2.87), has
the expansion

G�rP� rQ�= − 2
�

�
∑

n=0

�n�rP� n�rQ�� (2.89)



2.11 Multipoles for water waves 57

where

�n�r�=
�
∑

s=0

�−1�ŝ n+2s�r�� n= 0�1�2� � � � � (2.90)

Proof Fix P = �x� z�. We choose �0�x� z� and �1�x� z� so that

G�x� z
 �� "�+ �2/����0�x� z� 0��� "�+�1�x� z� 1��� "��≡H�x� z
 �� "��
say, is wavefree as �→ ±�; using (2.80) and (2.88), we deduce that

�0�r�= e−Kz cosKx and �1�r�= e−Kz sinKx� (2.91)

As H is wavefree, harmonic and satisfies the free-surface condition, it must have an
expansion in terms of wavefree potentials. To realise this, we assume initially that
z < " . Making use of [427, 3.951(3)]

log
R

R′ =
∫ �

0

(

e−k�"+z�− e−k�"−z�) cosk�x−�� dk
k
�

we find that

H = 2

�

∫ �

0
e−k" F dk� (2.92)

where

F = e−Kz

k−K
{

cosKx cosk�+ k

K
sinKx sin k�

}

−
{

sinh kz

k
+ e−kz

k−K
}

cosk�x−��

= Fc�x� z� cosk�+Fs�x� z� sin k�� (2.93)

Fc�x� z�= e−Kz cosKx− e−kz coskx

k−K − sinh kz
k

coskx�

Fs�x� z�= e−Kz�k/K� sinKx− e−kz sin kx

k−K − sinh kz
k

sin kx

and we have used (2.87) and (2.79). To complete the proof, we expand Fc and Fs

in powers of k, and then use the integral representations for the wavefree potentials,
(2.82) and (2.83). We have

e±Kz+iKx =
�
∑

n=0

�iKr�n

n! e∓in�

=
�
∑

m=0

�−1�m
�Kr�2m

�2m�!
{

e∓2mi�+ iKr

2m+1
e∓�2m+1�i�

}

�

whence

e±Kz cosKx=
�
∑

m=0

�−1�m
�Kr�2m

�2m�!
{

cos 2m�± Kr

2m+1
sin �2m+1��

}
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and

e±Kz sinKx=
�
∑

m=0

�−1�m
�Kr�2m+1

�2m+1�!
{

cos �2m+1��

∓ Kr

2m+2
sin �2m+2��

}




in particular, these show that (2.90) reduces to (2.91) when n= 0 and n= 1. Then,
using the identities

kn−Kn = �k−K�
n
∑

q=1

Kn−qkq−1� n= 1�2� � � � � (2.94)

2m
∑

q=1

K−qkq−1 = �k+K�
m−1
∑

q=0

K−2q−2k2q� m= 1�2� � � � � (2.95)

we obtain

Fc�r�=
�
∑

m=1

�−1�m+1
̂ 2m�r� �k+K�

m−1
∑

q=0

K−2q−2k2q�

Fs�r�=
�
∑

m=1

�−1�m+1
̂ 2m+1�r� �k+K�

m−1
∑

q=0

K−2q−3k2q+1�

Substitution in (2.93) and (2.92), using (2.82) and (2.83), gives

H = 2
�

�
∑

m=1

m−1
∑

q=0

�−1�m+q
{

̂ 2m�rP� 2q+2�rQ�+̂ 2m+1 2q+3

}

�

But, changing the order of summation, we have

�
∑

m=1

m−1
∑

q=0

Fmq =
�
∑

q=0

�
∑

m=q+1

Fmq =
�
∑

q=0

�
∑

s=0

Fq+1+s�q�

for any Fmq . Hence

H = 2
�

�
∑

q=0

�
∑

s=0

�−1�s+1
{

̂ 2q+2+2s�rP� 2q+2�rQ�

+̂ 2q+3+2s�rP� 2q+3�rQ�
}

= 2

�

�
∑

q=2

�
∑

s=0

�−1�s+1
̂ q+2s�rP� q�rQ��

which gives the desired result, assuming that z < " . However, both sides of (2.89)
are regular harmonic functions for �rP � < �rQ�, and so analytic continuation implies
that the expansion (2.89) is valid for all points P and Q satisfying �rP �< �rQ�.
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As a special case of Theorem 2.19, put P at a point O2 in the free surface; let c be
the position vector of O2 with respect to O. Then, as G�O2�Q�= −�2/�� 0�rQ−c�,
we obtain

 0�rQ− c�=
�
∑

n=0

�n�c� n�rQ�� �c�< �rQ�� (2.96)

This formula will be used in our proofs of addition theorems for Ursell’s multipole
potentials; see Theorem 2.20.

2.11.2 Addition theorems

Let O1 and O2 be two origins in the free surface. Let rj be the position vector of a
general point P with respect to Oj , for j = 1�2. Let b be the position vector of O1

with respect to O2, so that r2 = r1 +b. See Fig. 2.6.
Our addition theorems for  n involve the functions �n, defined by (2.90); in

particular, �0 and �1 are given by (2.91). The functions �n are harmonic and regular,
and they satisfy the free-surface boundary condition. We note that, as a consequence
of (2.86) and (2.91),

��/�x��0 = −K�1 and ��/�x��n = K�n−1� (2.97)

for n= 1�2�3� � � �. Also, the definition (2.90) yields

�n+�n+2 = ̂ n� n= 0�1�2� � � � � (2.98)

The addition theorems also involve quantities such as �n�−b�. To define these
explicitly, let �x2� z� be Cartesian coordinates at O2. Suppose that O1 is at �x2� z�=
�b cos��0�, where b is the distance between O1 and O2, and �= 0 or �= �. Then

�n�−b�= �− cos��n
�
∑

s=0

�−1�s
�Kb�n+2s

�n+2s�! �

̂ n�−b�= �− cos��n�Kb�n/n! and  n�−b�= �− cos��n�n−1�!/�Kb�n, the last for-
mula holding for n≥ 2. For  0�−b� and  1�−b�, we can use (2.81) and (2.79)2.

bO2 O1

P

r2

r1

Fig. 2.6. Configuration for water-wave addition theorems.
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Theorem 2.20 Let r2 = r1 +b. For n= 0�1�2� � � � � we have

 n�r2�=
�
∑

m=0

̂Snm�b� m�r1� for r1 > b� (2.99)

 n�r2�=
�
∑

m=0

Snm�b��m�r1� for r1 < b� (2.100)

The quantitieŝSnm and Snm are defined as follows:

̂S0m�b�= �m�−b�� m≥ 0


̂S10�b�= −�1�−b�� ̂S1m�b�= �m−1�−b�� m≥ 1


̂Snm�b�= ̂ m−n�−b�� m≥ n≥ 2


̂Snm�b�= 0� 0 ≤m< n� n≥ 2


S0m�b�= m�−b�� m≥ 0
 S10�b�= − 1�−b��

S11�b�= 0�−b�− 2�−b�� S1m�b�= − m+1�−b�� m≥ 2


Sn0�b�= �−1�n n�−b�� Sn1�b�= �−1�n n+1�−b�� n≥ 2


Snm�b�= �−1�n� m+n−2�−b�+ m+n�−b��� n≥ 2� m≥ 2�

Proof When n= 0, (2.99) reduces to

 0�r2�=
�
∑

m=0

�m�−b� m�r1�� r1 > b� (2.101)

This formula is (2.96); it is a special case of the bilinear expansion of G (Theo-
rem 2.19). To prove (2.99) for n > 0, we merely differentiate (2.101) with respect to
x2, where x2 = x1 +b cos�. As �/�x2 = �/�x1, we first obtain

��/�x2� 0�r2�=
�
∑

m=0

�m�−b� ��/�x1� m�r1��

whence

 1�r2�= �0 1 −�1� 0 − 2�+
�
∑

m=2

�m m+1

= −�1 0 +�0 1 +
�
∑

m=2

�m−1 m�

which gives (2.99) for n = 1; here, we have used (2.84) and (2.85). Differentiating
again gives

 2�r2�− 0�r2�= −�1 1 +�0� 2 − 0�+
�
∑

m=2

�m−1 m+1�



2.11 Multipoles for water waves 61

Making use of (2.101), we obtain

 2�r2�=
�
∑

m=0

�m m−�0 0 −�1 1 +
�
∑

m=2

�m−2 m

=
�
∑

m=2

��m+�m−2� m�r1��

which gives the stated result for n = 2, once (2.98) has been used. For n > 2,
differentiate repeatedly, making use of (2.85).

To prove (2.100), we start from

 0�r2�=
�
∑

m=0

 m�−b��m�r1�� r1 < b� (2.102)

which also follows from Theorem 2.19. Equation (2.102) is (2.100) with n = 0.
Differentiating once, using (2.97), gives

 1�r2�= 0�1 −
�
∑

m=1

 m�m−1

= − 1�0 + � 0 − 2��1 −
�
∑

m=2

 m+1�m�r1��

which is (2.100) with n= 1. Differentiating again, using (2.84), (2.97) and (2.102),
gives

 2�r2�= 2�0 + 3�1 +
�
∑

m=2

� m+ m+2��m�r1�� (2.103)

which is (2.100) with n= 2. For n > 2, we use an inductive argument, based on

 n�r2�= �−1�n� n�0 + n+1�1�+ �−1�n
�
∑

m=2

� m+n−2 + m+n��m�r1�� (2.104)

Assume that this formula holds for some n≥ 2. Differentiate once with respect to x2,
using (2.85) and (2.97); elementary calculations then show that (2.104) holds with
n replaced by n+1. As (2.104) is valid for n= 2 (when it reduces to (2.103)), it is
valid for all n≥ 2. This completes the proof of (2.100).

For n ≥ 2,  n is wavefree and satisfies  n�r� = O�r−n� as r → �; this explains
whŷSnm = 0 for 0 ≤m< n.

In [786], two other proofs of (2.100) are sketched. One makes use of the integral
representations for  n, whereas the other uses complex-variable techniques. The
proof given here is simpler, and generalises to three dimensions.



3
Addition theorems in three dimensions

Part of the secret of success in studying and using special functions is to try to
remember exactly what is necessary, and nothing more.

(Askey [46, p. 9])

3.1 Introduction

In this chapter, we shall derive several three-dimensional addition theorems. Before
doing so, we have to discuss several special functions. We begin with spherical
harmonics, Ymn , and then we exploit Hobson’s theorem. We introduce spherical
wavefunctions, defined using spherical Bessel functions and spherical harmonics.
We define the Erdélyi operator �mn in Section 3.6. This operator is used subsequently
to derive general addition theorems from much simpler axisymmetric addition the-
orems; the latter are proved in Section 3.8. A composition formula for �mn is given
in Section 3.10. This formula is derived from the linearisation formula for spher-
ical harmonics, expressing the product Ym

n Y
�
� as a linear combination of spherical

harmonics with coefficients that are usually known as Gaunt coefficients. The next
six sections are concerned with various forms of the addition theorems for spherical
wavefunctions. Vector spherical wavefunctions are discussed briefly in Section 3.17.
The last section contains results for water-wave multipole potentials.

3.2 Spherical harmonics
Some of the present generation are at a loss to explain why Thomson and Tait
[1175] perpetrated the ill-founded title “Spherical harmonics”. Musicians and
acousticians should be sole concessionaires of the word harmonics!

(McLachlan [834, p. 260])

In terms of spherical polar coordinates �r� ����, defined by

x = r sin � cos�� y = r sin � sin� and z= r cos�� (3.1)

62
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the three-dimensional Laplacian

	2
3u= 
2u


x2
+ 
2u


y2
+ 
2u


z2
(3.2)

= 1
r2





r

(

r2 
u


r

)

+ 1
r2 sin �





�

(

sin �

u


�

)

+ 1

r2 sin2 �


2u


�2
�

Then, the method of separation of variables shows that Laplace’s equation, 	2
3u= 0,

has solutions

rnPmn �cos�� e±im� and r−n−1Pmn �cos�� e±im� (3.3)

for n= 0�1�2� � � � and m= 0�1� � � � � n, where Pmn is an associated Legendre function.
The definition of Pmn varies from book to book. We use what is known as Ferrers’
definition ([507, §57], [343, p. 75]):

Definition 3.1 For m= 0�1� � � � � n, n= 0�1�2� � � � and −1 ≤ t ≤ 1,

Pmn �t�= �1− t2�m/2

2nn!
dm+n

dtm+n �t
2 −1�n� (3.4)

This definition is used by Bateman [73, p. 39], Whittaker & Watson [1317, §15.5],
Lamb [682, §86], Stratton [1149, §7.3], Morse & Feshbach [884, p. 1325], Messiah
[846], Edmonds [305, p. 23], Zare [1371, §1.3], Colton & Kress [225, §2.3], Dahlen
& Tromp [250, §B.4] and Nédélec [903, §2.4.3]. It differs by a factor of �−1�m

from that used by Hobson [507, §55], Erdélyi et al. [321, §3.6.1], Jones [564,
p. 79], Abramowitz & Stegun [1], Lebedev [691, §7.12], Jackson [549, p. 98] and
Gradshteyn & Ryzhik [427]. Jeffreys & Jeffreys [556, p. 633] use a different notation
and a different definition, having discussed various possibilities.

Definition 3.1 makes sense for negative values of m, with �m� ≤ n. It follows that

P−m
n �t�= �−1�m

�n−m�!
�n+m�! P

m
n �t� (3.5)

for m= 0�1� � � � � n and n≥ 0.
Various properties of associated Legendre functions are summarised in Appendix A.
The restrictions of the harmonic functions (3.3) to a spherical surface r = r0, say,

are called spherical harmonics or tesseral harmonics. They are usually normalised
in some way, but there is no agreement on the normalisation or the notation. We
shall use both an unnormalised definition (Ỹ mn ) and a corresponding normalised
definition (Ym

n ).
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Definition 3.2 For m= 0�±1�±2� � � � �±n and n= 0�1�2� � � � �

Ỹ m
n �r̂�= Ỹ m

n �����= Pmn �cos�� eim��

Ymn �r̂�= Ym
n �����= �4��−1/2Am

n Ỹ
m
n ������

Am
n = �−1�m

√
2n+1

√

�n−m�!
�n+m�! � (3.6)

Here, r̂ is a unit vector with Cartesian components given by

r̂ = �sin � cos�� sin � sin�� cos���

Note that, from (3.5), we have

Y −m
n �r̂�= �−1�m Y m

n �r̂�� (3.7)

where the overbar denotes complex conjugation. Also, replacing � by �−� and �
by �±�, and then using (A.6), we see that

Ym
n �−r̂�= �−1�n Ymn �r̂�� (3.8)

The unnormalised definition is most convenient for the statement of recurrence
formulae. According to Edmonds [305, p. 21], the normalised definition above
‘is the most commonly used convention’. It is convenient because it renders the
spherical harmonics orthonormal. Specifically, let 
 = ������ � 0 ≤ � ≤ �� −� ≤
� < �� be the surface of the unit ball. Then, it can be shown [225, Theorem 2.7]
that the spherical harmonics form a complete orthonormal system (see Section 7.7)
in L2�
�:

∫



Ymn Y

�
� d
= �n��m�� (3.9)

this follows from two orthogonality results, namely (2.18) and

∫ �

0
Pmn �cos��Pm� �cos�� sin � d� = 2

2n+1
�n+m�!
�n−m�! �n�� (3.10)

We shall often expand functions defined on 
 using spherical harmonics. Thus, if
g�r̂� is twice-continuously differentiable, we have (see, for example, [243, p. 513])

g�r̂�=
�
∑

n=0

n
∑

m=−n
Y m
n �r̂�

∫



g�r̂1� Y

m
n �r̂1�d
�r̂1�� (3.11)

The normalised definition can be inconvenient, because of the cumbersome square-
root factors. When we wish to compare contiguous spherical harmonics, the following
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simple relations satisfied by the normalisation factor Am
n are useful:

Am
n−1 =

√

�2n−1��n+m�

�2n+1��n−m�
Am
n � (3.12)

Am
n+1 =

√

�2n+3��n−m+1�

�2n+1��n+m+1�
Am
n � (3.13)

Am+1
n−1 = −

√

2n−1

�2n+1��n−m��n−m−1�
Am
n � (3.14)

Am+1
n+1 = −

√

2n+3
�2n+1��n+m+2��n+m+1�

Am
n � (3.15)

Am−1
n−1 = −

√

�2n−1��n+m��n+m−1�

2n+1
Am
n � (3.16)

Am−1
n+1 = −

√

�2n+3��n−m+2��n−m+1�

2n+1
Am
n � (3.17)

Another simple relation is Am
n A

−m
n = 2n+1.

As rnY m
n ����� solves 	2

3u= 0, (3.2) shows that Ymn satisfies





�

(

sin �

Ym

n


�

)

+ 1
sin �


2Ymn

�2

+n�n+1� Ymn sin � = 0� (3.18)

For the computation of Ym
n using recurrence relations, see [810].

3.3 Legendre’s addition theorem

Let r̂1 and r̂2 be two unit vectors with Cartesian components given by

r̂1 = �sin �1 cos�1� sin �1 sin�1� cos�1��

r̂2 = �sin �2 cos�2� sin �2 sin�2� cos�2��

The angle between r̂1 and r̂2 is �, defined by

r̂1 · r̂2 = cos� = sin �1 sin �2 cos ��1 −�2�+ cos�1 cos�2�

Then, we have

Pn�cos��=
n
∑

m=0

�m
�n−m�!
�n+m�! P

m
n �cos�1�P

m
n �cos�2� cosm��1 −�2�� (3.19)

where Pn is a Legendre polynomial, �0 = 1 and �m = 2 for m> 0. This is Legendre’s
addition theorem. For a proof, see [1317, p. 395], [507, p. 143], [1149, §7.5], [225,
Theorem 2.8], [31, §9.6] or [903, Theorem 2.4.5].
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We can give several variants of (3.19). Thus, writing the cosine as the sum of two
exponentials, and using (3.5), we obtain

Pn�cos��=
n
∑

m=−n

�n−m�!
�n+m�! P

m
n �cos�1�P

m
n �cos�2� eim��1−�2�

=
n
∑

m=−n
�−1�m Pmn �cos�1�P

−m
n �cos�2� eim��1−�2��

In terms of spherical harmonics, we have

Pn�r̂1 · r̂2�=
n
∑

m=−n
�−1�m Ỹ mn �r̂1� Ỹ

−m
n �r̂2�

= 4�

2n+1

n
∑

m=−n
�−1�m Y m

n �r̂1� Y
−m
n �r̂2�

= 4�
2n+1

n
∑

m=−n
Y m
n �r̂1� Y

m
n �r̂2�� (3.20)

Using (3.20) twice, followed by (3.9) and a third use of (3.20) gives
∫



Pn�r̂1 · r̂�P��r̂2 · r̂�d
�r̂�= 4� �n�

2n+1
Pn�r̂1 · r̂2�� (3.21)

3.4 Cartesian coordinates
The advantages of the use of spherical harmonics expressed in Cartesian coor-
dinates were recognised almost simultaneously by Thomson (Lord Kelvin) in
England, and by Clebsch in Germany. The most complete development of the
subject is contained in the well-known Appendix B of Thomson and Tait’s Natural
Philosophy [1175].

(Hobson [507, p. 119])

As in Chapter 2, we construct multipole solutions by differentiating one solution with
respect to any Cartesian coordinate. The use of this idea for constructing harmonic
functions in three dimensions (by repeated differentiation of 1/r) is described at
length by Thomson & Tait [1175, Appendix B].

In the next section, we give Hobson’s theorem in three dimensions. This gives the
result of applying certain differential operators in Cartesian coordinates to functions
of �3, where �3 = r2 = x2 +y2 + z2. The operators are

fn�	3�= fn

(





x
�




y
�




z

)

� (3.22)

where fn�x� y� z� is any homogeneous polynomial of degree n≥ 0.
Hobson’s theorem simplifies if fn is a harmonic homogeneous polynomial, �n

say, so that

	2
3�n�x� y� z�= 0�
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It is known that there are exactly 2n+1 linearly independent harmonic homogeneous
polynomials of degree n for each n≥ 0; they can be taken as

�m
n �x� y� z�= rnYmn ����� or �̃m

n �x� y� z�= rnỸ m
n ������ (3.23)

for m = 0�±1�±2� � � � �±n, where r, � and � are spherical polar coordinates and the
spherical harmonics, Ym

n and Ỹ m
n , are defined by Definition 3.2. For example, we have

� 0
1 =

√

3

4�
z� � 1

1 = −
√

3

8�
�x+ iy�� �−1

1 =
√

3

8�
�x− iy�� (3.24)

Note that, from (3.7),

�−m
n = �−1�m�m

n � (3.25)

Explicitly, using (A.2), we have

�̃m
n �x� y� z�= �x+ iy�m

��n−m�/2�
∑

l=0

Bn�ml zn−m−2lr2l (3.26)

for 0 ≤m≤ n, where �n/2� is the integer part of n/2 (so that �n/2�=N when n= 2N
or 2N +1) and

Bn�ml = �−1�l�2n−2l�!
2nl! �n− l�! �n−2l−m�! � (3.27)

Also, using (3.5), we obtain

�̃−m
n �x� y� z�= �−1�m

�n−m�!
�n+m�!�̃

m
n �x� y� z� for 0 ≤m≤ n. (3.28)

Comparing (3.28) with (3.25) gives another reason for preferring normalised spherical
harmonics.

3.5 Hobson’s theorem
One thing Cambridge made almost inevitable for an analyst; intensive study of
Legendre functions, and all that. Such “dictionary” subjects are utterly unsuitable
for a good man. It was, however, the more inevitable in that a lecture was
provided (by E. W. Hobson; he later wrote a standard text-book): I was the sole
member of the class.

(Littlewood [734, p. 86])

We generalise the results of Section 2.3 to three dimensions.

Theorem 3.3 (Hobson’s theorem in three dimensions) Let �3 = x2 +y2 +z2. Let
fn�x� y� z� be a homogeneous polynomial of degree n, where n is a positive integer.
Then, with fn�	3� defined by (3.22),

fn�	3�F��3�=∑

l=0

2n−2l

l! F�n−l���3�	
2l
3 fn�x� y� z��

where the summation has a finite number of terms.
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Proof The proof is very similar to that for the two-dimensional case, Theorem 2.3.
That theorem is valid for functions of �3, so that

fn

(





y
�




z

)

F��3�=∑

l=0

2n−2l

l! F�n−l���3�	
2l
3 fn�y� z��

where, in this formula, fn�y� z� is a homogeneous polynomial in y and z. We then note
that fn+1�x� y� z�= xfn�x� y� z�+gn+1�y� z�, where gn+1 is a homogeneous polynomial
of degree n+ 1 in two variables. The inductive argument then proceeds as before;
we do not repeat it here.

The special case of Theorem 3.3 with F��3� = �
−1/2
3 is given in [74, §6.22] and

in [362, Theorem 2.3.1]. Specialising further gives the following result.

Example 3.4 (Hobson [507, p. 134]) Take F��3�= r−1 with r = √
�3, and

fn�x� y� z�= zn−m�x± iy�m

�n−m�! � 0 ≤m≤ n�

Thus

2lF �l���3�=
(

1

r

d
dr

)l 1

r
= �−1�l�2l�!

2l l!
1

r2l+1

and 	2
3fl+2 = fl for l≥m, with 	2

3 fm = 	2
3 fm+1 = 0. Then, Theorem 3.3 gives

fn�	3�
1

r
=

��n−m�/2�
∑

l=0

�−1�nBn�ml
zn−2l−m�x± iy�m

r2n−2l+1
�

where Bn�ml is defined by (3.27). Introducing spherical polar coordinates (3.1) and
comparing the sum with the definition of Pmn �cos��, (A.2), we obtain the following
result, for 0 ≤m≤ n:


n−m


zn−m

(





x
± i





y

)m 1
r

= �−1�n�n−m�!
rn+1

Pmn �cos�� e±im�� (3.29)

Let us now assume that fn is harmonic. Then, we obtain the following corollary
to Hobson’s theorem, Theorem 3.3.
Corollary 3.5 Let r =√

x2 +y2 + z2. Let �n�x� y� z� be a harmonic homogeneous
polynomial of degree n, where n is a positive integer. Then

�n�	3�F�r�= �n�x� y� z�

(

1

r

d
dr

)n

F�r��

Example 3.6 (Hobson [507, p. 127]) Take F�r�= r−1 and �n = �m
n , defined by

(3.23), giving

�m
n �−	3�

1
r

= �2n�!
2nn!

1
rn+1

Ym
n �r̂��

This formula holds for 0 ≤ �m� ≤ n, as a consequence of (3.25) and (3.7).
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It is interesting to compare Example 3.4 and Example 3.6. Both give representa-
tions of the same spherical harmonic Ym

n in terms of derivatives of r−1, for 0 ≤m≤ n.
The two formulae agree for n= 0 and for n= 1, but they differ for n≥ 2. This lack
of uniqueness is not surprising, as we know that 	2l

3 �1/r�= 0 for l≥ 1. Thus, if we
can find one suitable homogeneous polynomial of even degree, f2n�x� y� z�, we can
always add any multiple of �x2 + y2 + z2�n; for odd degree, 2n+1, we can add any
multiple of z�x2 +y2 + z2�n.

The following corollary to Theorem 3.3 is also useful.

Corollary 3.7 Let r =√

x2 +y2 + z2 and let xi = x, y or z. Let �n�x� y� z� be a
harmonic homogeneous polynomial of degree n, where n is a positive integer. Then





xi
�n�	3�F�r�= xi�n�x� y� z�

(

1
r

d
dr

)n+1

F�r�

+ 



xi
�n�x� y� z�

(

1

r

d
dr

)n

F�r��

Proof We apply Theorem 3.3 with fn+1�x� y� z�= xi�n�x� y� z�. The result follows
by noting that if u and v are both harmonic, then

	 2
3 �uv�= 2 gradu ·grad v� (3.30)

whence 	 2
3 fn+1 = 2�
/
xi��n and 	 2l

3 fn+1 = 0 for l≥ 2.

3.6 Wavefunctions and the operator �m
n

[The] common [multipole] potential � � � is proportional to

di

dh1 dh2 � � � dhi

(

1
r

)

�

where there are i differentiations of r−1 with respect to the axes h1, h2, &c.,
any number of which may in particular cases coincide. It might perhaps have
been expected that a similar law would hold for the [acoustic] velocity potential
with the substitution of r−1e−ikr for r−1. This however is not the case; � � � though
of course the function r−1e−ikr after any number of differentiations continues to
satisfy the fundamental equation �	2 +k2�� = 0.

(Lord Rayleigh [1010, p. 249])

We have seen that spherical harmonics can be constructed by repeated differentiation
of r−1 with respect to Cartesian coordinates. The corresponding construction for
wavefunctions is not so straightforward, as the quotation above suggests.

Before giving this construction, let us define spherical wavefunctions. Thus, let
z��w� denote any spherical function of order �, that is

z��w�= j��w�, y��w�, h
�1�
� �w� or h�2�� �w�; (3.31)
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by definition,

z��w�=
√

1

2
�/wZ�+1/2�w��

where Z� is the corresponding cylinder function, (2.8). In particular, ih�1�0 �w�= eiw/w.
From (2.9), we have

(

1
w

d
dw

)m
z��w�

w�
= �−1�m

z�+m�w�
w�+m (3.32)

for m= 0�1�2� � � � and any �, whence
(

1
kr

d
dr

)m

z0�kr�= �−1�m

rm
zm�kr�� (3.33)

Next, we define general spherical wavefunctions as follows.

Definition 3.8 The unnormalised spherical wavefunction is defined by


̃m
n �x� y� z�= zn�kr� Ỹ

m
n �����= zn�kr�P

m
n �cos�� eim�

for 0 ≤ �m� ≤ n. For �m� > n, 
̃m
n ≡ 0 (since P �m�

n ≡ 0). Similarly, the normalised
spherical wavefunction is defined, for 0 ≤ �m� ≤ n, by


m
n �x� y� z�= zn�kr�Y

m
n ������

in particular, the normalised regular spherical wavefunction is defined by

̂
m
n �x� y� z�= jn�kr�Y

m
n ������

Now, just as in the two-dimensional case, we distinguish certain useful differential
operators.

Definition 3.9 Define differential operators �mn and �̃mn by

�mn = �m
n

(−1

k
	3

)

= �−1�n

kn
�m

n

(





x
�




y
�




z

)

� (3.34)

�̃mn = �̃m
n

(−1
k
	3

)

= �−1�n

kn
�̃m

n

(





x
�




y
�




z

)

� (3.35)

for 0 ≤ �m� ≤ n, where �m
n and �̃m

n are defined by (3.23).

For example, if we use (3.24), we find that

�0
1 =

√

3

4�
�0

1 � �1
1 = −

√

3

8�
�+

1 and �−1
1 =

√

3

8�
�−

1 � (3.36)

where the first-order differential operators �±
1 and �0

1 are defined by

�±
1 = −1

k

(





x
± i





y

)

and �0
1 = −1

k





z
� (3.37)
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respectively; see Definition 2.6. Note that

�−m
n = �−1�m �mn �

Explicitly, we have, for 0 ≤m≤ n,

�̃mn = ��+
1 �

m
��n−m�/2�
∑

l=0

Bn�ml ��0
1�

n−m−2l�k−2	2
3 �

l� (3.38)

where Bn�ml is given by (3.27). Hence, if u is a wavefunction, we have

�̃mn u= ��+
1 �

m
��n−m�/2�
∑

l=0

�−1�lBn�ml ��0
1�
n−m−2lu� (3.39)

The main reason for introducing the operators �mn and �̃mn is contained in the next
theorem.

Theorem 3.10 For 0 ≤ �m� ≤ n,

�mn �z0�kr��=
m
n = zn�kr�Y

m
n ������ (3.40)

�̃mn �z0�kr��= 
̃m
n = zn�kr�P

m
n �cos�� eim�� (3.41)

Proof For 0 ≤ m ≤ n, apply Corollary 3.5 to F�r� = z0�kr� with �n = �−1/k�n

�m
n �x� y� z�, using (3.33), giving (3.40). For negative m, we have

�mn z0 = �−1�m�−m
n z0 = �−1�m�−1/k�n�−m

n �	3�z0

= �−1�m�−1/k�n�−m
n �x� y� z��−k/r�nzn

= zn �−1�mY−m
n = znY

m
n �

Similarly, (3.41) follows by using �n = �−1/k�n�̃m
n �x� y� z�.

An operator similar to �̃0
n was first introduced by van der Pol in 1936 [1238]. The

generalisation to non-axisymmetric wavefunctions was made by Erdélyi [319]. Thus,
for 0 ≤m≤ n, his operator is

�m
n = �i�+

1 �
m
��n−m�/2�
∑

l=0

Bn�ml �i�0
1�

n−m−2l�

whereas �̃mn is given by (3.38); note that if u is a wavefunction, then �m
n u= in�̃mn u.

Erdélyi [319] gave a proof of (3.41). Other proofs have been given by Nozawa
[919] and by Clercx & Schram [218]; see also [83, p. 81]. Similar results can be
obtained for modified spherical Bessel functions.

Erdélyi [319] showed that �m
n has a simple action on plane waves.
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Theorem 3.11 Let � be a constant. Then, for 0 ≤ �m� ≤ n,

�mn �exp�ik�r · r̂1��= �−i��nYmn �r̂1� exp�ik�r · r̂1��

Proof Let � = exp�ik�r · r̂1�. Then

�mn � = �−k�−n�m
n �	3�� = �−k�−n�m

n �ik�r̂1��

= �−i��n�m
n �r̂1�� = �−i��nY m

n �r̂1���

as (3.23) gives �m
n �r̂�= Ymn �r̂�.

Combining this theorem with Theorem 3.10, we obtain the Funk–Hecke formula.

Theorem 3.12 (Funk–Hecke formula) For n = 0�1�2� � � � and 0 ≤ �m� ≤ n, we
have

jn�kr�Y
m
n �r̂�= �−i�n

4�

∫



exp �ikr · r̂1� Y

m
n �r̂1�d
�r̂1� (3.42)

= in

4�

∫



exp �−ikr · r̂1� Y

m
n �r̂1�d
�r̂1�� (3.43)

where 
 is the unit sphere.

Proof Direct calculation gives
∫



exp �ikr · r̂1�d
�r̂1�= 2�

∫ �

0
eikr cos� sin � d� = 4�j0�kr�� (3.44)

using j0�w� = w−1 sinw. Now apply the operator �mn to this equation, using Theo-
rem 3.10 on the right-hand side (with z0 = j0) and Theorem 3.11 on the left-hand side
(with � = 1), giving (3.42). Equation (3.43) follows from (3.42), either by replacing
k by −k, or by complex conjugation.

This proof illustrates once more how the application of a Cartesian differential
operator (�mn ) to a spherically-symmetric formula yields a more general result. For the
two-dimensional version of Theorem 3.12, see (2.24); for a q-dimensional version,
see [31, Lemma 9.10.2].

Theorem 3.12 is useful as it gives a representation of a regular spherical wavefunc-
tion in terms of plane waves. In fact, it is a special case of a more general theorem
([892, Theorem 6, p. 20)], [362, §3.6]). Thus, if f��� is continuous for −1 ≤ �≤ 1,
then

∫



f�r̂ · r̂1� Y

m
n �r̂1�d
�r̂1�= 2� Ymn �r̂�

∫ 1

−1
f���Pn���d�� (3.45)

This can be proved by combining a Fourier–Legendre expansion of f with Legendre’s
addition theorem. For a q-dimensional version of (3.45), see [893, §4, Theorem 1]
or [31, Theorem 9.7.1].
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3.7 First derivatives of spherical wavefunctions
I often think about [how to explain an idea], especially when I’m teaching some
esoteric technique such as integrating Bessel functions. When I see equations,
I see the letters in colors – I don’t know why. As I’m talking, I see vague
pictures of Bessel functions from Jahnke and Emde’s book [550], with light-tan
j’s, slightly violet-bluish n’s, [called yn here] and dark brown x’s flying around.
And I wonder what the hell it must look like to the students.

(Feynman [344, p. 223])

In this section, we prove three-dimensional analogues of Theorem 2.9. We start by
calculating a z-derivative of spherical wavefunctions.

Theorem 3.13 For 0 ≤ �m� ≤ n,

�0
1
̃

m
n = n−m+1

2n+1

̃m

n+1 − n+m

2n+1

̃m

n−1� (3.46)

�0
1


m
n =

√

�n+1�2 −m2

�2n+1��2n+3�

m

n+1 −
√

n2 −m2

4n2 −1

m

n−1� (3.47)

where �0
1 = −k−1�
/
z�. In particular, for n≥ 0,

�0
1
̃

n
n = �2n+1�−1
̃n

n+1� �0
1
̃

−n
n = 
̃−n

n+1� �0
1


±n
n = 1√

2n+3

±n

n+1�

Proof By Theorem 3.10 and Corollary 3.7, we have

�0
1
̃

m
n = �0

1 �̃
m
n �z0�kr��

= z

rn+1
zn+1�kr��̃

m
n �x� y� z�+

1
rn
zn�kr��

0
1�̃

m
n �x� y� z��

For m = n = 0, the second term vanishes, since �̃ 0
0 = 1; the result follows from

P0
1���= �. Otherwise, we expand the second term using





z
= cos�





r
− sin �

r





�
�

whence





z
�̃m

n �x� y� z�= rn−1

[

n�Pmn ���+ �1−�2�
d

d�
Pmn ���

]

eim��

where �= cos�. Hence,

−e−im��0
1
̃

m
n = �Pmn ���

[ n

kr
zn�kr�− zn+1

]

+ zn�kr�

kr
�1−�2�

dPmn
d�

�

Finally, we obtain the desired result by using (A.13), (A.14) and

�2n+1�zn�w�= w�zn−1�w�+ zn+1�w��� (3.48)
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The result (3.47) is obtained by multiplying (3.46) by the normalisation factor Am
n

(defined by (3.6)) and then using (3.12) and (3.13).

Theorem 3.13 shows that differentiating with respect to z changes the degree (n)
but does not affect the (azimuthal) order m; this is altered by differentiating with
respect to x or y, as the next result shows.

Theorem 3.14 For 0 ≤ �m� ≤ n,

�+
1 
̃

0
0 = 
̃1

1� �−
1 
̃

0
0 = −2
̃−1

1 � (3.49)

�+
1 
̃

m
n = 1

2n+1

(


̃m+1
n−1 + 
̃m+1

n+1

)

� (3.50)

�−
1 
̃

m
n = − �n+m��n+m−1�

2n+1

̃m−1

n−1

− �n−m+1��n−m+2�

2n+1

̃m−1

n+1 � (3.51)

where the differential operators �±
1 are defined by (3.37). For 
m

n ,

�+
1 


m
n = −

√

�n+m+2��n+m+1�
�2n+1��2n+3�


m+1
n+1

−
√

�n−m��n−m−1�
4n2 −1


m+1
n−1 � (3.52)

�−
1 


m
n =

√

�n−m+2��n−m+1�
�2n+1��2n+3�


m−1
n+1

+
√

�n+m��n+m−1�
4n2 −1


m−1
n−1 � (3.53)

Proof By Theorem 3.10 and Corollary 3.7, we have

1

k

(





x
± i





y

)


̃m
n = −x± iy

rn+1
zn+1�̃

m
n + zn

rn
1

k

(





x
± i





y

)

�̃m
n �

For m = n = 0, the second term vanishes, and the results (3.49) follow from
P1

1�cos��= sin � and P−1
1 �cos��= − 1

2 sin �. Otherwise, we expand the second term
using





x
± i





y
= e±i�

{

sin �




r
+ cos�

r





�
± i
r sin �





�

}

�

whence
(





x
± i





y

)

�̃m
n �x� y� z�= rn−1

[

n
√

1−�2 Pmn ���−�±
0 ���

]

ei�m±1���
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where

�±
0 ���= �

√

1−�2
d

d�
Pmn ���±

m
√

1−�2
Pmn ���

and �= cos�. Hence, using (3.48),

1

k

(





x
± i





y

)


̃m
n = [

�±
1 zn−1�kr�+�±

2 zn+1�kr�
]

ei�m±1���

where

�2n+1��±
1 = n

√

1−�2 Pmn ���−�±
0 ����

�2n+1��±
2 = −�n+1�

√

1−�2 Pmn ���−�±
0 ����

To simplify �±
0 , we use (A.17) and (A.18), whence

�+
0 = �Pm+1

n ���+m
√

1−�2 Pmn ����

�−
0 = −�n−m+1��n+m��Pm−1

n ���−m
√

1−�2 Pmn ����

Hence, using (A.13) and (A.20), we obtain

�2n+1��+
1 = −Pm+1

n−1 ��� and �2n+1��+
2 = −Pm+1

n+1 ����

which proves (3.50). Similarly, using (A.13) and (A.21), we obtain

�2n+1��−
1 = �n+m��n+m−1�Pm−1

n−1 ����

�2n+1��−
2 = �n−m+1��n−m+2�Pm−1

n+1 ����

which proves (3.51). The results (3.52) and (3.53) follow by using (3.14)–(3.17).

Another proof of Theorems 3.13 and 3.14 will be given later; see Theorem 3.25.
Comments on the relevant literature will also be made then.

3.8 Axisymmetric addition theorems

After all our preparation, we are now ready to prove some addition theorems for
spherical wavefunctions. Choose two points, O and O2, distance b apart. Choose
Cartesian coordinates �x� y� z� at O so that O2 is at �0�0� b�. Choose a similar system
�x2� y2� z2� at O2, with axes parallel to the system at O. We also introduce two
systems of spherical polar coordinates, �r� ���� at O, and �r2� �2��2� at O2: thus O2

is at r = b, � = 0. See Fig. 3.1.
We are going to expand wavefunctions centred at O2 about O. The simplest case is

to expand z0�kr2� as a function of r, � and �. Indeed, as z0�kr2� is an axisymmetric
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Fig. 3.1. Geometry for axisymmetric addition theorems.

wavefunction, it has an expansion of the form

z0�kr2�=
�
∑

n=0

An jn�kr�Pn�cos�� (3.54)

for r < b. It remains to determine the coefficients An; clearly, they depend on kb but
not on �. The result is as follows.

Theorem 3.15 Let r2 = √
r2 +b2 −2rb cos�. Then

z0�kr2�=
�
∑

n=0

�2n+1� zn�kb� jn�kr�Pn�cos�� for r < b.

We shall give two proofs of this theorem, but first we sketch a possible proof.
Start by putting � = 0 and w = kr in (3.54) giving

�
∑

n=0

An jn�w�= f�w�� (3.55)

where f�w�= z0�kb−w�. Then, putting w = 0 immediately gives

A0 = f�0�= z0�kb�� (3.56)

since jn�0�= �0n. Similarly, as j ′
n�0�= 1

3�1n, differentiating with respect to w gives
1
3A1 = f ′�0�, whence

A1 = −3z′
0�kb�= 3z1�kb�� (3.57)

Repeating this procedure (differentiating and setting w= 0) is equivalent to finding
the Taylor series for f . Thus, assume that

f�w�=
�
∑

m=0

fmw
m�
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where the coefficients fm are known. Then, find a similar expansion for the left-hand
side of (3.55); we have

jn�w�=
�
∑

l=0

c
�n�
l wn+2l with c

�n�
l = �−1�l

√
�

22l+1l!��n+ l+3/2�
� (3.58)

whence
�
∑

n=0

An jn�w�=
�
∑

m=0

{

A2m

�
∑

l=0

c
�2m�
l w2m+2l

+A2m+1

�
∑

l=0

c
�2m+1�
l w2m+2l+1

}

=
�
∑

p=0

{

w2p
p
∑

m=0

c�2m�p−mA2m +w2p+1
p
∑

m=0

c�2m+1�
p−m A2m+1

}

�

Comparing powers of w then gives

f2n =
n
∑

m=0

c�2m�n−mA2m and f2n+1 =
n
∑

m=0

c�2m+1�
n−m A2m+1

for n= 0�1�2� � � � � these equations give the coefficients recursively:

c
�2n�
0 A2n = f2n −

n−1
∑

m=0

c�2m�n−mA2m�

c
�2n+1�
0 A2n+1 = f2n+1 −

n−1
∑

m=0

c�2m+1�
n−m A2m+1

for n≥ 0, where the sums are absent if n= 0.
The problem of expanding an analytic function of w in the form (3.55) is discussed

in Watson’s book [1298, §16.13]; the series can be called a Neumann–Gegenbauer
series. It can be shown that the coefficients are given explicitly by

An = 2n+1
2n

�n/2�
∑

m=0

�2n−2m�!
m! �n−m�! fn−2m�

which leads to the following (unhelpful) quotation:

The construction of the Neumann series when the Maclaurin expansion is given
is consequently now merely a matter of analytical ingenuity.

(Watson [1298, p. 523])

The method outlined above is convenient for computations if the coefficients fn are
known explicitly. However, it is a general method in that it does not exploit the fact
that our function f is actually a wavefunction. We shall do this in our two proofs of
Theorem 3.15.
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First proof of Theorem 3.15 Here, we use the differential equation satisfied by
spherical Bessel functions. Thus, as zn satisfies

w2z′′
n�w�+2wz′

n�w�+ �w2 −n�n+1��zn�w�= 0�

f satisfies the homogeneous differential equation
{

�kb−w�
d2

dw2
−2

d

dw
+ �kb−w�

}

f = 0

for �w�< kb. Enforcing this on the left-hand side of (3.55) yields
�
∑

n=0

An

{

kb�j ′′
n �w�+ jn�w��−

n�n+1�

w
jn�w�

}

= 0� (3.59)

Rearrange this equation into the form
�
∑

n=0

Cn jn�w�= 0

for �w�< kb, whence Cn = 0 for all n≥ 0. To express Cn in terms of Am, we use

�2n+1�w−1zn�w�= zn−1�w�+ zn+1�w�� n= 1�2� � � � � (3.60)

�2n+1�z′
n�w�= nzn−1�w�− �n+1�zn+1�w�� n= 0�1�2� � � � �

for jn, whence

�2n+1�j′′n �w�= n�n−1�

2n−1
jn−2 −

(

n2

2n−1
+ �n+1�2

2n+3

)

jn

+ �n+1��n+2�

2n+3
jn+2

for n≥ 0. Substituting in (3.59) gives

Cn = kb

{

�n+1��n+2�
2n+3

An+2

2n+5
+ n�n−1�

2n−1
An−2

2n−3

+
[

2n+1− n2

2n−1
− �n+1�2

2n+3

]

An

2n+1

}

− �n+1��n+2�
An+1

2n+3
−n�n−1�

An−1

2n−1
= 0

for n≥ 0. This recurrence relation gives An+2 for n≥ 0 in terms of A0 and A1, which
are known. To simplify it, first define

�n = �2n+1�−1An

and then note that the terms inside the square brackets can be rewritten:

2n+1− n2

2n−1
− �n+1�2

2n+3
= �n+1��n+2�

2n+3
+ n�n−1�

2n−1
�
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Grouping terms, we obtain

kb

{

�n+1��n+2�

2n+3
��n+2 +�n�+

n�n−1�

2n−1
��n+�n−2�

}

− �n+1��n+2��n+1 −n�n−1��n−1 = 0

for n≥ 0. So, by inspection, if we define

�n = n�n−1�
2n−1

�kb��n+�n−2�− �2n−1��n−1� �

we see that �n+2 +�n = 0 for n= 0�1�2� � � � � But �0 = �1 = 0 whence �n = 0 for all
n≥ 0, that is

�n−1 +�n+1 − �2n+1��kb�−1 �n = 0

for n≥ 1. This is precisely the recurrence relation satisfied by zn�kb�, namely (3.60).
Moreover, since

�0 = A0 = z0�kb� and �1 = 1

3
A1 = z1�kb��

we have �n = zn�kb�, and this completes the proof of Theorem 3.15.

In two dimensions, we gave a simple proof of Neumann’s addition theorem in
which we applied the differential operators �±

m and then passed to the limit r1 → 0.
This proof is simple because of the property �±

m�
±
n = �±

m+n. In three dimensions,
we do not have this luxury: we have identified the corresponding operators, �̃mn ,
but it is not true that �̃mn �̃

M
N is simply related to �̃kn+N . (The precise relation will

be given below in Theorem 3.21.) The reason for this is also clear: given two
harmonic homogeneous polynomials �n and �N of degree n and N , respectively,
their product �n�N is homogeneous of degree n+N , but it is not harmonic, in
general (see (3.30)). Nevertheless, the operator �̃mn is useful, so let us use it in a
second proof of Theorem 3.15.

Second proof of Theorem 3.15 We apply �̃0
m to (3.54). As the Cartesian axes at

O and O2 are parallel, we obtain

zm�kr2�Pm�cos�2�=
�
∑

n=0

An �̃
0
m�jn�kr�Pn�cos���

=
�
∑

n=0

An �̃
0
m�̃

0
n�j0�kr���

where we have used Theorem 3.10. Letting r → 0, so that r2 → b and �2 →�, gives

�−1�mzm�kb�=
�
∑

n=0

An Lmn�
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where

Lmn = lim
r→0

�̃0
m�̃

0
n�j0�kr��= �−1�n�2n+1�−1�mn�

a result proved later (Lemma 3.18). Hence, An = �2n+ 1� zn�kb�, thus completing
our second proof.

The special case of Theorem 3.15 in which z0 = j0 was published by Clebsch in
1863; see [1298, p. 363]. According to Watson, the special case with z0 = y0 is due
to Gegenbauer: it is formula (3) on p. 365 of [1298] with � = 1

2 .
We can generalise Theorem 3.15 slightly. As in Section 2.5, we consider two

origins, O1 and O2. Let rj be the position vector of a general point P with respect
to Oj , for j = 1�2. Let b be the position vector of O1 with respect to O2, so that

r2 = r1 +b. Let r1 = r1r̂1, r2 = r2r̂2 and b = bb̂. Then, we have the next theorem.

Theorem 3.16 Let r2 = r1 +b. Then

z0�kr2�= 4�
�
∑

n=0

n
∑

m=−n
�−1�n zn�kb�Ymn �b̂� jn�kr1� Y

m
n �r̂1� (3.61)

for r1 < b, and

z0�kr2�= 4�
�
∑

n=0

n
∑

m=−n
�−1�n jn�kb� Ymn �b̂� zn�kr1� Y

m
n �r̂1� (3.62)

for r1 > b.

Proof In Theorem 3.15, the angle � satisfies cos� = −r̂1 · b̂, whence Pn�cos�� =
�−1�n Pn�r̂1 · b̂�. So, when r1 < b, Theorem 3.15 gives

z0�kr2�=
�
∑

n=0

�2n+1� �−1�n zn�kb� jn�kr1�Pn�r̂1 · b̂��

Then, (3.20) gives (3.61). The result (3.62) follows by interchanging r1 and b.

This theorem is often useful because it gives a convenient expansion of the free-
space Green’s function G; see Theorem 6.4. A related useful result follows; see [219,
eqn (13)], [318, eqn (3.15b)] and [1000, eqn (2.16)].

Theorem 3.17 Let r2 = r1 +b, with r1 < b. Then

z0�kr2�= 1

4�

�
∑

n=0

�2n+1�in zn�kb�
∫



exp �ikr1 · r̂�Pn�r̂ · b̂�d
�r̂��

Proof Substitute (3.42) in (3.61), and then use (3.20).

The effect of truncating the sum over n is examined in [1000, 255, 487].
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3.9 A useful lemma

Lemma 3.18

lim
r→0

�̃0
m�̃

0
n�j0�kr��= �−1�n

2n+1
�mn� (3.63)

lim
r→0

�0
m�

0
n�j0�kr��= �−1�n

4�
�mn� (3.64)

Proof Denote the left-hand side of (3.63) by Lmn. Let

̂
n ≡ ̂
0
n = jn�kr�Pn�cos���

Then, from (3.58), we have �̃0
n�j0�kr�� = ̂
n = O�rn� as r → 0. Thus, as �̃0

m is a
differential operator of order m, we must have Lmn = 0 for m< n. But Lmn = Lnm,
whence Lmn = 0 for n > m, so that

Lmn = Lmm �mn� (3.65)

As �̃0
0 = I , it is clear that L00 = 1. In order to calculate Lnn for n≥ 1, we need an

explicit formula for �̃0
nu, where u is a wavefunction. From (3.39), we have

�̃0
nu=

�n/2�
∑

l=0

�−1�lB�n�l

(

�0
1

)n−2l
u� (3.66)

where

B
�n�
l ≡ Bn�0l = �2n−2l�!

2nl! �n− l�! �n−2l�! � (3.67)

Hence

Lnn = lim
r→0

�̃0
n
̂
n = lim

r→0

�n/2�
∑

l=0

�−1�lB�n�l

(

�0
1

)n−2l
̂
n

= lim
r→0

B
�n�
0

(

�0
1

)n
̂
n�

as all other terms have zero limits. Now, from Theorem 3.13, we have

�0
1
̂
n = n+1

2n+1
̂
n+1 − n

2n+1
̂
n−1�

the second term on the right-hand side is O�rn−1� as r → 0, whereas the first term is
smaller (it is O�rn+1�). Hence, to leading order

(

�0
1

)n
̂
n ∼ �−1�n

n

2n+1
n−1

2n−1
n−2

2n−3
· · · 2

3
1
1
̂
0

→ �−1�n n!
�2n+1��2n−1� · · ·3 ·1

= 2n�−1�n�n!�2

�2n+1�! = �−1�n

�2n+1�B�n�0
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as r → 0; B�n�0 is defined by (3.67). Hence, Lnn = �−1�n�2n+1�−1. The result (3.64)
follows by noting that �0

n =√

�2n+1�/�4�� �̃0
n.

We can use Lemma 3.18 to prove other useful results. One of these is an expansion
of a plane wave in terms of spherical wavefunctions.

Theorem 3.19 For 0 ≤ � ≤ � and r ≥ 0,

eikr cos� =
�
∑

n=0

�2n+1� in jn�kr�Pn�cos��� (3.68)

If r is bounded, the series is uniformly and absolutely convergent.

Proof As the left-hand side is an axisymmetric wavefunction, we have

exp�ikr cos��= exp �ikr · ẑ�=
�
∑

n=0

An jn�kr�Y
0
n �r̂��

where the coefficients An are to be determined and ẑ = �0�0�1� is the unit vector
along the positive z-axis. Apply �0

m to this equation, using Theorems 3.10 and 3.11,
to give

�−i�mY 0
m�ẑ� exp �ikr · ẑ�=

�
∑

n=0

An �
0
m�

0
n�j0�kr���

Now, letting r → 0, using Lemma 3.18, we obtain

�−i�mY 0
m�ẑ�= �−1�mAm/�4��

so that

An Y
0
n �r̂�= 4�in Y 0

n �ẑ� Y
0
n �r̂�= �2n+1� in Pn�cos���

as required, using Y 0
n �r̂�= ��2n+1�/�4���1/2 Pn�cos�� and Pn�1�= 1.

To prove absolute and uniform convergence, use �Pn�x�� ≤ 1 and �J��x�� ≤ �x/2��/�
��+1�, whence

��2n+1� in jn�kr�Pn�cos��� ≤ √
� �kr/2�n/�

(

n+ 1

2

)

�

The formula (3.68) is sometimes known as Rayleigh’s expansion ([73, p. 47],
[1010, §334]), although, according to Watson [1298, §11.5], it was found by Bauer
in 1859. Indeed, solid-state physicists refer to (3.68) as Bauer’s identity [422, p. 373].
Colton & Kress [225, p. 32] refer to (3.68) as the ‘Jacobi–Anger expansion’, but this
attribution should be reserved for the cylindrical expansion (2.17). Müller [893, §22,
Lemma 1] has given a q-dimensional version of Theorem 3.19; it includes both the
Jacobi expansion (2.17) and the Bauer expansion (3.68) as special cases.
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We can combine Theorem 3.19 with Legendre’s addition theorem to give a second
proof of the Funk–Hecke formula (Theorem 3.12). Thus, we have

exp �ikr · r̂1�=
�
∑

p=0

�2p+1� ip jp�kr�Pp�r̂ · r̂1�

= 4�
�
∑

p=0

ip jp�kr�
p
∑

l=−p
Y l
p�r̂�Y lp�r̂1�� (3.69)

using (3.20). Now, multiply through by Ym
n �r̂1� and integrate over 
 using the

orthogonality relation (3.9). This gives (3.42), as required.

3.10 Composition formula for the operator �m
n

A key ingredient in the efficient derivation of (non-axisymmetric) addition formulae
is the following result, which we will refer to as the linearisation formula for spherical
harmonics. It gives an expression for the product Ym

n Y
�
� as a finite sum over q of

Ym+�
q . Similar formulae for other special (and elementary) functions are known; see

[45], [46, Lecture 5] or [31, §6.8]. A simple familiar example is

cosm� cosn� = 1
2

cos �m+n��+ 1
2

cos �m−n���

The linearisation formulae for associated Legendre functions and Legendre polyno-
mials are given by (B.8) and (B.10), respectively.

Theorem 3.20 (Linearisation formula for Ymn ) Let n and � be non-negative
integers. Then

Ymn �r̂� Y
�
� �r̂�=∑

q

	�n�m�����q�Ym+�
q �r̂�� (3.70)

where 	 is a Gaunt coefficient. The summation is from q = �n−�� to q = n+� in
steps of 2.

Proof The form of the expansion is clear; evidently, 	 is real. From (3.9) and (3.7),
we have

	�n�m�����q�= �−1�m+�
∫



Ymn Y

�
� Y

−m−�
q d
 (3.71)

= �−1�m+�

2



√

�n−m�! ��−��! �q+m+��!
�n+m�! ��+��! �q−m−��!

×
∫ 1

−1
Pmn �x�P

�
� �x�P

−m−�
q �x�dx (3.72)

= �−1�m+�

(

n � q

0 0 0

)(

n � q

m � −m−�

)

� (3.73)
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where 
 =√

�2n+1��2�+1��2q+1�/�4��. Here,
(

n � N

m � M

)

is a Wigner 3-j symbol. For further information and references, see Appendix B. In
particular, it is known that

(

n � q

0 0 0

)

= �−1�s s!√�2s−2n�! �2s−2��! �2s−2q�!
�s−n�! �s−��! �s−q�!√�2s+1�!

when n+ �+ q = 2s is even, and vanishes otherwise. Moreover, this 3-j symbol
also vanishes if q > �n+ �� or if q < �n− ��, for then one of the factorials in the
denominator has a negative argument.

Before proceeding, let us be more explicit about the limits on the summation over
q in (3.70). The upper limit is �n+ ��. Summing the series backwards, we obtain
terms for q = n+�−2� n+�−4� � � � � the last term being q = q0, where

q0�n�m�����=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

�n−�� if �n−�� ≥ �m+��,
�m+�� if �n−��< �m+�� and

n+�+�m+�� is even,
�m+��+1 if �n−��< �m+�� and

n+�+�m+�� is odd;

(3.74)

this complicated definition of the lower limit q0 arises due to a combination of the
3-j symbols and the fact that Ym+�

q ≡ 0 if q < �m+��. Note that q0�n�m����� =
q0�����n�m�.

It follows from the definition of q0 that n+�−q0 is even, and so we can rewrite
(3.70) as

Ym
n �r̂� Y

�
� �r̂�=

Q
∑

q=0

	�n�m�����q0 +2q�Ym+�
q0+2q�r̂��

where Q�n�m�����=Q�����n�m�= �n+�−q0�/2; in particular, q0 +2Q= n+�.
Returning to the Gaunt coefficient, defined by (3.71), we easily obtain the sym-

metry relations

	�n�m�����q�= 	�����n�m�q�= 	�n�−m���−��q� (3.75)

= �−1�m	�n�m�q�−m−���� (3.76)

= �−1��	�q�−m−������n�� (3.77)

The linearisation formula for spherical harmonics is given in, for example, [1028,
eqn (2.32)], [1029, eqn (4.32)], [846, eqn (C.17)], [416, p. 19], [1326, eqn (5.18)]
and [305, eqn (4.6.5)].

Next, we use Theorem 3.20 to obtain a composition formula for the operator �mn .
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Theorem 3.21 (Composition formula for �mn ) Let n and � be non-negative inte-
gers. Then

�mn ��� =∑

q

	�n�m�����q�kq−n−� �m+�
q �	2

3 �
�n+�−q�/2�

where the operator �mn is defined by Definition 3.9. The summation is from q =
q0�n�m����� to q = n+� in steps of 2, where q0 is defined by (3.74).

Proof Multiplying (3.70) by rn+� gives

�m
n ��

� =∑

q

	�n�m�����q��m+�
q rn+�−q�

where �m
n �x� y� z�= rnYmn �����. Now, multiply by �−1/k�n+� and use the definition

of �mn . Note that 1
2�n+�−q� is a non-negative integer.

Two corollaries follow immediately.

Corollary 3.22 Let � be harmonic, so that 	2
3� = 0. Then

�mn ��� � = 	�n�m�����n+���m+�
n+� ��

the Gaunt coefficient can be evaluated using (B.6).

Corollary 3.23 Let u be a wavefunction, so that 	2
3u+k2u= 0. Then

�mn ��� u=∑

q

	�n�m�����q� �−1��n+�−q�/2 �m+�
q u�

We can use this result to give an alternative proof of Lemma 3.18. In fact, we can
prove a more general result.

Theorem 3.24

lim
r→0

�mn �
�
� �j0�kr��= �−1�n+m

4�
�n� �m+��0�

Proof Corollary 3.23 and Theorem 3.10 give

�mn ��� �j0�kr��=∑

q

	�n�m�����q� �−1��n+�−q�/2 jq�kr�Y
m+�
q �r̂��

Now, jq�0�= �q0 and Y 0
0 = �4��−1/2. But the summation starts from q = �n−��, so

that

lim
r→0

�mn �
�
� �j0�kr��= �n� �m+��0�−1�n�4��−1/2 	�n�m�n�−m�0��

From (3.72), the Gaunt coefficient is given by

	�n�m�n�−m�0�= 2n+1

2
√

4�

∫ 1

−1
Pmn �x�P

−m
n �x�dx= �−1�m√

4�
�

using (3.5) and (3.10), and so the result follows.
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A result equivalent to Theorem 3.24 can be found in [1332, eqn (10)].
Next, let us give a unified proof of Theorems 3.13 and 3.14.

Theorem 3.25 Set 	��n�m�q�= 	�n�m�1���q�. For 0 ≤ �m� ≤ n,

��1 

0
0 = 	��0�0�1�
�

1 �

��1 

m
n = 	��n�m�n+1�
m+�

n+1 −	��n�m�n−1�
m+�
n−1 �

where 
m
n = zn Y

m
n and the Gaunt coefficients are given by

	��n�m�n+1�=
√

3

4��2n+3��2n+1�

×
√

�n+m+1+��! �n−m+1−��!
�n+m�! �1+��! �n−m�! �1−��! �

	��n�m�n−1�= �−1��
√

3
4��4n2 −1�

×
√

�n+m�! �n−m�!
�n+m−1+��! �1−��! �n−m−1−��! �1+��! �

Proof Corollary 3.23 gives

��1 �mn �z0�kr��=∑

q

	�n�m�1���q� �−1��n+1−q�/2 �m+�
q �z0�kr���

whence Theorem 3.10 gives

��1 

m
n =∑

q

	��n�m�q� �−1��n+1−q�/2 
m+�
q �

But the summation has at most two terms, namely those for q = �n− 1� and for
q = n+1; the stated results follow.

Theorem 3.25 can be obtained from eqn (2.57) in Rose’s book [1028]; in that
equation, put ��r� = z0�kr�. This theorem includes Theorem 3.13 (put � = 0) and
Theorem 3.14 (put � = ±1); �0

1 and �±
1 are related to ��1 by (3.37). Kim [606,

eqn (28)] has also obtained the results in Theorem 3.25. The explicit formulae given
in Theorem 3.13 were also obtained by Chew [197, eqn (11)] and by Clercx & Schram
([217, p. 352], [218, p. 5298]). (Actually, Clercx & Schram gave their results for
modified spherical Bessel functions.) Similarly, in Theorem 3.14, the formulae (3.50)
and (3.51) were also obtained by Clercx & Schram [218, p. 5298]; the first of these
was also derived by Chew [197, eqn. (18a)].
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3.11 Addition theorem for jnY
m
n

In this section, we generalise Theorem 3.16.

Theorem 3.26 Let r2 = r1 +b. Then

jn�kr2� Y
m
n �r̂2�=

�
∑

�=0

�
∑

�=−�
̂Sm�n� �b� j��kr1� Y

�
� �r̂1�� (3.78)

First proof From the Funk–Hecke formula (Theorem 3.12), we have

jn�kr2� Y
m
n �r̂2�= i−n

4�

∫



exp �ikr1 · r̂� exp �ikb · r̂� Ymn �r̂�d
�r̂��

Use of (3.69) for the first exponential gives the result with

̂Sm�n� �b�= i�−n
∫



exp �ikb · r̂� Ym

n �r̂�Y
�
� �r̂�d
�r̂�� (3.79)

If we expand the remaining exponential, using (3.69) again, we obtain

̂Sm�n� �b�= 4�i�−n
�
∑

q=0

iq jq�kb�Y
m−�
q �b̂�

∫



Ymn Y

m−�
q Y

�
� d
�

where we have used (2.18). Hence, using (3.71),

̂Sm�n� �b�= 4�i�−n
∑

q

iq jq�kb�Y
�−m
q �b̂�	�n�m�q��−m���

= 4�i�−n
∑

q

iq�−1�mjq�kb�Y
�−m
q �b̂�	�n�m���−��q�� (3.80)

where 	 is a Gaunt coefficient and we have used (3.7) and (3.76).

In the above proof, the regular spherical wavefunction jnY
m
n was expanded in plane

waves, whence the translation is trivial. This idea was used by Friedman & Russek
[366], although there are errors in the details of their proof. These were noted by
Stein [1143]; see his Appendix II. Stein also made the connection with the earlier
studies of angular momentum in the quantum-mechanics literature; see Appendix B
for references. The formula (3.78) was also obtained by Kohn & Rostoker [642],
using the same method as Friedman & Russek [366], and by Sack [1043].

Second proof of Theorem 3.26 The form of the expansion (3.78) is clear, as the
left-hand side can be expanded in terms of regular spherical wavefunctions centred on
r1 = 0. It remains to find the coefficientŝSm�n� . Apply the differential operator �MN �r2�,
meaning that the derivatives are with respect to x2, y2 and z2, where r2 = �x2� y2� z2�.
But �MN is translationally invariant, so that �MN �r2�= �MN �r1�, whence

�MN �mn �j0�kr2��=
�
∑

�=0

�
∑

�=−�
̂Sm�n� �b��

M
N ��� �j0�kr1���
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where we have used Theorem 3.10 twice. Now, let r1 → 0, using Theorem 3.24, to give

̂Sm�n� �b�= 4��−1��+� lim
r1→0

�mn �
−�
� �j0�kr2�� (3.81)

= 4��−1��+� lim
r1→0

∑

q

	�n�m���−��q�

× �−1��n+�−q�/2 �m−�
q �j0�kr2��

= 4��−1��
∑

q

	�n�m���−��q� �−1��q+�−n�/2 jq�kb�Y
m−�
q �b̂�

in agreement with (3.80).

Notice that (3.81) can also be written as

̂Sm�n� �b�= 4��−1��+��mn �j��kr2� Y
−�
� �r̂2�� evaluated at r2 = b;

Ben-Menahem [82] obtained this formula from (3.80).
Before generalising Theorem 3.26, let us consider some special cases; these can

serve as simple checks on the calculations, or they lead to simpler formulae.

(i) b = 0 (r2 = r1). As jq�0�= �q0 and Y 0
0 = �4��−1/2, we find that

̂Sm�n� �0�= i�−n�m�
∫



Ymn Y

m
� d
= �m� �n��

as expected.
(ii) r1 = 0 (r2 = b). The right-hand side of (3.78) reduces to

̂Sm0
n0 �b�= i−n

∑

q

iq jq�kb�Y
m
q �b̂�

∫



Ym
n Y

m
q d
= jn�kb�Y

m
n �b̂��

as expected.
(iii) n=m= 0. In this case, we have

1√
4�
̂S

0�
0� �b�= i�

∑

q

iq jq�kb�Y
−�
q �b̂�

∫



Y

−�
q Y

�
� d


= �−1�� j��kb� Y
�
� �b̂��

so that (3.78) reduces to (3.61).
(iv) b̂ = ±ẑ, where ẑ = �0�0�1� is the unit vector along the positive z-axis. In this

case (translation along the z-axis), we obtain

̂Sm�n� �±bẑ�= 2� �m�i�−n
∫ �

0
e±ikb cos� Y mn �r̂�Y m

� �r̂� sin � d�

= √
4� �m�i�−n�−1�m

∑

q

√

2q+1 �±i�q

× jq�kb�	�n�m���−m�q�� (3.82)
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where we have used (A.8) and

Ymn �±ẑ�=√

�2n+1�/�4�� �±1�n �0m�

Observe that (unlike ̂Sm�n� �b�) ̂S
m�
n� �±bẑ� is real. To see this, we note that the

Gaunt coefficient (which is itself real) is non-zero only when n+�+q is even
(see the proof of Theorem 3.20), whence i�−n+q is real.

(v) k= 0. This case corresponds to solid harmonics. From (3.58), we have jn�w�∼
c
�n�
0 wn as w→ 0. So, we divide (3.78) by c�n�0 kn and then let k→ 0. It turns out

that the non-trivial contributions come from q = n−� in (3.80) with 0 ≤ � ≤ n,
whence

rn2 Y
m
n �r̂2�=

n
∑

�=0

�
∑

m=−�
̂Mm�

n� b
n−�Y m−�

n−� �b̂� r
�
1Y

�
� �r̂1� (3.83)

for r2 = r1 +b, where

̂Mm�
n� = 4��−1��

c
�n−��
0 c

���
0

c
�n�
0

	�n�m���−��n−��

= 2�3/2�−1�m+���n+3/2�

���+3/2� ��n−�+3/2�
	�n�m�n−���−m����

using (3.76). The remaining Gaunt coefficient can be evaluated using (3.73),
(B.5) and (B.6). According to Sack [1045, p. 783], the formula (3.83) was first
derived by Rose [1030, eqn (33)]; see also [887, eqn (46)]. For a direct proof,
see [318, Theorem 3].

3.12 Addition theorem for h�1�n Y mn
In this problem the net result is that the simple-minded approach which does
not probe too deeply gives for most purposes the right answer, and that the
doubts raised by a more thorough examination can ultimately be shown to be
groundless. This is a not uncommon situation, which Pauli liked to call the “law
of conservation of sloppiness”.

(Peierls [954, p. 126])

The two proofs of Theorem 3.26 may be adapted to give addition theorems for
other spherical wavefunctions, such as h�1�n Y

m
n . For example, Friedman & Russek

[366] used a contour-integral representation for h�1�n Y
m
n in place of the Funk–Hecke

formula; see also [133, Appendix A]. However, it is much simpler to combine the
operator �mn with the known addition theorem for h�1�0 (Theorem 3.16).

In our applications, we will require addition theorems for h�1�n Y
m
n , so, henceforth,

we restrict ourselves to zn = h�1�n . Thus, with r2 = r1 + b and r1 < b, Theorem 3.16
gives

h
�1�
0 �kr2�= 4�

∑

q�l

�−1�q h�1�q �kb�Y lq�b̂� jq�kr1� Y
l
q�r̂1�
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from (3.61), where, in keeping with ‘Pauli’s law’, we shall worry about the summation
limits later: in fact, we can sum over all q ≥ 0 and over all l as Y l

q ≡ 0 for �l� > q.
Now, apply �mn �r2�, giving

h�1�n �kr2� Y
m
n �r̂2�=4�

∑

q�l

�−1�q h�1�q �kb�Y lq�b̂��
m
n �

l
q�j0�kr1��

=4�
∑

q�l��

�−1��q+�−n�/2 h�1�q �kb�Y lq�b̂�

×	�n�m�q� l� �� j��kr1� Y
l+m
� �r̂1��

Setting �= l+m gives the first result in the following theorem. The second result
follows similarly, beginning with (3.62).

Theorem 3.27 Let r2 = r1 +b. Then

h�1�n �kr2� Y
m
n �r̂2�=

�
∑

�=0

�
∑

�=−�
Sm�n� �b� j��kr1� Y

�
� �r̂1� (3.84)

for r1 < b, and

h�1�n �kr2� Y
m
n �r̂2�=

�
∑

�=0

�
∑

�=−�
̂Sm�n� �b�h

�1�
� �kr1� Y

�
� �r̂1� (3.85)

for r1 > b, wherêSm�n� is given by (3.80) and

Sm�n� �b�= 4�i�−n
∑

q

iq h�1�q �kb�Y
�−m
q �b̂�	�n�m�q��−m��� (3.86)

= 4�i�−n
∑

q

iq�−1�m h�1�q �kb�Y
�−m
q �b̂�	�n�m���−��q�� (3.87)

The content of this theorem is well known. We have already cited the papers by
Friedman & Russek [366], Stein [1143] and Sack [1043]. Another well-known paper
is that of Danos & Maximon [254]; this paper includes a historical survey. More
recent references include [133, §5.1], [424, Appendix D] and [285, Chapter VII,
§1.2].

The idea of the proof above (apply �mn to the addition theorem for h�1�0 ) is explicit
in the papers of Nozawa [919] and Weniger & Steinborn [1308]. It can be used to
obtain addition theorems for a variety of functions.

As a special case of (3.87), we have

Sm�n� �±bẑ�=√
4� �m�i�−n�−1�m

∑

q

√

2q+1 �±i�q

×h�1�q �kb�	�n�m���−m�q�� (3.88)

which should be compared with (3.82). Indeed, we have

̂Sm�n� �±bẑ�= Re �Sm�n� �±bẑ�� � (3.89)
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the corresponding formula with ±bẑ replaced by b is false, in general, but see
Lemma 3.29 below.

For another special case, we can multiply (3.84) or (3.85) by kn+1 and then
let k → 0. This will yield addition theorems for the harmonic multipole potential,
r−n−1

2 Ym
n �r̂2�. For direct proofs, see [1045, p. 784] and [318, Theorem 2].

3.13 The separation matrices S and̂S

We have seen that the addition theorems for jnY
m
n and h�1�n Y

m
n involve the separation

matrices ̂S = �̂Sm�n� � and S = �Sm�n� �, respectively. The expressions for these matrices
are complicated, so we must consider methods for their evaluation.

It is convenient to modify our notation for spherical wavefunctions, so that it is
similar to that used in Chapter 2.

Definition 3.28 Let r = r r̂. The outgoing spherical wavefunction �m
n is defined by

�m
n �r�= h�1�n �kr�Y

m
n �r̂��

where 0 ≤ �m� ≤ n and n ≥ 0. Similarly, the regular spherical wavefunction �̂m
n is

defined by

�̂m
n �r�= jn�kr�Y

m
n �r̂��

Comparing with Definition 3.8, we see that �̂m
n ≡ ̂
m

n , whereas �m
n = 
m

n when
zn = h�1�n .

The function �m
n is described as ‘outgoing’ because it corresponds to outgoing

waves at infinity. To see this, note that [1, eqn (10.1.16)]

h�1�n �w�∼ i−n−1w−1 eiw (3.90)

as �w� → �, whence

Re
{

�m
n �r� e−i�t

}∼ Am
n√

4�

Pmn �cos��

kr
sin
{

�kr−�t�+m�− 1
2
n�

}

as r → �; here, Am
n are the real normalisation factors defined by (3.6).

The wavefunctions �̂m
n and �m

n satisfy

�̂m
n �r�= �−1�n �̂m

n �−r�= �−1�m �̂−m
n �r� (3.91)

and

�m
n �r�= �−1�n �m

n �−r��

respectively.
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The matrix̂S is defined by (3.80). Making the summation limits explicit, we obtain

̂Sm�n� �b�= 4��−1��+�+Q
Q
∑

q=0

�−1�q�̂m−�
q0+2q�b�	�n�m���−��q0 +2q�� (3.92)

where Q = �n+�−q0�/2, q0 = q0�n�m���−�� and q0 is defined by (3.74). From
this, we obtain

̂S�m�n �b�= �−1�n+�̂Sm�n� �b�� (3.93)

using (3.7) and (3.75). Similarly,

̂S−m�−�
n� �b�= �−1�m+�

̂S
m�
n� �b�� (3.94)

If we use (3.8) and q0 = n+�−2Q, we obtain

̂Sm�n� �−b�= �−1�n+�̂Sm�n� �b�=̂S�m�n �b�� (3.95)

where we have used (3.93) for the last equality together with the fact that n+�+q0

is even.
Next, define vectors � = ��m

n � and �̂ = ��̂m
n �. This enables us to write Theo-

rem 3.26 concisely as

�̂�r2�=̂S�b� �̂�r1��

where r2 = r1 +b. Then, exactly as in Section 2.6, we find that

̂S�b�̂S�c�=̂S�b+ c�=̂S�c�̂S�b��
this can be used to effect two translations. In particular, taking c = −b gives

̂S�b�̂S�−b�=̂S�−b�̂S�b�= I�

the identity, which shows that
[

̂S�b�
]−1 =̂S�−b��

Hence, using (3.95), we obtain

̂S−1 =̂ST�

so that̂S is unitary. Explicitly, we have
�
∑

�=0

�
∑

�=−�
̂Sm�n� �b�̂S

M�
N� �b�= �nN �mM� (3.96)

For S, we have a formula similar to (3.92), namely

Sm�n� �b�= 4��−1��+�+Q
Q
∑

q=0

�−1�q�m−�
q0+2q�b�	�n�m���−��q0 +2q�� (3.97)
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Explicit calculation shows that

Sm�n� �−b�= �−1�n+�Sm�n� �b� (3.98)

and

S−��−m
�n �−b�= �−1�m+�Sm�n� �b�� (3.99)

whence

Sm�n� �b�= �−1�n+m+�+�S−��−m
�n �b��

Exactly as in Section 2.6, we find that

S�b�̂S�c�= S�b+ c�=̂S�c�S�b� for c < b. (3.100)

Another relation between S and̂S is given in the following lemma.

Lemma 3.29

Sm�n� �b�+S
�m
�n �−b�= 2̂Sm�n� �b��

Proof From (3.99), (3.97) and (3.75), we obtain

S�m�n �−b�=4��−1��+�+Q�−1�m+�

×
Q
∑

q=0

�−1�q��−m
q0+2q�b�	�n�m���−��q0 +2q��

noting that the definitions of Q and q0 depend only on �m+��. But, using (3.7),

�−1�m+���−m
� �b�= h��kb�Y

m−�
� �b̂��

The result follows from 2jn�w�= hn�w�+hn�w� and (3.92).

3.13.1 Computation of the separation matrices

The expressions for the separation matrices given above, namely (3.92) and (3.97),
are complicated because of the presence of the Gaunt coefficient 	. These can be
defined in terms of Wigner 3-j symbols; see (3.72). Thus, consideration should be
given to the efficient computation of these quantities.

One can compute Gaunt coefficients directly. This approach was advocated in [236,
§V] because ‘it is of great advantage in the organization of a computer program to
be able to obtain coefficients in any arbitrary sequence’ [236, p. 170]; see also [455].
However, the explicit formulae for 	 and the 3-j symbols involve many factorials
(Appendix B) and so much care is needed in the computations.

Other methods are based on the use of recursion relations. See, for example, [305,
§3.7], [1326, §V], [250, §C.7.3] and [145, 551, 1079, 1160, 1346, 1348]. Direct
recurrence relations for the entries in the separation matrices themselves can also
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be derived, usually by exploiting the first-derivative theorems in Section 3.7; see
[400, 763, 197, 1347, 606, 448]. However, it is known that some of these recurrence
relations are numerically unstable in certain circumstances [769]. Also, Xu [1347]
found that it was more efficient to compute the Gaunt coefficients first (using the
method of [1346]) and then to compute the separation matrices, rather than to use
direct recurrence relations.

Another approach is to combine rotation matrices (Section 3.15) together with
translation along the z-axis, this being effective because the separation matrices
simplify when b = bẑ; these simplifications are discussed in detail in Section 3.16.

3.13.2 A wide-spacing approximation

If kb is large, we can obtain a simple approximation to S�b�. Thus, using (3.7) and
(3.90), (3.87) gives

Sm�n� �b�∼ 4�i�−n�−1��
eikb

ikb

∑

q

	�n�m���−��q�Ym−�
q �b̂�

as kb→ �. Evaluating the sum, using Theorem 3.20, we obtain

Sm�n� �b�∼ 4�i�−n�−1��
eikb

ikb
Ymn �b̂� Y

−�
� �b̂� (3.101)

as kb→ �. Substituting in (3.84), and evaluating the double sum over � and � using
(3.69), then gives

h�1�n �kr2� Y
m
n �r̂2�∼ �−i�n

eikb

ikb
exp

(

ikr1 · b̂
)

Ymn �b̂� (3.102)

as kb → �, where r2 = r1 + b. This approximation can also be obtained directly,
using (3.90), r̂2 � b̂ and r2 � b+ r1 · b̂ on the left-hand side.

The approximation (3.102) is known as a plane-wave approximation. It is an
example of a wide-spacing approximation, as the dimensionless spacing between the
two origins, O1 and O2, is large, kb
 1. With the given exact formulae for S�b�, it
is difficult to refine the approximation. This will be done later, using an alternative
formula for S�b�; see Section 3.16.

3.13.3 Separable formulae for the separation matrices

For some applications, it is convenient if the dependences on �n�m� and ����� in
Sm�n� and ̂Sm�n� are separated. In fact, we have already given a separable formula for
̂Sm�n� , namely, (3.79); see [201, eqn (6)]. We now give a similar formula for Sm�n� .
Thus, from the definitions (3.71) and (3.87), we have

Sm�n� �b�= 4�i�−n
∑

q

iq h�1�q �kb�
∑

M

YMq �b̂�
∫



Ymn Y

�
� Y

M
q d
�
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Notice that the integral vanishes unless m−�+M = 0. Then, using (3.20), we obtain

Sm�n� �b�= i�−n
∑

q

�2q+1�iq h�1�q �kb�
∫



Ymn �r̂�Y

�
� �r̂�Pq�r̂ · b̂�d
�r̂�� (3.103)

The sum over q is finite; the upper limit is �n+ ��. Thus, we can interchange the
order of summation and integration, giving

Sm�n� �b�= i�−n
∫



Ym
n �r̂�Y

�
� �r̂�Mn+��r̂�b�d
�r̂�� (3.104)

where

MN�r̂�b�=
N
∑

q

�2q+1�iq h�1�q �kb�Pq�r̂ · b̂� (3.105)

is called the translation function by Epton & Dembart [318]. However, we cannot
use (3.104) in places where n→ � or � → �, because MN diverges as N → �.

One can verify that the addition theorem,

�0
0�r2�=∑

���

S
0�
0� �b� �̂

�
� �r1�� r1 < b�

combined with (3.103) and (3.69) leads to Theorem 3.17.
The formulae of this section are key ingredients in fast multipole methods; see

Section 6.14.

3.14 Two-centre expansions

As in the two-dimensional case, Section 2.8, we consider two-centre expansions,
involving two points, P and P ′, and two origins, O1 and O2. We use the same
notation which, for convenience, we repeat here. Thus, rj is the position vector of
P with respect to Oj , j = 1�2, and b is the position vector of O1 with respect to
O2. Similarly, r′

j is the position vector of P ′ with respect to Oj , j = 1�2, and R is
the position vector of P with respect to P ′. See Fig. 2.3. For most purposes, it is
convenient to think of P and P ′ as being in the vicinity of O1 and O2, respectively.

As R = r1 − r′
1, Theorem 3.16 gives

eikR

kR
= 4�i

∑

n�m

�−1�m+n�̂−m
n �r1��

m
n �−r′

1� for r1 < r ′
1�

where the summation is over all n ≥ 0 and over all m with �m� ≤ n. Similarly, as
−r′

1 = b− r′
2, Theorem 3.27 gives

�m
n �−r′

1�=∑

���

Sm�n� �b� �̂
�
� �−r′

2� for r ′
2 < b.
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So, if both inequalities hold, we obtain

eikR

kR
= 4�i

∑

n�m

∑

���

�−1�n+�Sm�n� �b� �̂m
n �r1� �̂

�
� �r

′
2��

Thus, we have proved the following two-centre expansion.

Theorem 3.30 (Two-centre expansion of eikR/R) Let R = a+b+ c. Then

eikR

kR
= 4�i

∑

n�m

∑

���

�−1�nSm�n� �b� �̂m
n �a� �̂

�
� �c�

for a= �a�< �b+ c� and c = �c�< b = �b�; both inequalities hold if a+ c < b.

As far as we know, the first proof of this theorem was given by Sack in 1964 [1044,
§4]. For an earlier attempt, see [1098]. The corresponding expansion for R−1 was
obtained by Carlson & Rushbrooke [174]; see also [155] and [505, p. 843].

3.14.1 Second proof of the addition theorem for h�1�n Y
m
n

We can use two-centre expansions to give another proof of Theorem 3.27, making use
of Theorems 3.16 and 3.26. This proof has been given by Gonis [422, pp. 374–375].

From R = r1 − r′
1, Theorem 3.16 gives

h
�1�
0 �kR�= 4�

∑

���

�−1���̂�
� �r

′
1��

−�
� �r1� for r1 > r ′

1� (3.106)

Then, as r′
1 = r′

2 −b, Theorem 3.26 gives

�̂�
� �r

′
1�=∑

n�m

̂S�m�n �−b� �̂m
n �r

′
2��

whence (3.106) gives

h
�1�
0 �kR�= 4�

∑

n�m

�̂m
n �r

′
2�
∑

���

�−1��̂S�m�n �−b��−�
� �r1��

Alternatively, assume that r2 > r ′
2 with R = r2 − r′

2, whence

h
�1�
0 �kR�= 4�

∑

n�m

�−1�m�̂m
n �r

′
2��

−m
n �r2��

Comparing these two expansions, in a neighbourhood of O2, we obtain

�−1�m�−m
n �r2�=∑

���

�−1��̂S�m�n �−b��−�
� �r1��

Changing the signs of m and �, and noting from (3.94) and (3.95) that

�−1�m+�
̂S−��−m
�n �−b�=̂Sm�n� �b�� (3.107)
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we obtain

�m
n �r2�=∑

���

̂Sm�n� �b��
�
� �r1� for r1 > b�

which proves (3.85).
For (3.84), we interchange r1 and b to give

�m
n �r2�= ∑

N�M

̂SmMnN �r1��
M
N �b�

= 4�
∑

N�M�q

�M
N �b� iN−n+q�−1�M �̂m−M

q �r1�	�n�m�N�−M�q��

where we have used (3.80) for ̂SmMnN . Now, replace q, N and M by �, q and m−�,
respectively. This gives (3.84), namely

�m
n �r2�=∑

���

Sm�n� �b� �̂
�
� �r1� for r1 < b,

where Sm�n� is given by (3.86).

3.14.2 A formula for S�a+b�

From Theorem 3.30, we have

h0�kR�= 4�
∑

���

∑

N�M

S
M�
N� �b� �̂

M
N �−a� �̂�

� �c��

for a < �b+ c� and c < b. We also have

�m
n �R�=∑

���

Sm�n� �a+b� �̂�
� �c�

for c < �a+b�. So, assuming that both expansions are valid, we obtain

Sm�n� �a+b�= 4��mn
∑

N�M

S
M�
N� �b� �̂

M
N �−a��

where we have used (3.40). Now, we can regard b as fixed, and then apply the
operator �mn with respect to the Cartesian coordinates of a. Thus,

�mn �̂
M
N �−a�= �mn

iN

4�

∫



exp �ika · r̂1�Y

M
N �r̂1�d
�r̂1�

= iN−n

4�

∫



exp �ika · r̂1� Y

m
n �r̂1� Y

M
N �r̂1�d
�r̂1��

where we have used (3.42) and Theorem 3.11. Hence,

Sm�n� �a+b�= ∑

N�M

iN−nSM�N� �b�
∫



exp �ika · r̂� Ym

n �r̂�Y
M
N �r̂�d
�r̂�� (3.108)
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In fact, using (3.79), we recognise this formula as (3.100): it states that

S�a+b�=̂S�a�S�b� for a < b.

Using (3.103) in (3.108) followed by (3.11) gives

Sm�n� �a+b�= i�−n
�
∑

q=0

�2q+1�iqhq�kb�

×
∫



exp �ika · r̂� Ym

n �r̂�Y
�
� �r̂�Pq�r̂ · b̂�d
�r̂�� (3.109)

This formula is derived (differently) in [201] and it is used in [640]. The effect of
truncating the sum over q is examined in [641].

3.15 Use of rotation matrices
[The] point of view with which we propose to look at the problem � � � [is] the
representation of the translation by an operator. We thus introduce a “stan-
dard translation matrix,” S�kb� � � � [representing] a translation along the z-axis
by a distance b. Any general shift of the coordinate system is then given by
D�R2� S�kb�D�R1� where D is the usual rotation operator: one first rotates the
coordinate system so that the z-axis points in the direction of the displacement
(rotation R1), one then shifts along the z-axis, and lastly rotates into the final
position (rotation R2).

(Danos & Maximon [254, p. 767])

As in Section 2.7, we can decompose the translation from O2 to O1 into two rotations
and a translation in a particular direction. This approach was first exploited by Danos
& Maximon [254]. It reduces the general problem to the calculation of ̂S�bẑ� and
S�bẑ�, together with certain rotation matrices, D.

The basic formula is

Ymn �r̂
′�=

n
∑

l=−n
Dml
n ��� Y

l
n�r̂�� (3.110)

where a point P has position vectors r = r r̂ and r′ = r r̂′ with respect to Oxyz

and Ox′y′z′, respectively. The rotation from Oxyz to Ox′y′z′ is described by � =
��� ���, where �,  and � are the three Eulerian angles. The reverse rotation is
described by �−1 = �−��− �−��; from (C.4), we have

Dml
n ��

−1�=Dlm
n ���� (3.111)

Further information and explicit formulae for the rotation matrix D (with entries Dml
n )

can be found in Appendix C.
Let us carry out the three steps for �̂m

n �r2� in order to obtain the expansion about
O1, and compare the result with Theorem 3.26.



3.16 Alternative expressions for S�bẑ� 99

First, we rotate the coordinate axes O2x2y2z2 into O2xyz, chosen so that O1 is at
x = y = 0, z= b; this rotation is described by Eulerian angles �. The result is

�̂m
n �r2�=

n
∑

l=−n
Dml
n ��� �̂

l
n�r��

Second, we introduce axes O1x̃ỹz̃ at O1, where x̃ = x, ỹ = y and z̃= z−b. Then,
translating from O2 to O1, we obtain

�̂l
n�r�=

�
∑

�=0

�
∑

M=−�
̂SlMn� �bẑ� �̂M

� �r̃��

Finally, we rotate the axes O1x̃ỹz̃ into O1x1y1z1, using �−1, giving

�̂M
� �r̃�=

�
∑

�=−�
DM�
� ��−1� �̂�

� �r1��

Comparing with Theorem 3.26 gives

̂Sm�n� �b�=
n
∑

l=−n

�
∑

M=−�
Dml
n ���

̂SlMn� �bẑ�D�M
� ���� (3.112)

where we have used (3.111). There is a similar formula for S�b�: merely replace ̂S
by S in (3.112).

As rotation does not change the distance from the origin, (3.110) gives

�m
n �r r̂

′�=
n
∑

l=−n
Dml
n ����

l
n�r r̂� and �̂m

n �r r̂
′�=

n
∑

l=−n
Dml
n ��� �̂

l
n�r r̂��

3.16 Alternative expressions for S�bẑ�

The expressions for ̂S�b� and S�b�, given by (3.92) and (3.97), respectively, are
complicated. Therefore, the decompositions described in Section 3.15, involving the
rotation matrix D, are worth pursuing. They relate S�b� to S�bẑ� and̂S�b� tôS�bẑ�.
In fact, due to (3.89), it is sufficient to consider S�bẑ�.

From (3.88) and (3.98), we have

Sm�n� �bẑ�= �−1�n+�Sm�n� �−bẑ�= �−1�n Smn��kb��m�� (3.113)

say, where the z-axis propagator Smn� satisfies

Smn��kb�= Sm�n�kb�= S−m
n� �kb��

which means that we can assume that m≥ 0 without loss of generality.
In order to develop alternative expressions for Smn�, we begin with an integral

representation for eikR/R.
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Theorem 3.31 For R= �R�> 0,

eikR

R
= 1

4�2

∫

�

�2

�2 −k2

∫



exp�i�r̂ ·R�d
�r̂�d�� (3.114)

The contour � goes from � = −� to � = +�, passing above the simple pole at
� = −k and below the simple pole at � = +k.

Proof From (3.44), the inner integral is 4� j0��R�, whence the right-hand side of
(3.114) is

1
2�iR

∫

�

�

�2 −k2

(

ei�R − e−i�R
)

d� = �+ −�−�

say, where

�± = 1

2�iR

∫

�

�

�2 −k2
e±i�R d��

These integrals can be evaluated using Cauchy’s residue theorem. Thus, for �+, close
the contour using a large semicircle in the upper half of the complex �-plane. There
is no contribution from this semicircle as it recedes to infinity, by Jordan’s lemma.
The contour encloses the simple pole at � = +k (but not the pole at � = −k). Hence,
evaluating the residue, we see that �+ = 1

2 eikR/R. Similarly, for �−, close the contour
in the lower half of the complex �-plane. Taking account of the direction of traversal
around the contour, and evaluating the residue of the pole at � = −k, we find that
�− = −�+, and the result follows.

In the above proof, we split the �-integral into two, �+ and �−, and then evaluated
each separately, one by closing the contour in the upper half-plane and one by closing
the contour in the lower half-plane. This is a standard technique. However, care is
needed to ensure that �+ and �− exist separately: the splitting is not unique, and some
splittings may introduce additional singularities at � = 0. For example, a common
mistake when evaluating related integrals is to split using

2jn��R�= h�1�n ��R�+h�2�n ��R��

each of the spherical Hankel functions is O��−n−1� as � → 0.
The representation (3.114) is a variant of well-known formulae using volume

integrals; for example, DeSanto [278, p. 64] shows that

eikR

R
= 1

2�2
lim
!→0+

∫ ∫ ∫ exp�i� ·R�
���2 − �k+ i!�2

d�� (3.115)

However, (3.114) is preferable for at least two reasons: it does not involve the device
of adding a small imaginary part to the wavenumber; and it uses an integration along
the entire real �-axis, so that contour-integral methods are readily available.

Note that one cannot interchange the order of integration in (3.114): the resulting
�-integral diverges.
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We are going to combine Theorem 3.31 with the two-centre expansion, Theo-
rem 3.30, so as to obtain an alternative expression for S�bẑ�. Thus, write R = a+b+c,
and then use the expansion (3.69) twice,

exp �i�r̂ ·a�= 4�
∑

n�m

in jn��a�Ymn �â� Y
m
n �r̂��

exp �i�r̂ · c�= 4�
∑

���

i� j���c�Y
�
� �ĉ� Y

�
� �r̂��

Substituting in (3.114), the inner integral becomes

�4��2
∑

n�m

∑

���

in+� jn��a� j���c�Ymn �â� Y
�
� �ĉ�� � (3.116)

where

� =
∫



exp �i�r̂ ·b� Ymn �r̂�Y

�
� �r̂�d
�r̂��

Now, assume that b = bẑ, whence r̂ ·b = b cos� and

� = 2��m�
∫ �

0
ei�b cos� Y mn �r̂�Ym� �r̂� sin � d�

= 1

2
�m�

∫ 1

−1
ei�bt Gm�t�n� ��dt� (3.117)

where

Gm�t�n� ��= Am
n A

m
� P

m
n �t�P

m
� �t�=Gm�t� ��n� (3.118)

and Am
n is a spherical-harmonic normalisation factor; see (3.6). Gm has the following

properties:

Gm�t�n� �� is a polynomial of degree n+�; (3.119)

G−m�t�n� ��=Gm�t�n� ��� (3.120)

Gm�−t� n� ��= �−1�n+�Gm�t�n� ��� (3.121)

Gm�t�n� ��≡ 0 for �m�> min�n� ��.

The first of these implies thatG�j�
m �t� n� ��≡ 0 for j > n+�, whereG�j�

m = �dj/dtj�Gm.
Hence, repeated integration by parts gives

∫ 1

−1
eiXt Gm�t�dt =

n+�
∑

j=0

[

eiXt

iX

(−1
iX

)j

G�j�
m �t�

]1

−1

�

where we have written Gm�t� for Gm�t�n� ��. But, from (3.121),

G�j�
m �−t� n� ��= �−1�n+�+jG�j�

m �t� n� ���
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whence

∫ 1

−1
eiXt Gm�t�dt =

n+�
∑

j=0

G�j�
m �1�

�−1�j

�iX�j+1

{

eiX − �−1�n+�+j e−iX
}

� (3.122)

We will evaluate G�j�
m �1� later (Lemma 3.33); it turns out that G�j�

m �1�= 0 for j < �m�,
so that the lower summation limit in (3.122) can be replaced by j = �m�.

Having evaluated � , we next consider the outer integral; it is of the form

∫

�

�2

�2 −k2
jn��a� j���c�

∫ 1

−1
ei�bt Gm�t�n� ��dt d� = ��

say. From (3.122), we see that the inner integral is O��−n−�� as � → 0. However,
jn��a� j���c� = O��n+�� as � → 0, whence the integrand in the outer integral is
analytic at � = 0. So,

� =
n+�
∑

j=�m�
G�j�
m �1�

�−1�j

�ib�j+1

{

�+ − �−1�n+�+j �−
}

�

where

�± =
∫

�

�−j+1

�2 −k2
jn��a� j���c� e±i�b d��

Assuming that b > �a+ c�, we can close the contour for �± as for �± in the proof
of Theorem 3.31, giving

�+ = �ik−j jn�ka� j��kc� eikb

and �− = �−1�n+�+j+1�+, whence

� = 2�ik eikb jn�ka� j��kc�
n+�
∑

j=�m�
G�j�
m �1�

�−1�j

�ikb�j+1
�

Combining this formula with (3.114), (3.116) and (3.117), we obtain

eikR

kR
= 4�i eikb

∑

n�m��

in+� �̂m
n �a� �̂

m
� �c�

n+�
∑

j=�m�
G�j�
m �1�

�−1�j

�ikb�j+1

for b > �a+c�. Finally, comparison with the two-centre expansion of Theorem 3.30
gives the following result.

Theorem 3.32 (Martin [792])

Sm�n� �bẑ�= �m� eikb �−i�n i�
n+�
∑

j=�m�
G�j�
m �1�n� ��

�−1�j

�ikb�j+1

for all b > 0, where Gm�t�n� �� is defined by (3.118).
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Note that although the argument above gives the result for b > �a+c�, Sm�n� �bẑ� itself
does not depend on a and c, and so analytic continuation shows that the result must
hold for all b > 0.

The coefficients G�j�
m �1�n� �� are given by the next lemma.

Lemma 3.33 For 0 ≤ �m� ≤ min�n� �� and �m� ≤ j ≤ n+�,

G�j�
m �1� n� ��= �−1�m

j!
2j

k1
∑

k=k0

�k��� �m���j−k�n�−�m��� (3.123)

where k0 = max�0� j−n�, k1 = min��� j−�m�� and

�k���m�= √
2�+1

√

��+m�!
��−m�!

��+k�!
�m+k�!k! ��−k�! � (3.124)

G�j�
m �1� n� ��= 0 for all other values of j, m, n and �.

Proof From (3.120), it is enough to take m≥ 0. From (A.4), we have

Gm�t�= A−m
n A−m

� �2mm!�−2�1− t2�m FnF��

where Fn ≡ F
(

m−n� m+n+1� m+1� 1
2 �1− t�

)

, F is a hypergeometric function
and we have used ��n+m�!/�n−m�!�Am

n = A−m
n . (This expression for Gm�t� can be

used to show (3.119).) Now, put z= 1
2 �1− t� whence 1− t2 = 4z�1− z�. Then, use

([1, eqn (15.3.3)])

�1− z��+ −� F��� ��� z�= F��−���− ��� z�

with �=m−�,  =m+�+1 and � =m+1 to give

�1− z�m F� = F�−�� �+1�m+1� z��

Explicitly, we have

F�−�� �+1�m+1� z�=
�
∑

k=0

ak���m�z
k�

F�m−n�m+n+1�m+1� z�=
n−m
∑

k=0

bk�n�m�z
k�

where

ak���m�= �−1�k m! ��+k�!
�m+k�!k! ��−k�! �

bk�n�m�= �−1�k m! �n+m+k�! �n−m�!
�m+k�!k! �n−m−k�! �n+m�! �

Hence, after rearranging the double summation, we find that

Gm�t�n� ��= zm
n+�−m
∑

s=0

Cs z
s� (3.125)
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where

Cs = A−m
n A−m

�

s
∑

k=0

ak���m�

m!
bs−k�n�m�

m! for 0 ≤ s ≤ n+�−m.

In fact, as ak = 0 for k > � and bk = 0 for k > n−m, the summation is actually from
k= max�0� s−n+m� to k= min�s� ��. Simplifying further gives

Cs = �−1�s
∑

k

�k���m��s+m−k�n�−m��

where �k���m� is defined by (3.124).

Finally, let us compare the expansion (3.125) with the Taylor series for Gm�t�

about t = 1, which is

Gm�t�=
n+�
∑

j=0

�−2�j

j! G�j�
m �1� z

j�

This comparison shows that G�j�
m �1� = 0 for j < m, and gives the desired formula

(3.123).

Combining Lemma 3.33 with Theorem 3.32 and (3.113) gives the next result.

Theorem 3.34 (Martin [792]) For all kb > 0,

Smn��kb�= �−1�m in+�
eikb

ikb

n+�
∑

j=�m�
j!wj

s1
∑

s=s0
�s��� �m���j−s�n�−�m��� (3.126)

where w= i/�2kb�, s0 = max�0� j−n�, s1 = min��� j−�m�� and �s���m� is defined
by (3.124).

Before discussing the virtues of the formula (3.126), we give another formula that
is used widely by physicists.

Theorem 3.35 (Rehr & Albers [1016], Fritzsche [370])

Smn��kb�= �−1�m in+� Am
n A

−m
�

eikb

ikb

�1
∑

�=0

w2�+m

�! ��+m�! d
�
��w�d

�+m
n �w� (3.127)

for m≥ 0, where w = i/�2kb�, Am
n is defined by (3.6), �1 = min���n−m� and

d�n�w�=
n
∑

s=�

�n+ s�!ws−�

�n− s�! �s−��! � (3.128)

Proof In order to evaluate (3.127), a single sum must be calculated wherein each
term consists of the product of two sums. We will show that part of this calculation
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can be carried out analytically, leaving the double sum that occurs in Theorem 3.34.
Thus, explicitly, the sum in (3.127) is

∑

�

w2�+m d�� d
�+m
n

�! ��+m�! = ∑

��s�t

ws+t

�! ��+m�!

× ��+ s�!
��− s�! �s−��!

�n+ t�!
�n− t�! �t−�−m�! � (3.129)

where, in accordance with Pauli’s ‘law of sloppiness’ [954, p. 126], we do not worry
unduly about the summation limits. Introducing a new summation variable j = s+ t,
the right-hand side becomes

∑

j

wj
∑

s

��+ s�!
��− s�!

�n+ j− s�!
�n− j+ s�!

∑

�

1

�! �s−��! ��+m�! �j− s−m−��! �

wherein the �-sum can be written in terms of binomial coefficients as

1
s! �j− s�!

∑

�

(

s

�

)(

j− s

j− s−m−�

)

= 1

s! �j− s�!
(

j

j− s−m

)

�

Hence, the left-hand side of (3.129) equals

∑

j

wj j!∑
s

��+ s�!
�m+ s�! s! ��− s�!

�n+ j− s�!
�j− s−m�! �j− s�! �n− j+ s�! �

and the result follows.

The formula (3.127) is of the general form

Sm�n� �b�= eikb

ikb

∑

N�M


mMnN �b�˜

�M
�N �b�� (3.130)

where the dependence on �n�m� and ����� is separated. This separation is very con-
venient from a numerical point of view. Moreover, it is known that many published
approximations to S can be obtained by truncating the series in (3.130); see [370] and
[1016]. Numerically, one often retains only a few terms, but this can lead to serious
errors, especially if kb is not large [371]. Nevertheless, it has been demonstrated
by Sébilleau [1090] that, when properly truncated, (3.130) gives a very efficient
and accurate algorithm for computing S; he has also derived recursion relations for
calculating the terms in (3.130).

It is interesting to compare the Rehr–Albers–Fritzsche formula (3.127) with the
formula (3.126) in Theorem 3.34. Thus, the dependence on n and � is separated
in both, but (3.127) involves the functions d�n�w�, whereas (3.126) involves the
coefficients �s�n�m�. Formula (3.126) can also be used to obtain consistent wide-
spacing approximations (large kb). Thus, for the leading-order approximation (j= 0),
we must take m= 0, whence s0 = s1 = 0 giving

Smn��kb�∼ �m0

eikb

ikb
in+�

√
2n+1

√
2�+1 as kb→ �, (3.131)
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which is known as the plane-wave approximation [699]; it is a special case of (3.101).
If we include terms of O��kb�−2�, we obtain

Smn��kb�∼ �m0 S
PWA
n� �1+w�n�n+1�+���+1���

−w��m�1 S
PWA
n�

√

n�n+1�
√

���+1� as kb→ �,

where �m0 S
PWA
n� is the right-hand side of (3.131) and w = i/�2kb�.

3.17 Vector spherical wavefunctions

Vector spherical harmonics were introduced by Hansen in 1935 [476]. We define
them as follows.

Definition 3.36 For m= 0�±1�±2� � � � � n and n= 1�2� � � � �

Pm
n �r̂�= r̂Ymn �r̂��

Cm
n �r̂�= −"nr̂×DaY

m
n �r̂�= "n

(

�̂

sin �




�
− �̂





�

)

Ymn ������

Bm
n �r̂�= "nDaY

m
n �r̂�= "n

(

�̂




�
+ �̂

sin �




�

)

Ymn ������

where "n = �n�n+1��−1/2, Da is the angular differential operator

Da = �̂




�
+ �̂

sin �




�
�

and r̂, �̂ and �̂ are spherical polar unit vectors. When n= 0, we have C0
0 = B0

0 = 0
and P0

0�r̂�= �4��−1/2r̂.

Our definitions are very similar to those used by Dassios & Rigou [263], except
that we use normalised spherical harmonics Ym

n . See also [250, §B.12]. It is evident
that vector spherical harmonics are pointwise perpendicular,

Pm
n ·Cm

n = Cm
n ·Bm

n = Bm
n ·Pm

n = 0� (3.132)

They are also orthonormal in L2�
�:
∫



Pm
n ·P�

� d
=
∫



Cm
n ·C�

� d
=
∫



Bm
n ·B�

� d
= �n��m�� (3.133)

These relations can be proved using (3.9) and (3.18).
Next, we define (dimensionless) vector spherical wavefunctions.
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Definition 3.37 For m= 0�±1�±2� � � � � n and n= 0�1�2� � � � �

Lm
n �r�= k−1grad �zn�kr�Y

m
n �r̂���

Mm
n �r�= curl �r zn�Kr�Y

m
n �r̂���

Nm
n �r�= K−1curl �Mm

n �r���

where zn is any spherical Bessel function. In terms of vector spherical harmonics,
we have

Lm
n �r�= z′

n�kr�Pm
n �r̂�+ �"nkr�

−1 zn�kr�Bm
n �r̂��

Mm
n �r�="−1

n zn�Kr�Cm
n �r̂��

Nm
n �r�= �"2

nKr�
−1 zn�Kr�Pm

n �r̂�

+"−1
n

{

�Kr�−1 zn�Kr�+ z′
n�Kr�

}

Bm
n �r̂�

where "n = �n�n+1��−1/2.

We define

L�1�
nm ≡ Lm

n with zn = jn, and L�3�
nm ≡ Lm

n with zn = h�1�n ≡ hn,

with similar definitions for M�1�
nm, M�3�

nm, N�1�
nm and N�3�

nm.
The functions L�3�

nm, M�3�
nm and N�3�

nm are used to represent outgoing elastic waves,
such as those scattered by a spherical obstacle. The functions L�1�

nm, M�1�
nm and N�1�

nm are
used to represent regular elastic waves, such as those inside a spherical inclusion.
Similarly, the functions M�3�

nm and N�3�
nm (with K = k = �

√
!�) are used to represent

outgoing electromagnetic waves.
Properties of vector spherical wavefunctions can be found in [1149, §§7.11–7.14],

[884, pp. 1865–1866], [564, §8.17], [549, §16.2], [83, §2.3], [133, §2.2] and [263]. In
particular, vector analogues of the Funk–Hecke formula (Theorem 3.12) have been
given in [263].

Addition theorems for vector spherical wavefunctions were first given by Stein
[1143] and by Cruzan [247]. For alternative proofs and computational aspects, see
[254, 120, 341, 205, 606, 1347, 1348] and [83, §J.3].

3.18 Multipoles for water waves

Consider three-dimensional water-wave problems in deep water. Introduce spherical
polar coordinates �r� ����, defined by (3.1), so that the free surface is part of z= 0
(� = 1

2�). We want to construct multipole solutions; these must satisfy Laplace’s
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equation in the water (z > 0) and the free-surface condition on z = 0. These are
readily found, using the method described in Section 2.11.

Thus, to construct wavefree potentials, we begin by choosing a harmonic function
# that vanishes on z= 0; for example, we may take

#�r� ����= r−�n+1�Ỹ mn ������ 0 ≤ �m� ≤ n�

where Ỹ m
n is an unnormalised spherical harmonic (Definition 3.2). From (A.7), we

have

#�r�
1

2
����= 0 provided that n+m is odd.

Then, �K− 
/
z�# is a wavefree potential. In order to calculate 
#/
z, we can use
the following corollary to Theorems 3.13 and 3.14.

Corollary 3.38 For 0 ≤ �m� ≤ n and n= 0�1�2� � � � �





z

Ỹ m
n

rn+1
= −�n−m+1�

Ỹ mn+1

rn+2
� (3.134)

For 0 ≤ �m� ≤ n and n= 1�2� � � � �





z
�̃m

n = �n+m��̃m
n−1� (3.135)

(





x
+ i





y

)

�̃m
n = −�̃m+1

n−1 � (3.136)

(





x
− i





y

)

�̃m
n = �n+m��n+m−1��̃m−1

n−1 � (3.137)

where �̃m
n �x� y� z�= rnỸ m

n �����.

Proof Let Cn = 1 ·3 ·5 · · · �2n−1� with C0 = 1. Then [1, §10.1.2]

wn+1h�1�n �w�∼ −iCn and w−njn�w�∼ 1/Cn+1 asw→ 0�

Choose zn = h�1�n in (3.46) and then multiply by kn+2. The result (3.134) follows by
letting k→ 0. Similarly, we obtain (3.135), (3.136) and (3.137) by choosing zn = jn
in (3.46), (3.50) and (3.51), respectively, multiplying by k1−n, and then letting k→ 0.
The formula (3.136) can also be obtained by differentiating (3.26).

Our specific definitions of wavefree potentials are given next; note that it turns
out to be inconvenient to use Ym

n or Ỹ m
n , because we shall need certain integral

representations that only hold for m≥ 0.
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Definition 3.39 Let r = �r sin � cos�� r sin � sin�� r cos��. The spherical wavefree
potential �m

j is defined by

�±m
j �r�= �2j−1�!

Km+2j+1

(

K− 



z

)

Pmm+2j−1�cos��

rm+2j
e±im� (3.138)

=
{

�2j−1�!
�Kr�m+2j

Pmm+2j−1�cos��

+ �2j�!
�Kr�m+2j+1

Pmm+2j�cos��
}

e±im��

for m= 0�1�2� � � � and j = 1�2� � � � � The analogous regular potential ̂�m
j is defined

by

̂�±m
j �r�= Km+2j

�2m+2j+1�!
(

K− 



z

)

rm+2j+1 Pmm+2j+1�cos�� e±im�

=
{

�Kr�m+2j

�2m+2j�!P
m
m+2j�cos��

− �Kr�m+2j+1

�2m+2j+1�!P
m
m+2j+1�cos��

}

e±im�� (3.139)

for m= 0�1�2� � � � and j = 0�1�2� � � � �

In addition to wavefree potentials, we also need potentials that generate waves.
The simplest of these is an axisymmetric source at the origin; it is given by

�0
0�r�= 1

K
$
∫ �

0
e−kz J0�k%�

kdk

k−K
(3.140)

∼ �i e−Kz H�1�
0 �K%� as % =√

x2 +y2 → �.

To verify directly that �0
0 does satisfy the free-surface condion, we calculate

(

K+ 



z

)

�0
0 = − 1

K

∫ �

0
k e−kz J0�k%�dk= 1

K





z

1
r

= − z

Kr3
�

and this vanishes on z= 0 for % > 0; here, we have used

1

r
= 1
√

x2 +y2 + z2
=
∫ �

0
e−kz J0�k%�dk� for z > 0� (3.141)

with % = √

x2 +y2, which is a well-known formula due to Lipschitz (see [31,
eqn (4.11.13)] or [427, 6.623(1)]).

Multipole potentials with higher-order singularities at O can be constructed by hor-
izontal differentiation of �0

0. Thus, using Theorem 2.7, we have, for m= 0�1�2� � � � �
(





x
± i





y

)m

J0�k%�= �−k�m Jm�k%� e±im�� (3.142)
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where x= % cos� and y = % sin�. This suggests defining

�±m
0 �r�= e±im�

Km+1
$
∫ �

0
km+1 e−kz Jm�k%�

dk

k−K
(3.143)

for m= 0�1�2� � � �; in the far field,

�±m
0 �r�∼ �i e−Kz H�1�

m �K%� e±im� as % → �. (3.144)

The potentials ��m
j � with j ≥ 0 and all m are known as multipole potentials. They

are harmonic, satisfy the free-surface and radiation conditions, and are singular at the
origin. Axisymmetric wavefree potentials (�0

j ) were found by Havelock [488]. Mul-
tipole potentials can also be defined for water of constant finite depth, and with sin-
gularities at a submerged point, �x� y� z�= ���"� &�, instead of at �x� y� z�= �0�0�0�.
In particular, the wave source at ���"� &� is recognised as the fundamental solution
G�x� y� z� ��"� &�; see Section 3.18.1. For more information on three-dimensional
multipole potentials, see [1176] and [731, Appendix B]. For multipole potentials in
prolate spheroidal coordinates (with horizontal axis), see [907].

In order to obtain integral representations for the wavefree potentials, �m
j with

j ≥ 1, we shall use the following result.

Theorem 3.40 For 0 ≤ �m� ≤ n,

Pmn �cos��
rn+1

= 1
�n−m�!

∫ �

0
kn e−kz Jm�k%�dk� (3.145)

where z= r cos�, % = r sin � and z > 0.

Proof For m = n = 0, (3.145) reduces to (3.141). For 0 ≤ m ≤ n and n > 0, the
result (3.145) follows by combining (3.29), (3.141) and (3.142). For −n ≤ m < 0,
use (3.5) and J−m�w�= �−1�mJm�w�.

Theorem 3.40 is useful because it relates harmonic functions in two coordinate
systems, namely spherical and cylindrical polar coordinates. The formula (3.145)
itself is discussed in [1298, §13.21] and in [321, §7.8]. There are analogous formulae
for wavefunctions; see [133] for details.

Combining (3.138) and (3.145) gives

�±m
j �r�= e±im�

Km+2j+1

∫ �

0
�k+K�km+2j−1 e−kz Jm�k%�dk� (3.146)

for m= 0�1�2� � � � and j = 1�2� � � � �
We shall need to calculate various derivatives of �m

j and ̂�m
j , in both vertical

and horizontal directions. Formulae for these derivatives of the multipoles �m
j are

collected in the next theorem.
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Theorem 3.41 For vertical differentiation, we have

�
2/
z2��±m
0 = K2��±m

0 +�±m
1 �� (3.147)

�
2/
z2��±m
j = K2�±m

j+1� j = 1�2�3� � � � � (3.148)

For horizontal differentiation, let

�̃±
m =

(

k

K

)m

�±
m =

[−1
K

(





x
± i





y

)]m

� m= 0�1�2� � � � � (3.149)

see Definition 2.6 for the differential operators �±
m . Then

�̃+
m�

�
j =�

m+�
j � �̃−

m�
−�
j =�

−m−�
j � m≥ 0� �≥ 0� j ≥ 0� (3.150)

�̃+
m�

−�
0 =

{

�−1��
∑�

j=0�
m−�
j � 0 ≤ �≤m�

�−1�m
∑m

j=0�
m−�
j � 0 ≤m≤ ��

(3.151)

�̃−
m�

�
0 =

{

�−1��
∑�

j=0�
�−m
j � 0 ≤ �≤m�

�−1�m
∑m

j=0�
�−m
j � 0 ≤m≤ ��

(3.152)

�̃+
m�

−�
j =

{

�−1���m−�
�+j � 0 ≤ �≤m�

�−1�m�m−�
m+j � 0 ≤m≤ ��

j ≥ 1� (3.153)

�̃−
m�

�
j =

{

�−1����−m
�+j � 0 ≤ �≤m�

�−1�m��−m
m+j � 0 ≤m≤ ��

j ≥ 1� (3.154)

Proof The properties (3.147) and (3.148) are easily proved using the integral
representations (3.143) and (3.146).

Theorem 2.7, (3.140) and (3.143) immediately give

�̃±
m�

0
0 =�±m

0 � m= 0�1�2� � � � � (3.155)

Similarly, Theorem 2.9 gives

�̃+
m�

�
0 =�

m+�
0 and �̃−

m�
−�
0 =�

−m−�
0 (3.156)

for m≥ 0 and �≥ 0, which are (3.150) with j = 0.

Next, consider �̃+
m�

−�
0 = �̃+

m�̃
−
��

0
0 = �̃+

m−��̃
+
� �̃

−
��

0
0, using (3.155) and assum-

ing for the moment that 1 ≤ �≤m. But (cf. Lemma 2.8)

�̃+
� �̃

−
� �J0�k%��= �−k2/K2��J0�k%��

whence Theorem 2.7 and (3.140) give

�̃+
m�

−�
0 = �−1��

ei�m−���

Km+�+1
$
∫ �

0
km−�+1 e−kz Jm−��k%����k�dk�
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where

���k�= k2�

k−K
= K2�

k−K
+ k2� −K2�

k−K

= K2�

k−K
+K2��k+K�

�
∑

j=1

K−2jk2j−2�

and we have used the identities (2.94) and (2.95). Hence, the integral representations
(3.143) and (3.146) give the first of (3.151); the second of (3.151) and both of (3.152)
are proved similarly.

Moreover, by differentiating (3.151), (3.152) and (3.156) twice with respect to z,
we obtain formulae for the action of �̃±

m on �±�
j . For example, if we apply 
2/
z2

to the first of (3.156), using (3.147), we obtain

�̃+
m�K

2��
�
0 +�

�
1 ��= K2��

m+�
0 +�

m+�
1 ��

Hence, using (3.156)1 again, we obtain �̃+
m�

�
1 = �

m+�
1 . Further applications of


2/
z2, using (3.148), give the first of (3.150). The second of (3.150), as well as
(3.153) and (3.154), are all obtained similarly.

There are analogous formulae for the regular potentials ̂�m
j ; they are collected in

the next theorem.

Theorem 3.42 For vertical differentiation, we have

�
2/
z2�̂�±m
j = K2

̂�±m
j−1� j = 1�2�3� � � � � (3.157)

For horizontal differentiation, we have

�̃+
m
̂�
�
j =

{

̂�
m+�
j−m � 0 ≤m≤ j�

0� m > j�
�≥ 0� (3.158)

�̃−
m
̂�

−�
j =

{

̂�
−m−�
j−m � 0 ≤m≤ j�

0� m > j�
�≥ 0� (3.159)

�̃+
m
̂�

−�
j =

⎧

⎪

⎨

⎪

⎩

�−1�m ̂�m−�
j � 0 ≤m≤ �� j ≥ 0�

�−1��̂�m−�
j−m+�� 0 <m−�≤ j�

0� 0 ≤ j < m−��

(3.160)

�̃−
m
̂�
�
j =

⎧

⎪

⎨

⎪

⎩

�−1�m ̂��−m
j � 0 ≤m≤ �� j ≥ 0�

�−1��̂��−m
j−m+�� 0 <m−�≤ j�

0� 0 ≤ j < m−��

(3.161)

where �̃±
m is defined by (3.149).
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Proof The property (3.157) follows by using (3.135). From (3.136) and (3.139),
we easily obtain �̃+

1
̂�
�
j = ̂�

�+1
j−1 ; repeated application of �̃+

1 then yields the first of
(3.158). In particular,

�̃+
�
̂�
�
j = ̂�

2�
0 for j ≥ 0 and �≥ 0.

But, from (3.139) and (3.26), we have

̂�m
0 = �

1

2
K�m�1−Kz��x+ iy�m/m!�

whence �̃+
1
̂�m

0 = 0; this proves the second of (3.158). The formulae (3.159) are
obtained by complex conjugation of (3.158).

Next, consider �̃−
m
̂�
�
j . Using (3.137) and (3.139), we obtain �̃−

1
̂�
�
j = −̂��−1

j ;

repeated application of �̃−
1 then yields the first of (3.161). In particular, �̃−

�
̂�
�
j =

�−1��̂�0
j for j ≥ 0 and �≥ 0, where, from (3.139),

̂�0
j = K2j

�2j�!�̃
0
2j −

K2j+1

�2j+1�!�̃
0
2j+1�

Repeated use of (3.137) gives

�̃−
N
̂�0
j = �−1�N

{

�Kr�2j−N

�2j−2N�! Ỹ
−N
2j−N − �Kr�2j−N+1

�2j−2N +1�! Ỹ
−N
2j−N+1

}

�

But, using (3.5), we have

Ỹ−N
n �����= �−1�N

�n−N�!
�n+N�! P

N
n �cos�� e−iN��

whence �̃−
N
̂�0
j =̂�−N

j−N for 0 ≤N ≤ j. In particular, �̃−
j
̂�0
j =̂�

−j
0 , whence the second

of (3.159) shows that �̃−
N
̂�0
j = 0 for N > j ≥ 0. So, if m> �≥ 0, we have

�̃−
m
̂�
�
j = �̃−

m−��̃
−
�
̂�
�
j = �−1���̃−

m−�̂�
0
j �

and the second and third of (3.161) follow. The formulae (3.160) follow by complex
conjugation.

3.18.1 A fundamental solution for deep water

The function �0
0 corresponds to a wave source at the origin. More generally, we can

place the source at an arbitrary submerged point; the corresponding potential is a
fundamental solution, denoted by G. For deep water, we have

G�P�Q�≡G�x� y� z� ��"� &�= − 1

2�

(

1
R

+ 1
R′

)

− K

�
$
∫ �

0
e−k�z+&� J0�k'�

dk

k−K
(3.162)
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= − 1

2�R
− 1

2�
$
∫ �

0
e−k�z+&� J0�k'�

k+K

k−K
dk (3.163)

= − 1
2�

$
∫ �

0

{

e−k�z−&� + k+K

k−K
e−k�z+&�

}

J0�k'�dk� (3.164)

where R= �rP − rQ� = �'2 + �z−&�2�1/2, R′ = �'2 + �z+&�2�1/2 and '2 = �x−��2 +
�y−"�2. Equations (3.163) and (3.164) follow from (3.162) using (3.141).

Equation (3.163) shows that

G∼ −�2�R�−1 as R→ 0. (3.165)

In the far field, we have

G�x� y� z� ��"� &�∼ −iK e−K�z+&� H�1�
0 �K'� as '→ �. (3.166)

Notice that G�P�O�= −�K/���0
0�r�, where �0

0 is defined by (3.140).
The construction of G can be found in [1303, pp. 475–478], together with the

analogous formula for constant finite depth. See also the Appendix to John’s famous
paper [559] and [675, §1.1].

Theorem 3.43 (Martin [780]) Suppose that R = �rP − rQ� with �rP � < �rQ�. Then
the three-dimensional deep-water fundamental solution G�P�Q�, defined by (3.162),
has the expansion

G�rP� rQ�= K

�

�
∑

n=0

�
∑

m=−�
�−1�m+1�−m

n �rP��
m
n �rQ�� (3.167)

where

�±m
n �r�=

�
∑

l=0

̂�±m
n+l�r�� m= 0�1�2� � � � � (3.168)

Proof Fix the point P = �x� y� z�. We choose �m0 �x� y� z� so that

G�x� y� z� ��"� &�+ K

�

�
∑

m=−�
�−1�m�−m

0 �x� y� z��m
0 ���"� &�≡H� (3.169)

say, is wavefree as ( =√

�2 +"2 → �. From (2.30), we have

H
�1�
0 �K'�=

�
∑

m=−�
�−1�mH�1�

m �K(�Jm�K%� eim��−�� for (> % ,

where � =( cos� and "=( sin�. Hence, making use of (3.166) and (3.144), we
obtain

�±m
0 �x� y� z�= e−Kz Jm�K%� e±im�� m= 0�1�2� � � � � (3.170)
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As H is wavefree, harmonic and satisfies the free-surface condition, it must have
an expansion in terms of wavefree potentials. To find this expansion, we first use
(3.143) and (3.170) to obtain

�
∑

m=−�
�−1�m�−m

0 �m
0 = e−Kz

�
∑

m=0

�mJm�K%� cosm��−��

× �−1�m

Km+1
$
∫ �

0
e−k&Jm�k(�

km+1

k−K
dk�

where �0 = 1 and �m = 2 for m> 0. Next, assuming for now that z < & , (3.164) and
(2.15) give

G= − 1
�

�
∑

m=0

�m �−1�m cosm��−��

×$
∫ �

0

(

cosh kz+ K e−kz

k−K

)

e−k& Jm�k%�Jm�k(�dk�

Hence,

H = − 1

�

�
∑

m=0

�m �−1�m cosm��−��$
∫ �

0
e−k& Jm�k(�Gm dk� (3.171)

where

Gm = Jm�k%� cosh kz+ 1

k−K

{

Ke−kzJm�k%�−
km+1

Km
e−KzJm�K%�

}

=
�
∑

q=0


m
q

Pmm+q�cos��

�2m+q�! � (3.172)

where


m
q = 1

2
�1+ �−1�q��kr�m+q + �−r�q�kr�m Kk

q −kKq

k−K

and we have used the following result.

Lemma 3.44 (Thorne [1176]) For m= 0�1�2� � � � �

e±kz Jm�k%�=
�
∑

q=0

�±1�q

�2m+q�! �kr�
m+q Pmm+q�cos��� (3.173)

Proof For m= 0, (3.173) reduces to

e±kz J0�k%�=
�
∑

q=0

�±1�q

q! �kr�q Pq�cos��� (3.174)

For % = 0, this formula reduces further to the known power series for e±kz, and so
(3.174) is valid as both sides are axisymmetric harmonic functions; see, for example,



116 Addition theorems in three dimensions

[597, p. 255] or [549, §3.3]. For m > 0, we differentiate (3.174) using (3.142) and
(3.136) to give

e±kz �−k�m Jm�k%� eim� =
�
∑

q=0

�±k�q
q!

(





x
+ i





y

)m

Ỹ 0
q

= �−1�m eim�
�
∑

q=0

�±k�q
q! rq−m Pmq−m�cos���

But Pmn ≡ 0 for m> n and so the first 2m terms in the summation are zero; replacing
q by q+2m then gives the result.

For another proof of (3.173), see [1045, p. 780].
Returning to (3.172), we can see that the q = 0 and q = 1 terms are both zero. For

q > 1, we have

Kkq −kKq = �k−K�
q−1
∑

s=1

ksKq−s�

and so, if we define

Fqs = �−r�q�kr�m
�2m+q�! k

sKq−s Pmm+q�cos���

we obtain

Gm =
�
∑

j=1

F2j�2j +
�
∑

q=2

q−1
∑

s=1

Fqs =
�
∑

j=1

F2j�2j +
�
∑

s=1

�
∑

q=s+1

Fqs

=
�
∑

j=1

F2j�2j +
�
∑

j=1

( �
∑

q=2j+1

Fq�2j +
�
∑

q=2j

Fq�2j−1

)

=
�
∑

j=1

�
∑

q=2j

�Fq�2j +Fq�2j−1�=
�
∑

j=1

�
∑

s=0

�F2j+s�2j +F2j+s�2j−1�

=
�
∑

j=1

�
∑

s=0

�−1�s�Kr�m+2j+s

�2m+2j+ s�! Pmm+2j+s�cos��
�k+K�

Km+2j
km+2j−1�

Substituting in (3.171), using (3.146) and 2 cosm��−�� = eim�e−im� + e−im�eim�,
gives

H = K

�

�
∑

j=1

�
∑

m=−�
�−1�m+1�−m

j �rP��
m
j �rQ�� (3.175)

where

�±m
j = e±im�

�
∑

s=0

�−1�s
�Kr�m+2j+s

�2m+2j+ s�! P
m
m+2j+s�cos��=

�
∑

l=0

̂�±m
j+l� (3.176)
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The result (3.167) follows by combining (3.169) and (3.175), assuming that z < & .
However, both sides of (3.167) are regular harmonic functions for �rP �< �rQ�, and so
analytic continuation implies that the expansion (3.167) is valid for all points P and
Q satisfying �rP � < �rQ�. Finally, note that Lemma 3.44 shows that (3.176) reduces
to (3.170) when j = 0, so that the definition (3.168) holds for j = 0�1�2� � � �

As a special case of Theorem 3.43, put P at a point O2 in the free surface; let c be
the position vector of O2 with respect to O. Then, as G�O2�Q�= −�K/���0

0�rQ−c�,
we obtain

�0
0�rQ − c�=

�
∑

n=0

�
∑

m=−�
�−1�m�−m

n �c��m
n �rQ�� �c�< �rQ�� (3.177)

This formula will be used in the proof of an addition theorem for three-dimensional
multipole potentials; see Theorem 3.46.

3.18.2 Addition theorems

Let O1 and O2 be two origins in the free surface. Let rj be the position vector of a
general point P with respect to Oj , for j = 1�2. Let b be the position vector of O1

with respect to O2, so that r2 = r1 +b.
Our addition theorems for �±m

n involve the functions �±m
n , defined by (3.168); in

particular, �±m
0 is given by (3.170). The functions �±m

n are harmonic and regular,
and they satisfy the free-surface boundary condition. The definition (3.168) yields

�±m
n −�±m

n+1 = ̂�±m
n � n= 0�1�2� � � � � (3.178)

Various derivatives of �mn are collected in the next theorem.

Theorem 3.45 For vertical differentiation, we have

�
2/
z2��±m
0 = K2�±m

0 and �
2/
z2��±m
n = K2�±m

n−1� (3.179)

for n = 1�2�3� � � � � For horizontal differentiation, using the operator �̃±
m defined

by (3.149), we have

�̃+
m�

�
n =

{

�m+�
n−m � 0 ≤m≤ n�

�
m+�
0 � 0 ≤ n≤m�

�≥ 0� (3.180)

�̃−
m�

−�
n =

{

�−m−�
n−m � 0 ≤m≤ n�

�
−m−�
0 � 0 ≤ n≤m�

�≥ 0� (3.181)

�̃+
m�

−�
n =

⎧

⎨

⎩

�−1�m�m−�
n � 0 ≤m≤ ��

�−1���m−�
n−m+�� 0 ≤m−�≤ n� �≥ 0�

�−1���m−�
0 � 0 ≤ n≤m−�� �≥ 0�

(3.182)

�̃−
m�

�
n =

⎧

⎨

⎩

�−1�m��−m
n � 0 ≤m≤ ��

�−1����−m
n−m+�� 0 ≤m−�≤ n� �≥ 0�

�−1����−m
0 � 0 ≤ n≤m−�� �≥ 0�

(3.183)
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Proof The formulae (3.179) are a consequence of (3.157) and (3.170). The formulae
(3.180)–(3.183) follow by applying Theorem 3.42 to the definition (3.168).

Now, we can state the addition theorem for multipole potentials.

Theorem 3.46 Let r2 = r1 +b. For n= 0�1�2� � � �, and for all m,

�m
n �r2�=

�
∑

�=0

�
∑

�=−�
̂Sm�n� �b��

�
� �r1� for r1 > b, (3.184)

�m
n �r2�=

�
∑

�=0

�
∑

�=−�
Sm�n� �b��

�
� �r1� for r1 < b. (3.185)

The quantitieŝSm�n� and Sm�n� are defined as follows:

̂S
0�
0� �b�= �−1���−�

� �−b�� ̂S0�
n� �b�= �−1��̂�−�

�−n�−b�� � ≥ n�

̂S0�
n� �b�= 0� 0 ≤ � < n� n≥ 1�

̂S
m�
0� �b�=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

�−1���m−�
0 � �≤ −1� 0 ≤ � ≤m�

�−1���m−�
�−m � �≤ −1� � ≥m+1�

�
m−�
0 � 0 ≤ �≤m−1� 0 ≤ � ≤m−��

�
m−�
�+�−m� 0 ≤ �≤m−1� � ≥m−�+1�
�−1�m+��m−�

� � �≥m� � ≥ 0�

̂S
−m��
0� �b�=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

�−1�m+��−m−�
� � �≤ −m� � ≥ 0�

�
−m−�
0 � −m+1 ≤ �≤ 0� 0 ≤ � ≤m+��

�−m−�
�−�−m� −m+1 ≤ �≤ 0� � ≥m+�+1�
�−1���−m−�

0 � �≥ 1� 0 ≤ � ≤m�

�−1���−m−�
�−m � �≥ 1� � ≥m+1�

̂S
m�
1� �b�=̂Sm�0��−1�b�−̂Sm�0� �b�� � ≥ 1� ̂S

m�
10 �b�= 0�

̂S
m�
j� �b�=̂Sm�1��−j+1�b�� � ≥ j ≥ 1�

̂S
m�
j� �b�= 0� 0 ≤ � ≤ j−1� j ≥ 1�

S
0�
0� �b�= �−1���−�

� �−b�� S
0�
n0 �b�= �−1���−�

n �−b��

S0�
n� �b�= �−1��

(

�
−�
�+n−�

−�
�+n−1

)

� � ≥ 1� n≥ 1�

S
m�
0� �b�=

⎧

⎨

⎩

�−1���m−�
� � �≤ −1� � ≥ 0�

�
m−�
�+� � 0 ≤ �≤m−1� � ≥ 1�

�−1�m+��m−�
�+m � �≥m� � ≥ 1�
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Sm�00 �b�=
{ ∑�

j=0�
m−�
j � 0 ≤ �≤m−1�

�−1�m+�∑m
j=0�

m−�
j � �≥m�

S
−m��
0� �b�=

⎧

⎨

⎩

�−1�m+��−m−�
�+m � �≤ −m� � ≥ 1�

�
−m−�
�+� � −m+1 ≤ �≤ 0� � ≥ 1�

�−1���−m−�
� � �≥ 1� � ≥ 0�

S
−m��
00 �b�=

{

�−1�m+�∑m
j=0�

−m−�
j � �≤ −m�

∑−�
j=0�

−m−�
j � −m+1 ≤ �≤ 0�

S
m�
1� �b�= S

m�
0��+1�b�−S

m�
0� �b�� � ≥ 1� S

m�
10 �b�= S

m�
01 �b��

S
m�
j+1�0�b�= S

m�
j0 �b�+S

m�
j1 �b�� j ≥ 1�

S
m�
j+1���b�= S

m�
j��+1�b�� j ≥ 1� � ≥ 1�

In the formulae for̂S±m��
0� and S±m��

0� , the integer m satisfies m≥ 0.

Proof When n=m= 0, (3.184) reduces to

�0
0�r2�=

�
∑

�=0

�
∑

�=−�
�−1���−�

� �−b���
� �r1�� r1 > b� (3.186)

which is (3.177): it is a special case of the bilinear expansion of G (Theorem 3.43).
To prove (3.184) for n= 1 and m= 0, we differentiate (3.186) twice with respect to
z, using (3.147) and (3.148), giving

�0
0�r2�+�0

1�r2�=
�
∑

�=−�
�−1���−�

0 ��
�
0 +�

�
1 �

+
�
∑

�=1

�
∑

�=−�
�−1���−�

� �
�
�+1

=
�
∑

�=−�
�−1���−�

0 �
�
0 +

�
∑

�=1

�
∑

�=−�
�−1���−�

�−1�
�
� �

Making use of (3.186), we obtain

�0
1�r2�=

�
∑

�=1

�
∑

�=−�
�−1����−�

�−1 −�−�
� ���

� �r1�� (3.187)

which gives the stated result for n = 1 and m = 0, once (3.178) has been used.
For n > 1 and m= 0, repeatedly differentiate (3.187) twice with respect to z, using
(3.148).

Next, we apply �̃+
m to (3.186), which we write as

�0
0�r2�=

�
∑

s=0

�
∑

�=0

�−1�s�−s
� �−b��s

��r1�+
�
∑

s=1

�
∑

�=0

�−1�s�s��−b��−s
� �r1��
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Then, applying �̃+
m , using (3.151), (3.150)1 and (3.153), gives

�m
0 �r2�=

�
∑

s=0

�
∑

�=0

�−1�s�−s
� �

m+s
�

+
m
∑

s=1

{

�s0

s
∑

n=0

�m−s
n +

�
∑

n=1

�sn�
m−s
n+s

}

+
�
∑

s=m+1

�−1�m+s
{

�s0

m
∑

n=0

�m−s
n +

�
∑

n=1

�sn�
m−s
n+m

}

=
�
∑

�=m

�
∑

�=0

�−1�m+��m−�
� ��

�

+
m−1
∑

�=0

{

�m−�
0

m−�
∑

�=0

��
� +

�
∑

�=m+1−�
�
m−�
�−m+��

�
�

}

+
−1
∑

�=−�
�−1��

{

�m−�
0

m
∑

�=0

��
� +

�
∑

�=m+1

�m−�
�−m�

�
�

}

�

The result for �−m
0 is obtained similarly, using �̃−

m .
At this stage, we have obtained

�m
0 �r2�=

�
∑

�=0

�
∑

�=−�
̂S
m�
0� �b��

�
� �r1�� (3.188)

valid for r1 > b and for all integers m. Further results are obtained by repeated
applications of 
2/
z2. One application gives

�m
0 �r2�+�m

1 �r2�=
�
∑

�=−�

{

̂S
m�
00 ��

�
0 +�

�
1 �+

�
∑

�=1

̂S
m�
0� �

�
�+1

}

�

using (3.147) and (3.148). Hence, using (3.188), we obtain

�m
1 �r2�=

�
∑

�=1

�
∑

�=−�

(

̂S
m�
0��−1 −̂Sm�0�

)

��
� �r1��

and this defineŝSm�1� . Repeated differentiation then gives

�m
j �r2�=

�
∑

�=j

�
∑

�=−�
̂S
m�
1��−j+1�b��

�
� �r1�� for j ≥ 1.

This completes the proof of (3.184).
To prove (3.185), we start from

�0
0�r2�=

�
∑

�=0

�
∑

�=−�
�−1���−�

� �−b���� �r1�� r1 < b� (3.189)
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which also follows from Theorem 3.43. Repeated applications of 
2/
z2, using
(3.147), (3.148) and (3.179), give

�0
n�r2�=

�
∑

�=−�
�−1��

{

�−�
n �

�
0 +

�
∑

�=1

(

�
−�
�+n −�

−�
�+n−1

)

��� �r1�

}

�

and this defines S0�
n� . Next, we apply �̃+

m to (3.189), using (3.180) and (3.182); this
gives Sm�0� for m > 0. Similarly, use of �̃−

m , (3.181) and (3.183) gives S−m��
0� for

m > 0. Finally, repeated applications of 
2/
z2 to the addition formulae for �±m
0 ,

using (3.147), (3.148) and (3.179), give Sm�n� for n > 0.



4
Methods based on separation of variables

Today, the separation of variables derivations � � � are only of academic interest.
(Burke & Twersky [163, p. 501])

4.1 Introduction

The method of separation of variables can be used to study acoustic scattering by
a single obstacle, provided its surface coincides with a coordinate surface. In fact,
the Helmholtz equation separates in eleven three-dimensional coordinate systems;
see [41] for a review. Of these eleven, only six are useful for bounded obstacles:
circles and ellipses in two dimensions; spheres, prolate spheroids, oblate spheroids
and ellipsoids in three dimensions.

For two, or more, obstacles, we can proceed by combining separable solutions
appropriate to each obstacle with an appropriate addition theorem. This method was
used by Záviška in 1913 [1372] for two-dimensional scattering by circular cylinders.
It is exact, and leads to an infinite system of simultaneous algebraic equations.

Despite the opening quotation (from 1964), the method is widely used, probably
because it is both conceptually simple and numerically effective. Consequently, we
give a detailed derivation for acoustic scattering by several circular cylinders and by
several spheres, and then we discuss various extensions of the method.

4.2 Separation of variables for one circular cylinder

Consider a circular cylinder of radius a. Choose Cartesian coordinates �x� y�, with
the origin O at the centre of a typical cross-section, and plane polar coordinates
�r� ��, so that x = r cos � and y = r sin �.

We suppose that a plane wave is incident upon the cylinder, so that

uinc = eik�x cos �+y sin �� = eikr cos ��−���
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where � is the angle of incidence. From the Jacobi expansion (2.17), we have

eiw cos � =
�
∑

n=−�
inJn�w� ein� =

�
∑

n=0

	ninJn�w� cos n�� (4.1)

where 	n is the Neumann factor: 	0 = 1 and 	n = 2 for n ≥ 1. Hence

uinc =
�
∑

n=−�
inJn�kr� ein��−�� =

�
∑

n=0

	ninJn�kr� cos n�� −��� (4.2)

Now, in plane polar coordinates, the Helmholtz equation has separated solutions
of the form

Jn�kr� e±in� and Yn�kr� e±in��

In order to satisfy the radiation condition at infinity, we take the combination


Jn�kr�+ iYn�kr��e±in� ≡ H�1�
n �kr� e±in��

since the Hankel function H�1�
n satisfies (2.28) giving rise to a cylindrical wave that

propagates outwards (this is where we take note of the assumed time dependence,
e−i�t). Furthermore, in order to have the same symmetries as the incident wave, we
take the combination

usc =
�
∑

n=0

	ninBnHn�kr� cos n�� −��� (4.3)

where, from now on, we write Hn for H�1�
n . So, for any choice of the coefficients Bn,

the expression on the right-hand side of (4.3) satisfies the two-dimensional Helmholtz
equation and the radiation condition (subject only to the convergence of the series
in (4.3)).

To complete the problem, we require a boundary condition on the cylinder. This
is usually given in terms of the total field u, defined by

u = uinc +usc�

In the sequel, we are mainly concerned with sound-hard bodies, for which


u


r
= 0 on r = a. (4.4)

Differentiating (4.2) and (4.3), and setting r equal to a gives
�
∑

n=0

	nk in 
J ′
n�ka�+BnH

′
n�ka�� cos n�� −�� = 0� −� ≤ � < ��

where J ′
m�w� = �d/dw�Jm�w� and H ′

m�w� = �d/dw�Hm�w�. Then, orthogonality of
the trigonometric functions implies that the expression inside the braces must be zero
for each n, whence

Bn = − J ′
n�ka�

H ′
n�ka�

(4.5)
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and then the scattered field is given everywhere in r ≥ a by (4.3). In particular, the
expression for the total field on the cylinder simplifies to

u�a��� = 2i
�ka

�
∑

n=0

	n

in

H ′
n�ka�

cos n�� −���

having made use of the Wronskian for Bessel functions,

Jm�z�Y ′
m�z�− J ′

m�z�Ym�z� = 2/��z�� (4.6)

For sound-soft bodies, the boundary condition is

u = 0 on r = a. (4.7)

The corresponding solution for the scattered field is also given by (4.3), but with

Bn = − Jn�ka�

Hn�ka�
� (4.8)

4.2.1 The far field

The scattered field far from a cylinder is characterised by its far-field pattern.

Definition 4.1 Let r be the position vector of the point at �x� y� with respect to
the origin O. Let r = �r� and r̂ = r/r. For two-dimensional problems, the far-field
pattern, f , is defined by

usc�r� ∼
√

2

�
e−i�/4 eikr

√
kr

f�r̂� as r → �. (4.9)

The factor �2/��1/2e−i�/4 is convenient as it leads to simpler formulae for f ; it is
sometimes absorbed into f , as is the factor k−1/2.

The far-field pattern f�r̂� ≡ f��� gives the field scattered in the direction of the
unit vector r̂ = �cos �� sin ��. If the incident field is a plane wave, propagating in the
direction �, we write f�����. Notice that Definition 4.1 holds for any incident field,
for cylinders of any cross-section, and for any finite number of cylinders.

With our definition of f , we obtain

f����� =
�
∑

n=0

	nBn cos n�� −��� (4.10)

where we have used (2.28) in (4.3). The coefficients Bn are given by (4.5) and (4.8)
for hard and soft circular cylinders, respectively.

4.2.2 Literature

It was Fourier who first solved boundary-value problems for second-order partial
differential equations by the method of separation of variables, as expounded in
his famous essay, Théorie analytique de la chaleur, published in 1822 [358]; for an
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extract and a discussion, see [705, Chapter 13]. Specific applications to the Helmholtz
equation exterior to a circular cylinder are given in many places, including [1010,
§§341–343], [682, §304], [690], [884, pp. 1376–1379], [564, §8.6], [885, §8.1], [135,
Chapter 2] and [944, Chapter II, §1].

4.3 Notation

For scattering by a single cylinder, it is often useful to exploit symmetries. In
particular, this motivates the use of trigonometric functions: cos n� is symmetric
about � = 0, whereas sin n� is antisymmetric about � = 0. However, for multiple-
scattering problems, symmetry is less important and many formulae turn out to be
simpler when expressed using exponentials. So, it is convenient to introduce the
notation of Definition 2.13:

�n�r� = Hn�kr� ein�� �̂n�r� = Jn�kr� ein�� n = 0�±1�±2� � � � �

The functions �n�r� and �̂n�r� are separated solutions of the Helmholtz equation
in plane polar coordinates. �n�r� satisfies the radiation condition at infinity and is
singular at r = �r� = 0: we call �n an outgoing cylindrical wavefunction. �̂n�r� is
regular at r = 0: we call �̂n a regular cylindrical wavefunction. Properties of �n and
�̂n are given in Section 2.6.

With the above notation, we can reconsider the problem of scattering by one
circular cylinder. Thus, the incident wave can be expanded as

uinc =∑

m

dm�̂m�r�� (4.11)

where the notation implies that the summation is from m = −� to m = �, and

dm = ime−im�� (4.12)

Similarly, the scattered field can be expanded as

usc =∑

m

cm�m�r�� (4.13)

Application of the boundary condition (4.4) on r = a shows that cm and dm are
related by

cmH ′
m�ka�+dmJ ′

m�ka� = 0� m = 0�±1�±2� � � � � (4.14)

this relation determines the coefficients cm in terms of the known coefficients dm:

cm =∑

n

Tmndn� (4.15)

where

Tmn = − �J ′
m�ka�/H ′

m�ka���mn (4.16)
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and �ij is the Kronecker delta (�ij = 0 if i �= j and �ij = 1 if i = j). Although the
matrix T with entries Tmn used to be called the transition matrix, it is now invariably
called the T-matrix! We will discuss its properties in detail in Chapter 7; here, we
simply note that, for this simple example, T is a diagonal matrix.

For a sound-soft cylinder, the corresponding T -matrix has entries

Tmn = − �Jm�ka�/Hm�ka���mn� (4.17)

In terms of the T -matrix, the far-field pattern is given by

f��� =∑

n

∑

m

�−i�n ein� Tnm dm� (4.18)

where we have used (4.10), (4.13) and (2.28). For circular cylinders, the T -matrix is
diagonal, and so (4.18) simplifies. However, the formula (4.18) is general: it holds
for cylinders of any cross-section once the corresponding T -matrix is known.

4.4 Multipole method for two circular cylinders

Let O be the origin of two-dimensional Cartesian coordinates, so that a typical point
has position vector r = �x� y� with respect to O. Consider two circular cylinders,
Sj , j = 1� 2. The circle Sj has radius aj and centre Oj at r = bj. Define plane polar
coordinates �rj� �j� at Oj , so that r = rj +bj with rj = rj�cos �j� sin �j�. See Fig. 4.1.

The given incident field uinc is scattered by the cylinders. We assume that, in the
neighbourhood of each cylinder (including the interior of each cylinder), uinc is a
regular solution of the Helmholtz equation, so that

uinc =∑

m

dj
m�̂m�rj�� j = 1� 2� (4.19)

The coefficients dj
m are known in terms of uinc.

Generalising (4.13), we express the scattered field as an infinite sum of multipoles
at the centre of each circle,

usc =∑

m

c1
m�m�r1�+∑

m

c2
m�m�r2�� (4.20)

This representation will be justified later; clearly it provides a radiating solution of
the Helmholtz equation for any reasonable choice of the coefficients c1

m and c2
m.

These coefficients will now be determined by applying the boundary condition on
each cylinder.

Consider the cylinder S1. In order to use the boundary condition on r1 = a1, we
must express each term as a function of �1. Thus, we must express �m�r2� in terms of
functions of r1. Now, in the neighbourhood of O1, �m�r2� is a regular solution of the
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Fig. 4.1. Notation for scattering by two circular cylinders.

Helmholtz equation; hence, it can be expanded in terms of �̂n�r1�. Let r2 = r1 + b,
where b = b1 −b2 is the position vector of O1 with respect to O2. Then, we have

�m�r2� =∑

n

Smn�b� �̂n�r1� for r1 < b = �b�, (4.21)

this inequality coming from the fact that the left-hand side of (4.21) is singular when
r1 = −b.

The matrix S�b� is known explicitly; its entries are given by

Smn�b� = �m−n�b� = Hm−n�kb� ei�m−n���

where b = �b cos ��b sin ��. The formula (4.21) is Graf’s addition theorem in disguise
[1298, §11.3]; see (2.34) and Theorem 2.12.

Returning to (4.20), we use the addition theorem (4.21) to expand the scattered
field near S1. When combined with (4.19), we obtain

u =∑

m

{

d1
m�̂m�r1�+ c1

m�m�r1�
}

+∑
m

c2
m

∑

n

Smn�b� �̂n�r1�

=∑

m

{

d1
m�̂m�r1�+ c1

m�m�r1�+ �̂m�r1�
∑

n

Snm�b� c2
n

}
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for r1 < b. Next, we apply the boundary condition on S1. Assuming that S1 is sound-
hard, we differentiate with respect to r1, set r1 equal to a1 and use orthogonality of

eim�1� to give, for m = 0�±1�±2� � � � �

c1
mH ′

m�ka1�+ J ′
m�ka1�

∑

n

Snm�b� c2
n = −d1

mJ ′
m�ka1�� (4.22)

If we assume that the other cylinder, S2, is also sound-hard, a similar argument
gives, for m = 0�±1�±2� � � � �

c2
mH ′

m�ka2�+ J ′
m�ka2�

∑

n

Snm�−b� c1
n = −d2

mJ ′
m�ka2�� (4.23)

Equations (4.22) and (4.23) form a coupled infinite system of simultaneous linear
algebraic equations for the coefficients c1

m and c2
m, m = 0�±1�±2� � � � . The literature

on this system is discussed in Section 4.5.1.

4.5 Multipole method for N circular cylinders

The method described in Section 4.4 extends easily to N circular cylinders, Sj ,
j = 1� 2� � � � �N . The circle Sj has radius aj and centre Oj at �x� y� = ��j��j�. As
before, plane polar coordinates �rj� �j� are defined at Oj , with �j = 0 being in the
x-direction.

The scattered field is expressed as

usc =
N
∑

j=1

∑

m

cj
m�m�rj�� (4.24)

which is an infinite number of outgoing cylindrical wavefunctions at the centre of
each circle, with unknown coefficients cj

m.
Using the addition theorem (4.21), we find that the total field in the vicinity of Sl

is given by

u =∑

m

{

dl
m�̂m�rl�+ cl

m�m�rl�+ �̂m�rl�
N
∑

j=1
j �=l

∑

n

Snm�blj� cj
n

}

(4.25)

for rl < bl, where

bl = min
1≤j≤N
j �=l

�blj� (4.26)

and blj is the position vector of Ol relative to Oj (so that bjl = −blj).
Let us assume that all the cylinders are sound-hard. Then, application of the

boundary condition on Sl gives

cl
mH ′

m�kal�+ J ′
m�kal�

N
∑

j=1
j �=l

∑

n

Snm�blj� cj
n = −dl

mJ ′
m�kal�� (4.27)
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for m = 0�±1�±2� � � � and l = 1� 2� � � � �N . This is an algebraic system of equations
for the coefficients cl

m. It reduces to (4.22) and (4.23) when N = 2, and to (4.14)
when N = 1. If the system (4.27) can be solved, its solution will yield an exact
solution for multiple scattering by N circular cylinders – no approximations have
been made.

Similar systems can be derived for sound-soft cylinders, and for any combination of
soft and hard cylinders. Indeed, the method works for impedance boundary conditions
and also for penetrable cylinders. The latter situation leads to a transmission problem,
in which acoustic fields also exist inside each cylinder and are coupled to the exterior
field through appropriate transmission conditions on the surfaces of each cylinder;
see Section 1.3.3.

4.5.1 Literature

The multipole method, leading to the algebraic system (4.27), was apparently devised
by Záviška [1372]. In fact, Záviška treated the corresponding transmission problem.

Row [1035] derived the system (4.27) (for sound-soft cylinders) by specialising
an integral equation for cylinders of arbitrary cross-section to circular cylinders; the
integral equation is (5.74).

Záviška’s method has been rediscovered and used by many subsequent authors
for a variety of scalar problems. For two cylinders, see [932, 934, 513, 748, 1136,
1365, 864, 1074, 1195, 1367, 108, 1034]. For more than two cylinders, see [933,
995, 1335, 180] from the 1970s, [456, 996, 997, 387] from the 1980s, [700, 726, 97,
607, 311, 1329, 330, 273, 274, 1328] from the 1990s, and [1171, 1322, 190, 1101]
since 2000. There is also a description of the method in [731, §6.1]. For example,
several authors have used Záviška’s method to study scattering by identical circles
centred at the vertices of a regular polygon: for three circles, see [387, 274, 1328];
for four circles, see [726]; for five and six circles, see [330]. Radlinski & Meyers
[995] studied similar problems with an additional (larger) circle at the centre of the
polygon; see also [410, 721]. Duclos & Clément [298] have considered scattering by
regular arrangements of 16 and 38 identical circular cylinders, and then examined
the effect of small perturbations in the geometrical arrangement. In [722], the authors
examine scattering by clusters of identical circular cylinders, where the cylinders are
free to move in response to the incident wave. For an infinite grating of circular
cylinders, see [727] and references therein.

Grote & Kirsch [444] have developed a numerical method for scattering by N

cylinders, in which each cylinder is enclosed by a circular cylinder. (The circular
cylinders are assumed to be disjoint.) The region exterior to the circular cylinders
is treated using Záviška’s method. The region between each pair of cylinders is
treated using finite elements or finite differences. One can regard Záviška’s method
as providing a boundary condition for the numerical method employed in each of
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the N bounded interior regions. Numerical results for scattering by two soft elliptic
cylinders are given.

For transmission problems, a variety of interface conditions on rj = aj can be
imposed; see, for example, the paper by Shindo & Togawa [1102], where certain
imperfect interfaces are modelled. By using interface conditions on rj = aj that vary
with �j , scattering by an array of thin curved screens can be analysed [1362]. A similar
method can be used for scattering by two (or more) circular cylinders in the flat inter-
face between two acoustic half-planes; one of the half-planes may be empty [1368].

The orders-of-scattering approach to the problem of scattering by N circular
cylinders was described in detail by Twersky [1196]. He specialised his results
to a line of cylinders with collinear centres and to a pair of identical cylinders
[1197]. However, Radlinski & Meyers [995] found difficulties with this approach:
‘An attempt to obtain the unknown series coefficients from an iterative [orders-of-
scattering] technique [based on [1196]] was abandoned because of the difficulty in
obtaining convergence for problems involving many closely spaced scatterers’ [995,
p. 842].

4.5.2 Properties of the system (4.27)

From (4.27), we see that cl
m must be proportional to J ′

m�kal�; in particular, cl
m and cl

−m

both vanish whenever kal is such that J ′
m�kal� = 0. This suggests defining modified

coefficients c̃l
m by

cl
m = c̃l

m J ′
m�kal��

whence (4.27) becomes

c̃l
mH ′

m�kal�+
N
∑

j=1
j �=l

∑

n

Snm�blj� J ′
n�kaj� c̃j

n = −dl
m� (4.28)

for m = 0�±1�±2� � � � and l = 1� 2� � � � �N . Similarly, from (4.25), the total field in
the vicinity of Sl is given by

u =∑

m

{

dl
m�̂m�rl�+ c̃l

mJ ′
m�kal��m�rl�

+ �̂m�rl�
N
∑

j=1
j �=l

∑

n

Snm�blj� J ′
n�kaj� c̃j

n

}

(4.29)

for rl < bl. It was observed by Linton & Evans [726] that the double sum inside the
braces in (4.29) can be eliminated, using the system (4.28); the result is

u =∑

m

c̃l
m

{

J ′
m�kal��m�rl�−H ′

m�kal� �̂m�rl�
}

(4.30)
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for rl < bl. This formula makes it much simpler to evaluate the field near Sl, once
the coefficients c̃l

m have been found. In particular, when rl = al, we have

u�al� �l� = − 2i
�kal

∑

m

c̃l
m eim�l

for 0 ≤ �l < 2�, after using the Wronskian relation (4.6).

4.5.3 Numerical solution of the system (4.27)
Without the use of large-scale automatic computing machinery, it would be
impractical to compute the solutions to the system (4.27) [for two cylinders] for
any appreciable range of radii and spacings.

(Row [1035, p. 674])

Despite this pessimistic quotation, it turns out that Záviška’s method is very efficient
for numerical calculations. Of course, the infinite system (4.27), or (4.28), must be
truncated: for example, (4.28) should be truncated to the system

c̃l
mH ′

m�kal�+
N
∑

j=1
j �=l

M
∑

n=−M

Snm�blj� J ′
n�kaj� c̃j

n = −dl
m�

for m = 0�±1�±2� � � � �±M and l = 1� 2� � � � �N . This is a system of N�2M + 1�

equations in N�2M +1� unknowns. However, simplifications are possible if symmetry
can be exploited.

Row [1035] was the first to solve (4.27) numerically. He considered two identical
cylinders, of radius a, centred at �x� y� = �0�± 1

2 b�; the incident field was generated
by a line-source at �x� y� = �x0� 0�, so that

uinc�x� y� = H
�1�
0

(

k
√

�x−x0�
2 +y2

)

�

For this symmetric configuration, we have

c1
n = c2

−n�

Thus, the truncated form of (4.22) appropriate to sound-soft cylinders reduces to

c1
mHm�ka�+ Jm�ka�

M
∑

n=−M

Snm�b� c1
−n = −d1

mJm�ka�� (4.31)

for m = 0�±1�±2� � � � �±M . This is a system of �2M + 1� equations in �2M + 1�

unknowns. Row [1035] solved it for ka = 2 and b/a = � with M = 6 (his Fig. 6).
As the quotation above suggests, this was a formidable calculation (using desk
calculators and three assistants) in 1953. Moreover, the results were shown to be in
excellent agreement with experiments.
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Linton & Evans [726] found that taking M = 6 gave results accurate to four
significant figures, except when the cylinders were very close together. See also
[731, §6.1], where some of the numerical results in [726] are corrected.

Instead of solving the system (4.27) directly, one could try to solve it iteratively
[1360]. This is equivalent to an orders-of-scattering approach.

4.6 Separation of variables for one sphere

Consider acoustic scattering by a sphere of radius a. Let �r� ���� be spherical polar
coordinates with origin at the sphere’s centre. We suppose that a plane wave is
incident on the sphere, so that

uinc�r� = exp �ikr · �̂� � (4.32)

where r = �x� y� z� and �̂ is a unit vector in the direction of propagation. (As the
problem is axisymmetric, we could simplify the following calculations by taking �̂

along the z-axis. However, we want to illustrate how we might proceed in more
general situations.) From (3.69), we have

uinc�r� = 4�
�
∑

n=0

n
∑

m=−n

injn�kr�Y m
n �r̂�Y m

n ��̂�� (4.33)

Similarly, for the scattered field, we can write

usc�r� = 4�
�
∑

n=0

n
∑

m=−n

inBm
n hn�kr�Y m

n �r̂�Y m
n ��̂�� (4.34)

where hn�w� ≡ h�1�
n �w� and the coefficients Bm

n are to be found. Evidently, for any
reasonable choice of Bm

n , the expression on the right-hand side of (4.34) satisfies the
three-dimensional Helmholtz equation and the radiation condition.

For a sound-hard sphere, we have u = uinc +usc, where u satisfies the boundary
condition (4.4). This gives

Bm
n = − j′

n�ka�

h′
n�ka�

� (4.35)

and then the scattered field is given everywhere in r ≥ a by (4.34). In particular, the
expression for the total field on the sphere simplifies to

u�a����� = i

�ka�2

�
∑

n=0

�2n+1�in

h′
n�ka�

Pn�r̂ · �̂�� (4.36)

after using Legendre’s addition theorem (3.20) and

jn�w�y′
n�w�−yn�w� j ′

n�w� = w−2� (4.37)

which is the Wronskian for spherical Bessel functions [1, eqn 10.1.6].
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Let us repeat the calculation using the notation of Definition 3.28, namely

�m
n �r� = hn�kr�Y m

n �r̂� and �̂m
n �r� = jn�kr�Y m

n �r̂��

The incident wave can be expanded using regular wavefunctions,

uinc =∑

n�m

dm
n �̂m

n �r�� (4.38)

where

∑

n�m

≡
�
∑

n=0

n
∑

m=−n

(4.39)

and

dm
n = 4�in Y m

n ��̂�� (4.40)

Similarly, the scattered field can be expanded using outgoing wavefunctions,

usc =∑

n�m

cm
n �m

n �r�� (4.41)

The boundary condition (4.4) shows that cm
n h′

n�ka� + dm
n j′

n�ka� = 0, which deter-
mines cm

n . Thus,

cm
n =∑

���

Tm�
n� d�

� � (4.42)

where the entries in the T -matrix are given by

Tm�
n� = − �j′

n�ka�/h′
n�ka�� �n� �m��

In particular, the total field on the sphere is

u�a����� =∑

n�m

(

dm
n �̂m

n + cm
n �m

n

)

= i
�ka�2

∑

n�m

dm
n

h′
n�ka�

Y m
n ������ (4.43)

for plane-wave incidence, dm
n is given by (4.40), and then (4.43) reduces to (4.36).

4.6.1 The far field

Definition 4.2 For three-dimensional problems, the far-field pattern, f , is defined by

usc�r� ∼ �ikr�−1eikr f�r̂� as r → �. (4.44)

For an incident plane wave, propagating in the direction of the unit vector �̂, we
denote the corresponding far-field pattern by f�r̂� �̂�. It is given by

f�r̂� �̂� =
�
∑

n=0

�2n+1�Bm
n Pn�r̂ · �̂�� (4.45)

where we have used (3.20) and (3.90). The coefficients Bm
n occur in the expansion

(4.34); for a sound-hard sphere, they are given explicitly by (4.35).
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In terms of the T -matrix, we have

f�r̂� =∑

n�m

∑

���

�−i�nY m
n �r̂�Tm�

n� d�
� � (4.46)

where we have used (4.44), (4.41) and (3.90).
We have calculated the far-field pattern for a sphere at the origin. Suppose now

that we keep the same incident wave, (4.32), with the same origin O, but we move
(translate) the scatterer: how does this affect f? Let O1 be the centre of the scatterer
in its new position, and suppose that b1 is the position vector of O1 with respect to
O. Let f1�r̂� �̂� be the new far-field pattern, characterising the scattered field with
respect to O. Put r1 = r−b1. Then, the incident field is

exp �ikr · �̂� = exp �ikb1 · �̂� exp �ikr1 · �̂�

and so the scattered field is asymptotically equal to

exp �ikb1 · �̂�
eikr1

ikr1

f�r̂1� �̂� as r1 = �r1� → �,

where r̂1 = r1/r1. But r1 ∼ r −b1 · r̂ and r̂1 ∼ r̂ as r1 → �, for fixed b1, and so

f1�r̂� �̂� = exp 
ikb1 · ��̂− r̂�� f�r̂� �̂�� (4.47)

Therefore, translating a scatterer (which need not be spherical) merely changes the
phase of the far-field pattern. Exactly the same formula holds in two dimensions.

Alternatively, suppose we keep the same scattering problem but we ask for the
far-field pattern with respect to distance from O1, defined by

usc ∼ f�r̂1 �b1�
eikr1

ikr1

as r1 → �.

Then, we easily obtain

f�r̂1 �b1� = f�r̂1� exp �ikb1 · r̂1� (4.48)

and, more generally,

f�r̂ �b2� = exp 
ik�b2 −b1� · r̂� f�r̂ �b1�� (4.49)

4.6.2 Literature

Lord Rayleigh considered acoustic scattering of a plane wave by a fixed, hard sphere
in 1872; see [1010, §334] and [1205, §(2)]. For other discussions, see, for example,
[682, §297], [610], [690], [884, pp. 1483–1486], [885, §8.2] and [135, Chapter 10].
Movable hard spheres are considered in [499].

Numerical results for the transmission problem of acoustic scattering by a fluid
sphere were presented by Anderson in 1950: the computations ‘required the full time
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service of two computers [i.e. people] for a period of about two months’ [29, p. 429].
For further results, see [561].

Inhomogeneous spheres with spherical symmetry have been considered by several
authors. For such obstacles, the interior density �0 and speed of sound c0 are assumed
to be given functions of the spherical polar coordinate r (only). Ahner [14] has given
low-frequency expansions for problems where �0 is constant and the refractive index
n is a smooth function of r, with n�r� ≡ 1 for r > a (for some finite a). For problems
where n is a smooth function with n�r� → 1 rapidly as r → �, Colton [220] has used
so-called ‘transformation operators’, which map solutions of the Helmholtz equation
into solutions of (1.28); see also [221]. Colton & Kress [222] have extended this
approach to consider related transmission problems. Frisk & DeSanto [369] have
exploited the notion of a Jost function from quantum mechanics so as to obtain
approximate solutions of (1.28).

Problems where both �0 and c0 vary have received less attention. The following
specific functional forms are considered in [793]:

(i) �0�r� = �1 e�r and �k0�r��
2 = k2

1 +�r−1,

(ii) �0�r� = �1 e−�r2
and �k0�r��

2 = k2
1 +�r2.

Here, �1, �, k2
1 and � are adjustable parameters. For both (i) and (ii), explicit solutions

of the governing equation, which is Bergmann’s equation (1.30), are derived. The
radial parts of these solutions are given in terms of known special functions, namely
Coulomb wavefunctions and Whittaker functions. These solutions then permit the
explicit solution of various scattering problems for inhomogeneous spheres. For
spheres in which �0 and c0 are functions of r, � and �, see [645, 644], where Dini
expansions [1298, Chapter 18] in the radial direction are used.

4.7 Multipole method for two spheres

Let O be the origin of three-dimensional Cartesian coordinates, so that a typical point
has position vector r = �x� y� z� with respect to O. Consider two spheres, Sj , j = 1� 2.
The sphere Sj has radius aj and centre Oj at r = bj . Define spherical polar coordinates
�rj� �j��j� at Oj, so that r = rj +bj with rj = rj�sin �j cos �j� sin �j sin �j� cos �j�.

The given incident field uinc is scattered by the spheres. We assume that, in the
neighbourhood of each sphere, uinc is a regular solution of the Helmholtz equation,
so that

uinc =∑

n�m

dm
nj �̂m

n �rj�� j = 1� 2� (4.50)

The coefficients dm
nj are known in terms of uinc.
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The scattered field can be written as an infinite sum of multipoles at the centre of
each sphere,

usc =∑

n�m


cm
n1 �m

n �r1�+ cm
n2 �m

n �r2�� � (4.51)

This representation gives a radiating solution of the Helmholtz equation for any
reasonable choice of the coefficients cm

n1 and cm
n2. We will determine these coefficients

by applying the boundary condition on each sphere.
Consider the sphere S1. As in Section 4.4, we expand �m

n �r2� near O1 in terms
of regular wavefunctions, �̂�

� �r1�. Let r2 = r1 + b, where b = b1 − b2 is the position
vector of O1 with respect to O2. Then,

�m
n �r2� =∑

���

Sm�
n� �b� �̂�

� �r1� for r1 < b. (4.52)

The matrix S�b�, with entries Sm�
n� �b�, is known explicitly; see Theorem 3.27.

Making use of the addition theorem (4.52) in (4.51), we obtain an expansion of
usc that is valid near S1. When this is combined with (4.50), we obtain

u =∑

n�m

{

dm
n1 �̂m

n �r1�+ cm
n1 �m

n �r1�+ �̂m
n �r1�

∑

���

S�m
�n �b� c

�
�2

}

for r1 < b. Next, we apply the boundary condition on S1. Assuming that S1 is sound-
hard, we differentiate with respect to r1, set r1 equal to a1 and use orthogonality of

Y m

n ��1��1�� to give

cm
n1 h′

n�ka1�+ j′
n�ka1�

∑

���

S�m
�n �b� c

�
�2 = −dm

n1 j′
n�ka1�� (4.53)

for n = 0� 1� 2� � � � and m = −n� � � � � n.
If we assume that the other sphere, S2, is also sound-hard, a similar argument gives

cm
n2 h′

n�ka2�+ j′
n�ka2�

∑

���

S�m
�n �−b� c

�
�1 = −dm

n2 j′
n�ka2�� (4.54)

for n = 0� 1� 2� � � � and m = −n� � � � � n.
Equations (4.53) and (4.54) form a coupled infinite system of simultaneous linear

algebraic equations for the coefficients cm
nj , where j = 1� 2, n = 0� 1� 2� � � � and m =

−n� � � � � n.
In fact, the system can be simplified by choosing the coordinates so that b = bẑ,

for then we can write

Sm�
n� �bẑ� = �−1�nSm

n��kb��m� = �−1�n+�Sm�
n� �−bẑ�� (4.55)

where Sm
n� = Sm

�n and is much easier to calculate; see, for example, Theorem 3.34
and Theorem 3.35. Moreover, the Kronecker delta in (4.55) implies that (4.53) and
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(4.54) decouple with respect to m, giving

cm
n1 h′

n�ka1�+ j′
n�ka1�

�
∑

�=0

�−1��Sm
�n�kb� cm

�2 = −dm
n1 j′

n�ka1�� (4.56)

cm
n2 h′

n�ka2�+ �−1�n j′
n�ka2�

�
∑

�=0

Sm
�n�kb� cm

�1 = −dm
n2 j′

n�ka2�� (4.57)

where n = 0� 1� 2� � � � � and m = −n� � � � � n.

4.7.1 Literature

The axisymmetric problem of scattering of plane acoustic waves by two identical soft
spheres was considered by Eyges in 1957 [332]. He outlined the method described
above, except that he was not aware of the addition theorem; see also the review
[1072]. Embleton considered a similar axisymmetric problem in 1962 [313]. He used
an orders-of-scattering approach, up to and including the effect on the first sphere of
waves that had been scattered twice, once by the first sphere and once by the second
sphere. For more recent applications of the same approach, see [1377, 584].

The exact method described above, leading to equations such as (4.56) and (4.57),
was used by Marnevskaya for two sound-soft [776] and two sound-hard [777] spheres.
A similar method was used by Golovchan [420] for a sphere near a plane wall, and
by New & Eisler [904] for a point source near a pair of radiating spheres. For two
identical radiating spheres (exterior Neumann problem), see [1174, 1014]. Extensive
numerical results for plane-wave scattering by two identical sound-hard spheres have
been presented in [392]; similar results have also been obtained for single spheres near
plane boundaries, using the method of images [388, 389, 390, 391]. For scattering
of waves from a point source by two touching spheres, see [447] and [449, §4.3.3].
For similar problems involving acoustic interactions between spherical bubbles, see
[1053, Appendix A] for two bubbles and [1054] for N bubbles inside a cube.

For two identical spheres, and also for certain symmetric configurations of N

spheres, it is possible to use group-theoretic arguments so as to obtain simplified
algebraic systems; essentially, one uses symmetrised sets of spherical wavefunctions.
This method has been developed in [118] and [377] for spheres, and also in [273,
274, 275] for identical parallel circular cylinders.

In [880], the authors began with a truncated form of (4.51) and then applied the
boundary condition at a finite number of points on the spheres. Let M be the total
number of coefficients cm

nj (actually, the authors consider an axisymmetric problem,
so that m = 0) and let P be the total number of points on the two spheres. An overde-
termined system (P > M) was solved in a least-squares sense; the results were found
to be sensitive to the values of M and P. The method used in [880] is usually known
as ‘point-matching’; there is an extensive literature on its implementation and lim-
itations [76, 625, 213]. Note that, for multiple-scattering problems, point-matching
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yields a numerical method that avoids addition theorems but one whose conditioning
should be monitored carefully. For some generalisations of this method, see Sec-
tion 7.3.2. For the analogous method in two dimensions, starting from (4.24), see
[103], where results for 162 cylinders are given.

4.8 Multipole method for N spheres

Let us generalise the method described in Section 4.7 to N spheres, Sj , j =
1� 2� � � � �N . The sphere Sj has radius aj and centre Oj at r = bj . As before, spherical
polar coordinates �rj� �j��j� are defined at Oj , with �j = 0 being in the z-direction.

The scattered field is expressed as

usc =
N
∑

j=1

∑

n�m

cm
nj �m

n �rj�� (4.58)

Using the addition theorem (4.52), the total field in the vicinity of Sl is given by

u =∑

n�m

{

dm
nl �̂

m
n �rl�+ cm

nl �
m
n �rl�+ �̂m

n �rl�
N
∑

j=1
j �=l

∑

���

S�m
�n �blj� c

�
�j

}

(4.59)

for rl < bl, where bl is defined by (4.26) and blj is the position vector of Ol relative
to Oj .

If we assume that all the spheres are sound-hard, application of the boundary
condition on Sl gives

cm
nl h

′
n�kal�+ j′

n�kal�
N
∑

j=1
j �=l

∑

���

S�m
�n �blj� c

�
�j = −dm

nl j
′
n�kal�� (4.60)

for n = 0� 1� 2� � � � � m = −n� � � � � n and l = 1� 2� � � � �N . This is an algebraic system
of equations for the coefficients cm

nl. If the system can be solved, its solution will give
an exact solution for multiple scattering by N spheres – again, no approximations
have been made.

Sleeman [1116] has shown how the theory of this section can be modified to
account for spheres with a spherically-symmetric refractive index, n�r�.

4.8.1 Properties of the system (4.60)

As in Section 4.5.2, (4.60) shows that the coefficient cm
nl must be proportional to

j′
n�kal�, which suggests defining modified coefficients c̃m

nl by

cm
nl = c̃m

nl j
′
n�kal�� (4.61)
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Thus, the system (4.60) becomes

c̃m
nl h

′
n�kal�+

N
∑

j=1
j �=l

∑

���

S�m
�n �blj� j ′

��kaj� c̃
�
�j = −dm

nl�

n = 0� 1� 2� � � � �

m = −n� � � � � n�

l = 1� 2� � � � �N�

(4.62)

Then, the total field in the vicinity of Sl is given by (4.59) and (4.61); making use
of (4.62), we obtain

u =∑

n�m

c̃m
nl

{

j ′
n�kal��m

n �rl�−h′
n�kal� �̂m

n �rl�
}

for rl < bl. In particular, when rl = al, we can use (4.37), giving

u�al� �l��l� = − i
�kal�

2

∑

n�m

c̃m
nl Y

m
n ��l��l��

4.8.2 The far field

The far field of the N -sphere cluster is given by

usc�r� ∼ �ikr�−1eikr F�r̂� as r → �, (4.63)

where F is the far-field pattern. The scattered field is given everywhere by (4.58).
When rj > bj , we have

�m
n �rj� =∑

���

�−1�n+�
̂Sm�

n� �bj���
� �r��

where we have used (3.85) and (3.95), and then (4.58), (3.90) and (4.63) give

F�r̂� =
N
∑

j=1

∑

n�m

�−1�ncm
nj

∑

���

i�̂Sm�
n� �bj� Y �

� �r̂��

4.8.3 Literature

The literature on scattering by two spheres is described in Section 4.7.1; this includes
some references to scattering by N spheres. Gumerov & Duraiswami [447] have given
results for scattering of waves from a point source by three spheres, by a random
arrangement of 16 spheres, and by a square planar array of 121 identical spheres.
Skaropoulos et al. [1111] have given results for plane-wave scattering by two and
three bubbles of air in water (transmission problem); some results for the same
problem but with 147 bubbles are given in [574]. Henseler et al. [491] are interested
in the computation of scattering frequencies for symmetric configurations of two,
three and four identical soft spheres; these correspond to complex frequencies for
which the determinant of the system matrix (given by (4.60) for sound-hard spheres)
is zero. For the scattering of thermal waves by coated spheres, see [382].
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4.9 Electromagnetic waves

The classic scattering problem in electromagnetics is the transmission problem for a
homogeneous sphere; the solution using the method of separation of variables and
vector spherical wavefunctions is often known as Mie theory because of the famous
1908 paper by Mie [849, 715].

In fact, this problem has a long history which is described by Logan [743].
Derivations are given in many books, for example, [73, §17], [1149, §9.25], [1233,
Chapter 9], [564, §8.19], [549, §16.9], [111, Chapter 4], [121, §13.5], [598], [431,
Chapter 3], [1190, Chapter 1, §6.1] and [270, §3.6]; see also [1279] for computa-
tional aspects. The simpler problem of scattering by a perfectly-conducting sphere is
discussed in [884, pp. 1882–1885], [940, §12-9] and [135, §10.4].

There are many papers on electromagnetic scattering by inhomogeneous spheres.
For an early treatment, see the paper by Wyatt [1343]; see also [117, §4.2]. One pop-
ular technique is to replace the inhomogeneous sphere by many concentric spherical
layers, and then to use a simple approximation to the refractive index within each
layer; see, for example, [955]. Kai & Massoli [579] have reported the results of com-
putations with as many as 10 000 layers. For more information on inhomogeneous
scatterers, see [866].

The scattering of plane electromagnetic waves by a pair of dielectric spheres was
first considered by Trinks in 1935 [1184]. He used an orders-of-scattering approach;
thus, he scattered a plane wave from one sphere (using Mie theory) and then attempted
to calculate how this scattered field was scattered by the second sphere. Furthermore,
he approximated the scattered fields using an electric dipole only, arguing that this
was reasonable for ka � 1, where both spheres have radius a. Higher-order terms
were subsequently included by Germogenova [403]. Corrections to both papers were
made by Levine & Olaofe [707]. All three papers mentioned in this paragraph used
scalar potentials and ad hoc methods in order to effect the re-expansion of fields
about two different origins.

Meanwhile, addition theorems for vector spherical wavefunctions had appeared;
see Section 3.17 for references. This paved the way for a more direct treatment, using
vector spherical wavefunctions, and this was given by Liang & Lo in 1967 [712] for
two perfectly-conducting spheres. They obtained the electromagnetic equivalent of
(4.56) and (4.57), but they did not solve this system directly, they iterated it once.
It was Bruning & Lo [145, 146] who first solved the linear system ‘exactly’: they
used the Gauss–Seidel iterative method. They considered two spheres with possibly
different radii and different internal properties, and presented many numerical results,
using recursion formulae for the Gaunt coefficients. They also gave numerical results
for two perfectly-conducting spheres. Summarising, the

landmark investigations into dependent scattering by spheres clearly were made
by Liang and Lo [712] and especially by Bruning and Lo [145, 146] in the
late 1960’s. This constituted the first comprehensive, computationally viable
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solution to the problem, complete with experimental verification. These authors
assimilated the relevant theorems into a workable theory, which was then applied
to the calculation of radar or bistatic cross sections � � � .

(Fuller [374, p. 4718])

Many papers on electromagnetic scattering by clusters of spheres have appeared since
those of Bruning & Lo [145, 146]. Examples are [119, 400, 375, 376, 473, 374, 763,
990, 764, 536, 868, 1345, 1386, 1033, 1348]. The paper by Fuller [374] contains a
good review of the methods described above; see also [870] and [117]. Mishchenko
[865] used these methods to demonstrate that the phenomenon of ‘enhanced backscat-
tering’ was present with just two spheres; previously, it was known that multiple
scattering was involved but it was thought that many scatterers were needed. For some
experimental results on scattering by two spheres, see [1304].

4.10 Elastic waves

The scattering of elastic waves by a sphere was first considered by Clebsch in 1863.
He supposed that the sphere was rigid (u = 0 on r = a) and that the incident waves
were generated by a point source. His paper is described in some detail in Logan’s
review [743]; see also [944, p. 18]. It is interesting to note that the elastic (vector)
problem was solved before Rayleigh published his solution of the corresponding
scalar problem!

There is also much related early work on the vibrations of elastic spheres; see,
for example, [745, Chapter XII]. This topic continues to be of interest to global
seismologists [83, Chapter 6], [250, Chapter 8]. Finite-element results for vibrations
of anisotropic spheres can be found in [153], together with further references.

In 1927, Sezawa [1096] published a paper in which formal solutions to several
problems were given, including the scattering of elastic waves by circular (and
elliptic) cylinders and spheres; the cylinders and spheres could be cavities, rigid or
movable. At about the same time, Herzfeld [494] considered scattering by an elastic
sphere in a fluid of small viscosity; he neglected the scattered shear waves.

Elastic waves exterior to single circular cylinders are considered in [1315, 1217]
and in [944, Chapter III]. For movable rigid circular cylinders, see [854]. Early
studies of acoustic scattering by an elastic cylinder and by an elastic sphere were
made by Faran [339]. These solutions are described in Hackman’s review [462], in
[1219] and in the book by Veksler [1261].

The problem of elastic-wave scattering by single spheres was revived in the late
1950s. Sivukhin [1110] and Ying & Truell [1363] considered P-wave scattering by
a spherical cavity. Ying & Truell [1363] also considered fixed rigid spheres and
homogeneous elastic spheres (inclusions); numerical results are given in [636, 560],
and fluid spheres are treated in [307]. (See also [1185, §32] and [429, §7.1.2].)
The analogous problems for incident shear waves are treated in [637, 308, 650, 819].
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Several errors in [1363, 308, 560] are corrected in [1291, 446]. Movable rigid spheres
are considered in [1333, 943]. The scattering of elastic waves from a point source
by a spherical cavity is analysed in [899, 34, 35]. Radiation from a spherical cavity
is discussed in [83, §4.6].

The 1973 book by Pao & Mow [944, Chapter IV] contains a detailed description
of the use of the method of separation of variables for elastodynamic problems
involving one spherical scatterer. Specific results are given for P-wave scattering by
a fluid sphere, a movable rigid sphere, a cavity and an elastic inclusion. Numerical
results are given for P-wave scattering by a spherical cavity, and when the incident
waves are generated by a compressional point source.

Norris [918] has given a systematic treatment of scattering by a homogeneous
spherical inclusion, covering both incident P-waves and incident S-waves. Korneev
& Johnson [647] also examined this problem for incident P-waves. They noted that
much ‘work on the scattering of elastic waves by a spherical inclusion has been
associated with the names of G.I. Petrashen in the USSR and R. Truell in the USA’
[647, p. 231], and gave a good description of the work of Petrashen and his students.
For another lengthy review, see [139]. For transient problems involving solid spheres,
see the book by Gorshkov & Tarlakovsky [426].

The scattering of P-waves by N identical circular cylinders has been considered by
several authors. For example, Glazanov [409] extended Záviška’s method to a row
of N cylinders, with equally-spaced collinear centres, and then let N → �, obtaining
results for a grating of cylindrical cavities; see also [421]. More recently, Robert
et al. [1024] have given numerical results for scattering by two identical cavities,
and by two and three closely-spaced fluid-filled cavities. Cheng used an orders-of-
scattering approach and gave numerical results for two rigid circular cylinders [192]
and for two circular cavities [193]. For applications to fibre-reinforced materials,
see [1247, 1060]. For doubly-periodic rectangular arrays of circular cavities and
inclusions, see [984] and [843], respectively.

There are several Russian papers by Guz’ and Golovchan on multiple scattering
of elastic waves by circular cylinders and spheres; an example is [421]. Much of this
work is presented in their book, published in Kiev in 1972; an English translation is
available [458]. There is also a later review [459].

For a more numerical approach, one could surround a group of scatterers by a
large circle (or sphere), and then use separation of variables outside combined with
finite elements in the bounded region between the circle and the scatterers. Such
hybrid methods have been used for the scattering of elastic waves by two cylinders
[1097]. The use of separation of variables ensures that the governing differential
equations and radiation condition are satisfied. The use of finite elements permits
geometric flexibility, although remeshing is necessary if the geometry is altered.

The problem of scattering by a pipe in an elastic half-space has been approximated
by the problem of scattering by two cylindrical cavities in a full-space, where one cir-
cular cylinder has a radius that is much larger than that of the other; see [269] and
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references therein. In fact, the two-dimensional problem of scattering by one circular
cavity in an elastic half-plane can be solved exactly using the half-plane multipoles
defined in Section 2.10. This method was developed by Gregory in 1970 [439]. Twenty
years later, Gregory & Austin [441] developed a similar method for a semi-circular
groove in a half-plane. They gave numerical results and, for an incident Rayleigh
wave, they found good agreement with the experimental results in [1265, Fig. 26b].

The scattering of elastic waves by N identical spherical inclusions was considered
by Mal & Bose [767]. They obtained the algebraic systems analogous to (4.60); lay-
ered inclusions (‘onions’) are treated in [1061]. Mal & Bose [767] went on to derive
approximate solutions valid for small spheres, and then used their approximations to
estimate the effective properties of a medium containing a random, dilute distribution
of spherical inclusions. (For more on this topic, see Section 8.6.) Doyle [292] has
used an orders-of-scattering approach, and given numerical results for 2, 649 and
736 spherical inclusions.

In [490], the authors give experimental results for scattering by a periodic row
of 20 spherical inclusions embedded in a viscoelastic solid; the incident field is a
P-wave propagating in the direction of the row.

Scattering by N rigid spheres is considered in [406]; numerical results are given for
two spheres. Acoustic scattering by spherical elastic shells is considered in [517, 518].

In [741] and [988], the authors have considered scattering by a stack of planar
layers of spheres, where each layer consists of an infinite periodic arrangement
of identical spheres; different layers can have different arrangements. Experimental
results for the scattering of a P-wave at normal incidence to a single planar periodic
array of spherical inclusions are available [612, 613, 807, 808]; results for random
planar arrays are also given in [612, 807].

The techniques used for elastodynamic problems can be extended to thermoviscous
fluids. The main difference is that motions are governed by three different Helmholtz
equations rather than two. For scattering by one sphere, see [316, 18] and [985,
§4.3.4]. For axisymmetric oscillations of two spheres in a thermoviscous fluid, see
[484]. For scattering by one poro-elastic sphere, see [93, 1380]; for two poro-elastic
spheres, see [485, 486].

4.11 Water waves
The theory of ship motions progressed slowly but steadily during the first half
of [the 20th] century, in the capable hands of such “heroes” of our field as
Havelock, Kochin, and Weinblum. � � � Lacking contemporary computing facilities,
our heroes studied simple geometrical bodies � � � Havelock’s analysis [488] of the
floating hemisphere was the ultimate contribution in that era, at the very limits
of hand computation.

(Newman [908, p. 419])

Very few water-wave problems can be solved in closed form. The two main examples
are one vertical (circular) cylinder in water of finite depth and one vertical barrier
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(thin rigid plate) in deep water. The first of these can be solved by separation of
variables; see Section 1.6.4, [1303, p. 544], [1058, §6.2], [842, §7.5] and [731,
§2.4.1]. For scattering by a thin vertical barrier, see [1303, p. 529], [327] and several
chapters in [770].

The radiation of water waves by the forced oscillations of a half-immersed hori-
zontal circular cylinder was studied by Ursell [1222, 1223, 1229], using multipole
expansions. For the scattering (‘diffraction’) problem, suppose that the wetted surface
is given by r = a, 0 < � < �, and that the incident wave is given by

�inc = e−Kz+iKx =
�
∑

m=0

�iKr�m

m! eim��

For the scattered wave, we write

�sc =
�
∑

m=0

cm�m�r� ���

where the coefficients cm are to be found. The multipole potentials �n with n ≥ 2 are
wavefree potentials; see Definition 2.18. The potential �0 is a wave source whereas
�1 is a horizontal dipole; see (2.79). By construction, �sc satisfies Laplace’s equation
in the water, the free-surface boundary condition and the radiation condition. The
boundary condition on the cylinder, (1.57), gives

�
∑

m=0

cm�m��� = f���� 0 < � < �� (4.64)

where

�m��� = a

�m


r
evaluated on r = a

and

f��� = −
�
∑

m=1

�iKa�m

�m−1�!eim� = −iKa exp �iKaei� + i���

It remains to solve (4.64) for cm.
The functions 
�m���� are not orthogonal over 0 < � < �. One way to proceed is

as follows. Multiply (4.64) by cosn� and integrate, giving
�
∑

m=0

Anmcm = fn� n = 0� 1� 2� � � � � (4.65)

where

Anm =
∫ �

0
�m��� cos n� d� and fn =

∫ �

0
f��� cos n� d��

the integrals Anm with m ≥ 2 are elementary. Thus, we have an infinite system of
linear algebraic equations to solve for cm. For a detailed exposition, with numerical
results, see [797].
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As an alternative, we could truncate the sum in (4.64) at m = M , say, and then
simply collocate (4.64) at selected values of �.

Of particular interest are the reflection and transmission coefficients, R and T ,
defined by

�inc +�sc ∼
{

Te−Kz+iKx as x → �,
e−Kz�eiKx +Re−iKx� as x → −�.

Making use of (2.80), we obtain

R = ��ic0 − c1� and T = 1+��ic0 + c1��

These coefficients are tabulated in [797] for 0�01 ≤ Ka ≤ 10.
The basic multipole method can be extended to other problems. For one completely

submerged circular cylinder in deep water, see [1224, 1225, 840] and [731, §3.1.1];
the striking result here is that R ≡ 0, for all radii and for all depths of submergence.

Multipoles are known for water of constant finite depth; see [1176] and [731,
Appendix B]. For radiation from an oscillating half-immersed circular cylinder,
see [1369, 1062].

Spherical multipoles have also been used. In deep water, the wavefree potentials
are given by Definition 3.39 with source potentials defined by (3.143). For the
axisymmetric waves generated by a hemisphere oscillating vertically, see [488, 522],
[1303, p. 562] and [731, §3.1.2]. For non-axisymmetric solutions, see [436, 522].
For a submerged sphere in deep water, see [1137, 1281]. For a submerged sphere in
water of constant finite depth, see [724].

In the 1970s, an interest in extracting energy from ocean waves developed [241,
824]. Hydrodynamic theory was used to understand the properties of various wave-
power devices [328]. In order to account for the interactions within arrays of devices,
the notion of point absorber was introduced [154, 336]: ‘These “point absorbers”
can be defined as each possessing a vertical axis of symmetry and being such that
the wave field created by the motion of any one of them is not influenced by
the presence of the remaining array members’ [1173, p. 67]. In other words, the
multiple-scattering problem was treated using the single-scattering approximation;
see Section 1.1.1. In these analyses, Havelock’s solution for one heaving sphere [488]
was used; for example, see [1173] for arrays of five and ten identical hemispheres.
Kyllingstad [678] also invoked the single-scattering approximation, but he replaced
point absorbers with long-wave approximations for small scatterers. (For an overview,
with applications to wave-power devices, see the book by Falnes [337].) Greenhow
[436] went one step beyond single scattering, for scattering by two floating (movable)
hemispheres: he calculated the effect on the first hemisphere of waves that have been
scattered twice, once by the first hemisphere and once by the second hemisphere.
(Embleton [313] did similar calculations for acoustic scattering by two spheres; see
Section 4.7.1.)
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The first multi-body problem to be studied extensively was the radiation problem
for two half-immersed circular cylinders on deep water; this can be regarded as
a simple model of a catamaran. Thus, Ohkusu [925] and Wang & Wahab [1282]
extended Ursell’s multipole method to analyse the heaving (vertical) motion of
a catamaran consisting of two identical, rigidly-connected, half-immersed circular
cylinders. Ohkusu [926] has also made similar calculations for the swaying and
rolling motions of the same catamaran, whilst Sayer & Spencer [1064] have analysed
the motions of two freely-floating identical circular cylinders.

The multipole method has also been used to treat problems involving circular
cylinders that are completely submerged. Thus, Wang [1280] has presented extensive
numerical results for two identical cylinders, each submerged to the same depth; see
also [731, §3.2.1]. O’Leary [935] has shown how the method can be used for an
arbitrary number of submerged cylinders; each cylinder can have any radius and any
submergence depth. She gave numerical results for several configurations of two and
three identical cylinders. Generalisations to trapping problems are made in [983].

Multipole expansions have also been used by Wu [1337] for several submerged
spheres. He gives numerical results for N identical spheres, with their centres located
at the N vertices of a regular horizontal polygon.

Finally, we note that plane-wave scattering by vertical cylinders in water of con-
stant finite depth leads to a two-dimensional acoustic problem. Thus, for circular
cylinders, the method of Záviška can be applied; see Section 4.5. However, if the
incident field is not a simple plane wave, then the problem is more complicated:
evanescent modes will be excited. As an illustration, we consider a representative
problem below.

4.11.1 An exact Green’s function

Consider a vertical circular cylinder in water of depth h. The axis of the cylin-
der is along the z-axis. The incident waves are generated by a point source at
�x� y� z� = ����� ��. From [559, eqn (A16)], this incident field (which corresponds
to a fundamental solution) is given by

G�x� y� z� ���� �� = C0H0�k��Z0�z�Z0���+
�
∑

n=1

CnK0�kn��Zn�z�Zn���� (4.66)

where Kn�w� is a modified Bessel function, �2 = �x−��2 +�y−��2, k is the positive
solution of (1.60), kn solves (1.65) and the vertical eigenfunction Zn is defined by
(1.64). The coefficients are given by

C0 = i�K2 −k2�

K − �K2 −k2�h
and Cn = 2�K2 +k2

n�

��K − �K2 +k2
n�h�

for n = 1� 2� � � �. (G has been normalised so that (3.165) is satisfied.)
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The scattered field has the representation (1.63), namely

�sc =
�
∑

n=0

�n�r� ��Zn�z�� (4.67)

where

�0�r� �� =∑

m

c0
mHm�kr� eim�� �n�r� �� =∑

m

cn
mKm�knr� eim�

and the coefficients cn
m are to be found. Here, x = r cos � and y = r sin �. The strategy

for determining cn
m is clear. The boundary condition on the cylinder is





r
�G+�sc� = 0 for r = a, −� ≤ � < �, 0 < z < h.

Then, the orthogonality relation (1.66) reduces the problem to finding �n�r� ��,
n = 0� 1� 2� � � �. For �0, we expand H0�k�� in (4.66) using the addition theorem,
(2.29), whereas for �n, we use a similar addition theorem for K0�kn��; see, for
example, [1298, p. 361] or [691, eqn (5.12.15)]. This leads to an expansion of G in
terms of functions of r (namely Jm�kr� and Im�knr�) and eim�, so that the boundary
condition on r = a can be imposed easily, using the orthogonality of eim�.

4.11.2 Matched eigenfunction expansions

The expansion (4.67) can always be used for outgoing solutions outside a vertical
circular cylinder. The cylinder itself could enclose a floating body, or even several
bodies. The potential in the water inside the cylinder could be represented using
finite-element approximations (leading to a hybrid element method [842, §7.7]) or
by another expansion of some kind. For example, consider scattering by a truncated
vertical cylinder, with its wetted surface given by


�r� �� z� � r = a� 0 < z < d� −� ≤ � < ��

∪ 
�r� �� z� � 0 ≤ r < a� z = d� −� ≤ � < ���

with d < h; the first part is the curved part of the cylinder and the second part is
the rigid circular base. The expansion (4.67) can be used for r > a. In the water
below the cylinder, that is, where r < a and d < z < h, one can construct a different
expansion, using separated solution of Laplace’s equation in cylindrical polar coor-
dinates; the expansion must satisfy the boundary conditions at z = d and at z = h,
and it must be regular at r = 0. The boundary condition must be enforced at r = a

for 0 < z < d. The two expansions must be matched across the interface r = a for
d < z < h, meaning that the potential and its radial derivative must both be continuous
across the interface. This leads to a viable numerical method for such problems: it is
called the method of matched eigenfunction expansions. McIver [828] has used this
method to study the interaction between two-dimensional water waves and a pair of
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immersed rectangular cylinders. For a pair of thin vertical barriers, see [982]. For a
vertical stack of aligned horizontal plates, see [1278]. In [927, 815], the authors com-
bined the method of matched eigenfunction expansions with the orders-of-scattering
approach in order to calculate interactions between several axisymmetric bodies. For
further applications and references, see [381, 1357] and [731, §2.5]. For a related
method, in which the horizontal eigenfunctions are represented as integrals (see
Chapter 5), see [542]; results for scattering by several truncated vertical cylinders
are given.

The method of matched eigenfunction expansions can be used in many problems
where the geometrical domain can be decomposed into separate domains in each of
which separation of variables can be used. More generally, the following acoustic
problem can be solved: a half-plane x > 0 has a rigid boundary at x = 0 apart from
a finite number of gaps, through which sound can propagate into connecting tubes,
ducts or bounded cavities (or ‘grooves’). For such problems, one can use separated
solutions in the cavities combined with Fourier integrals in x > 0. As an example,
see [643, 1112] for scattering by N rectangular grooves.

4.12 Separation of variables in other coordinate systems

As we remarked in Section 4.1, there are four other coordinate systems in which the
Helmholtz equation separates [41]. These are elliptic cylindrical coordinates, prolate
spheroidal coordinates, oblate spheroidal coordinates and ellipsoidal coordinates. We
shall discuss each of these, briefly, in turn.

4.12.1 Elliptic cylinders

Elliptic cylindrical coordinates, �����, are defined by (2.49). They can be used
to solve the problem of acoustic scattering by one elliptic cylinder, exactly. Thus,
consider an ellipse defined by � = �0, with foci at �x� y� = �±c� 0�. For an incident
plane wave, we have

uinc = eik�x cos �+y sin �� = 2
∑

��n

in �̂�n�����q� e�n���q��

where e�n���q� is a Mathieu function defined by (2.53), �̂�n is a regular elliptical
wavefunction (see Definition 2.15), q = � 1

2 kc�2 and the shorthand notation (2.58) has
been used. For the scattered field, we write

usc = 2
∑

��n

in B�
n ��n�����q� e�n���q�� (4.68)

where ��n is an outgoing elliptical wavefunction (see Definition 2.15) and the
coefficients B�

n are to be determined so as to satisfy the boundary condition on
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the cylinder. For example, if the cylinder is sound-soft, we have u = uinc +usc = 0
on � = �0, whence

∑

��n

in
{

�̂�n��0��� q�+B�
n ��n��0��� q�

}

e�n���q� = 0� −� ≤ � < ��

Then, the orthogonality of e�n���q� (see (2.54)) gives

B�
n = −M�1�

�n ��0� q�

M
�3�
�n ��0� q�

�

The corresponding solution for a sound-hard elliptic cylinder has

B�
n = −M�1�

�n

′
��0� q�

M
�3�
�n

′
��0� q�

�

In these expressions, M�j�
�n are (radial) Mathieu functions; see Section 2.9 for more

information and references.
For scattering of acoustic and electromagnetic waves by one elliptic cylinder, see

[886, 61, 162], [835, Chapter XIX], [135, Chapter 3], [944, Chapter IV] and [1139].
For applications to water-wave scattering by vertical elliptic cylinders, and related
problems, see [1321, 1375] and references therein.

A similar method can be attempted for two-dimensional in-plane elastodynamic
problems, such as scattering by an elliptic cavity. Thus, one constructs vector elliptical
wavefunctions (see Section 2.10) and then represents the scattered field with a series
analogous to (4.68). However, having imposed the boundary condition on � = �0,
it turns out that the terms in the resulting series are not orthogonal: one obtains a
linear system of algebraic equations for the coefficients, not an explicit formula.
This difficulty was noticed by Sezawa in 1927 [1096]; see also [1078] and [944,
Chapter IV, §3.1]. It is typical with vector problems once one departs from circles
and spheres.

Acoustic scattering by two elliptic cylinders can be treated by generalising the
method of Section 4.4; the appropriate addition theorems for elliptical wavefunctions
are given in Section 2.9.1. This method has been used by Sebak [1087, 1089, 1088]. It
has also been used for the degenerate case of scattering by two thin strips, of arbitrary
width and orientation [998], and also for the transmission problem of scattering by
one elliptic cylinder containing another of arbitrary location and eccentricity [999].
For the orders-of-scattering approach for two cylinders, see [402, 474, 472]. Most
of the papers mentioned in this paragraph make use of Særmark’s form of the
addition theorems [1046], which is not the most efficient form; see the remarks
below Theorem 2.17.

For scattering by several identical elliptic cylinders, see [701, 702, 703].
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4.12.2 Spheroids

A triaxial ellipsoid with (positive) semi-axes a1, a2 and a3, is defined by

�x/a1�
2 + �y/a2�

2 + �z/a3�
2 = 1� (4.69)

using the notation of [262]. If a1 = a2 = a, say, the ellipsoid becomes a spheroid, an
axially symmetric surface. The spheroid is known as prolate if a3 > a and oblate if
a3 < a; limiting cases are ‘needles’ and flat circular discs.

Spheroidal wavefunctions can be constructed by separating variables in prolate or
oblate spheroidal coordinates. For prolate spheroids, see [884, pp. 1502–1511] and
[135, Chapter 11]. For oblate spheroids, see [884, p. 1512] and [135, Chapter 13].
Standard references on spheroidal wavefunctions are [845], [322, §§16.9–16.13],
[350] and [1, Chapter 21].

Early work on acoustic scattering by one spheroid is surveyed in [135, §§11.2,
11.3, 13.2 & 13.3]. For example, Spence & Granger [1135] and Einspruch & Barlow
[306] gave results for plane-wave scattering by a hard and by a soft prolate spheroid,
respectively.

Substantial applications of vector spheroidal wavefunctions to electromagnetic
scattering by homogeneous dielectric (and perfectly conducting) spheroids date from
the 1970s. Again, as for elastodynamic problems with elliptic cylindrical coordinates,
one has to solve a linear system in order to compute the expansion coefficients. Key
references are the papers by Asano & Yamamoto [44] and by Voshchinnikov &
Farafonov [1269]; see also [710] and [870, §6.1]. For scattering of elastic waves by
a rigid spheroid, see [929].

Addition theorems for scalar spheroidal wavefunctions are available in [845, §3.74]
and [609, 1106, 765]. Acoustic radiation from two co-axial spheroids is studied in
[1232]. Acoustic scattering by two parallel solid spheroids is studied in [634].

Addition theorems for vector spheroidal wavefunctions are also available [1106,
253]. They have been used extensively for scattering by two perfectly conducting,
parallel spheroids [1107, 252], by two dielectric parallel spheroids [234] and by
spheroids that are oriented arbitrarily [232, 233, 215]. All of these results are reviewed
in Chapter 4 of [866].

4.12.3 Ellipsoids

A general triaxial ellipsoid is defined by (4.69). Ellipsoidal wavefunctions can be
constructed by separating variables in ellipsoidal coordinates. However, these wave-
functions have not been studied extensively, and it does not seem worthwhile to do
so if the goal is to solve scattering problems.

Ellipsoidal wavefunctions are discussed briefly in [322, §16.14]. A later survey is
[41]. Sleeman [1115] solved the problem of plane-wave scattering by one ellipsoid,
using ellipsoidal wavefunctions. Low-frequency scattering by ellipsoids is discussed
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in detail in [262, Chapter 8]. The expansion of radiating wavefunctions outside
ellipsoids has been given by Dassios [260],

usc������� = eik�

�

�
∑

n=0

Fn�����

�n
�

where ������� are ellipsoidal coordinates and the functions Fn are given by a
six-term recurrence relation, in general.

Although ellipsoidal wavefunctions have not been used extensively, problems
involving scattering by ellipsoids have been solved numerically. This has been done
using a variety of methods, most of which will be described in subsequent chapters.



5
Integral equation methods, I: basic theory and

applications

The first use of integral equations in diffraction theory seems to be due to
Rayleigh [1011, 1012], who deduced approximate solutions for the diffraction of
plane waves normally incident on a perfectly reflecting plane having an aperture
or slit whose dimensions were small compared with the wave-length.

(Baker & Copson [53, p. 153])

5.1 Introduction

Multiple-scattering problems can be treated using methods based on integral equa-
tions. For acoustic and electromagnetic problems, the theory has been given in detail
in the book by Colton & Kress [223]; see also the review article by Kleinman &
Roach [628]. Although these authors explicitly consider a single scatterer, many
results extend trivially to N scatterers. Here, we try to emphasise those features that
are different.

We start with a fundamental solution. The simplest is

G�P�Q� = −1
2

i H�1�
0 �kR� (5.1)

in two dimensions, where R = �rP − rQ� is the distance between the two points P and

Q and H
�1�
0 is a Hankel function. In three dimensions, we take

G�P�Q� = − exp �ikR�/�2�R�� (5.2)

These fundamental solutions are usually called free-space Green’s functions. For
each fixed Q, they satisfy the Helmholtz equation with respect to P, for P �= Q.
They also satisfy the Sommerfeld radiation condition with respect to P, and they are
symmetric, G�P�Q� = G�Q�P�, so that the roles of P and Q can be interchanged.
G�P�Q� is also singular when P = Q:

G�P�Q� ∼ �−1 log R as R → 0 in two dimensions (5.3)
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and

G�P�Q� ∼ −�2�R�−1 as R → 0 in three dimensions. (5.4)

The choice of the factors − 1
2 i and − 1

2 /� in (5.1) and (5.2), respectively, is
largely a matter of taste. Our choice leads to boundary integral equations such as
�I +K�� = f (see (5.51)), in both two and three dimensions, without any constant
factors multiplying the identity I and without any constant factors in the definition of
the integral operator K (see (5.7) below). Other normalisations can be (and frequently
are) used.

Other fundamental solutions can be used instead of G, and this may be advanta-
geous in some situations. We will discuss this option later.

5.2 Wave sources
Indeed, wave propagation problems have provided a beautiful training ground
for budding applied mathematicians to sharpen their skills in analysis.

(Barnett [67, p. 45])

Physically, G�P�Q� represents a wave source. It is usual to refer to G as a point
source, even though line source may be more accurate in two dimensions. The waves
are outgoing: in three dimensions, we have

Re
{

G�P�Q� e−i�t
}= −�2�R�−1 cos �kR−�t��

a wave propagating outwards, away from the source at P = Q. It is a spherically-
symmetric wave, with an amplitude that decays as R−1.

Similar results obtain in two dimensions, except that one needs the large-argument
asymptotic approximation to the Hankel function,

H
�1�
0 �kR� ∼ ��kR/2�−1/2 exp	i�kR− 1

4
��
 as R → �,

whence

Re
{

G�P�Q� e−i�t
}∼ �2�kR�−1/2 sin �kR−�t − 1

4
�� as R → �.

The waves are outgoing at infinity, they are cylindrically symmetric and they decay
as R−1/2 as R → �.

Note that, unlike for Laplace’s equation, derivatives of G decay at the same rate.
For example, in three dimensions, put Q at the origin and P at �x� y� z�. Then,
elementary differentiation gives

�G

�z
= z

R

(

ik− 1
R

)

G�

and this decays at the same rate as G if k �= 0 (and z �= 0). This is typical: derivatives of
static multipoles decay faster than the multipoles themselves, whereas differentiating
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dynamic multipoles (such as G) does not change the rate of decay. The computational
consequences of this difference between static and dynamic problems have been
emphasised by Chew [198].

5.3 Layer potentials

The idea of representing solutions as distributions of singular solutions is classical
and extremely useful. The theory was worked out first for Laplace’s equation; the
standard book is by Kellogg [597]. (Kellogg, an American student of Hilbert, died in
1932 ‘from an unlooked-for heart attack’ [101, p. 171].) For the Helmholtz equation,
we use the book by Colton & Kress [223] and the review paper by Kleinman &
Roach [628] as our standard references.

Before defining layer potentials, we need some notation. We assume that we have
N bounded, simply-connected scatterers, Bi, i = 1� 2� � � � �N . The boundary of Bi is
Si, assumed to be smooth. We define

B =
N
⋃

i=1

Bi and S =
N
⋃

i=1

Si�

so that B is the collection of all the interiors of the N scatterers and S is all their
boundaries. The unbounded connected exterior is denoted by Be.

A single-layer potential is defined by

�S���P� =
∫

S
��q�G�P�q� dsq� P ∈ B∪Be� (5.5)

Here, ��q� is called a density function; it is defined for q ∈ S. (There should not
be any confusion between the boundaries S and the single-layer S�; the latter will
always appear with a density.) Given �, �S���P� satisfies the Helmholtz equation
and the Sommerfeld radiation condition; these properties are inherited from G. Also,
�S���P� is continuous in P as P crosses S. In particular, �S���p� is defined as an
ordinary improper integral when p ∈ S.

The normal derivative of S� is discontinuous across S. Its values on S are given by

�

�np

S� = �±I +K��� (5.6)

where the upper (lower) sign corresponds to P → p ∈ S from the exterior Be (the
interior B). I is the identity operator and K is a boundary integral operator defined by

�K���p� =
∫

S
��q�

�

�np

G�p�q� dsq� p ∈ S� (5.7)

In (5.6) and (5.7), �/�np means the normal derivative at p ∈ S; explicitly,

�

�np

G�p�q� = n�p� · �gradPG�P�q��
∣

∣

∣

P=p
�
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where gradP is the gradient operator with respect to the coordinates of P and n�p�

is the unit normal vector at p ∈ S pointing into Be.
The formulae (5.5)–(5.7) are valid if � is continuous on S, although this condition

can be relaxed. Also, if S is sufficiently smooth (at least twice continuously differ-
entiable), the integrand in (5.7) is continuous in two dimensions (see Section 5.4.2)
and weakly singular in three dimensions.

Physically, �S���P� is the field at P due to a (continuous) distribution of sources
over S; the field will vary as � is varied. Instead of sources, we can also consider
normal dipoles distributed over S. This gives a double-layer potential, defined by

�D���P� =
∫

S
��q�

�

�nq

G�P�q� dsq� P ∈ B∪Be� (5.8)

where

�

�nq

G�P�q� = n�q� · (gradQG�P�Q�
)

∣

∣

∣

Q=q
�

�D���P� is discontinuous across S; its jump behaviour is given by

D� = �∓I +K∗��� (5.9)

where, as before, the upper (lower) sign corresponds to P → p ∈ S from Be (B). The
boundary integral operator K∗ is defined by

�K∗���p� =
∫

S
��q�

�

�nq

G�p�q� dsq� p ∈ S� (5.10)

K∗ is the Hermitian adjoint of K; the asterisk denotes the adjoint with respect to the
inner product in L2�S�, which is itself defined by

�u� v� =
∫

S
u�q� v�q� dsq� (5.11)

where the overbar denotes complex conjugation. Thus, we see that �Ku� v� =
�u�K∗v�. Also, we have S∗� = S�.

From (5.9), we also have

2��p� = lim
P1→p

�D���P1�− lim
P2→p

�D���P2�� (5.12)

where, in this formula, P1 ∈ B and P2 ∈ Be.
Equations (5.9) and (5.12) are valid if the density � is continuous, for example.

Again, if S is sufficiently smooth, the integrand in (5.10) is continuous in two
dimensions and weakly singular in three dimensions.

The operators S, K and K∗ are well-studied boundary integral operators. We shall
also require the normal derivative of the double-layer potential. The treatment of the
corresponding operator has generated an enormous literature; the salient points will
be summarised next.
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5.3.1 The normal derivative of a double-layer potential

We can define the normal derivative of D� at p ∈ S if the density � is smooth enough.
A sufficient condition is that � has uniformly Hölder-continuous first tangential
derivatives on S [223, Theorem 2.23]. Then, we can define

�N���p� = �

�np

∫

S
��q�

�

�nq

G�p�q� dsq� p ∈ S� (5.13)

which is often called a hypersingular operator.
It is known that the normal derivative of �D���P� is continuous across S if � is

(merely) continuous on S [223, Theorem 2.21].
The definition (5.13) has caused many difficulties in the literature on diffraction

theory. Specifically, consider a flat region � in the plane z = 0, where Oxyz are
Cartesian coordinates. Then, (5.13) reduces to

�N���x� y� = − 1

2�
lim
z→0

�

�z

∫

�
��x′� y′�

{

lim
z′→0

�

�z′

(

eikR

R

)}

dx′ dy′� (5.14)

where R = 	�x−x′�2 +�y−y′�2 +�z−z′�2
1/2. In his well-known review, Bouwkamp
noted that

many authors (e.g. Levine and Schwinger [706]) � � � differentiate with respect to
z under the sign of integration in (5.14), so as to obtain formally a pure integral
equation with the (non-integrable!) kernel

[

�2

�z �z′

(

eikR

R

)]

z=z′=0

�

This procedure eventually leads to all kinds of divergent integrals (Baker and
Copson [53, p. 186, footnote]) and should therefore be rejected.

(Bouwkamp [134, p. 40])

Thus, it is tempting simply to take the normal derivative �/�np in (5.13) under the
integral sign, but this leads to a non-integrable integrand: there is a strong singularity
at R = 0.

It is helpful to consider an explicit example.

Example 5.1 In (5.14), let us take x = y = 0 and � = �0, a constant, and suppose
that � is a circular disc of radius a, centred at the origin. Introducing plane polar
coordinates, x′ = r cos 
 and y′ = r sin 
, we obtain

�N�0��0� 0� = − �0

2�
lim
z→0

�

�z

∫ 2�

0

∫ a

0

{

lim
z′→0

�

�z′

(

eikR

R

)}

r dr d


= �0 lim
z→0

�

�z

{

z
∫ a

0

(

ik

R2
0

− 1

R3
0

)

eikR0r dr

}

�
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where R2
0 = √

r2 + z2. The integrand is �d/dr��eikR0/R0�, and so

�N�0��0� 0� = �0 lim
z→0

�

�z

{

z

(

eik
√

a2+z2

√
a2 + z2

− eikz

z

)}

= ��0/a�
(

eika − ika
)

�

This shows, for this example at least, that N� is well defined, provided the operations
are carried out in the correct order.

For flat regions � , we can easily derive alternative expressions for N�. When
R �= 0, we have

�2G

�z�z′ = −�2G

�z′2 = �2G

�x′2 + �2G

�y′2 +k2G

= �2G

�x2
+ �2G

�y2
+k2G� (5.15)

The last equality suggests that, when � is flat,

�N���x� y� =
(

�2

�x2
+ �2

�y2
+k2

)

�S���x� y�� (5.16)

The second equality in (5.15) suggests that, if � = 0 around the edge of � , we can
integrate by parts (actually, we use the two-dimensional divergence theorem in the
region � ) in order to move one tangential derivative from G onto �, giving

�N���x� y� = −
∫

�

(

− ��

�x′
�G

�x′ − ��

�y′
�G

�y′ +k2�G

)

dx′ dy′

= −
∫

�

(

��

�x′
�G

�x
+ ��

�y′
�G

�y
+k2�G

)

dx′ dy′� (5.17)

where the integral must be interpreted as a two-dimensional Cauchy principal-value
integral; see Appendix F.

Equations (5.16) and (5.17) are given by Bouwkamp [134, p. 40] and by Hönl
et al. [512, §§47, 48]. Equation (5.16) is also given as equation (6.16) in [53].
Two-dimensional versions of both formulae can be found in [512, §49], whereas
Sommerfeld [1129, §39 A], Bouwkamp [134, p. 43] and Jones [564, p. 622] give
the two-dimensional version of (5.16).

Equation (5.17) is an example of a regularisation: the singularity in the integrand
has been weakened. In fact, (5.17) can be generalised to curved surfaces:

Theorem 5.2

�N���p� = −
∫

S
	
(

n�q�×grad q�
) · (n�p�×grad pG�p�q�

)

+k2 n�p� ·n�q�G�p�q���q�
dsq� (5.18)
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This formula was first given by Maue [813]. A proof is given in Appendix G.
Equation (5.18) shows that N� can be written as an integral involving � and its
tangential derivatives. It is valid provided that S is a closed surface (or a collection
of closed surfaces). It is also valid for open surfaces, but only if � vanishes around
the boundary of S, �S, otherwise there is an additional line-integral contribution from
�S; see Appendix G.

Another regularisation, which is useful when solving the hypersingular integral
equation N� = f by a Galerkin method, can be obtained from Maue’s formula.

Theorem 5.3 Let a�q� = n�q� × grad q� and b�q� = n�q� × grad q� for q ∈ S, a
closed surface. Then

∫

S
�N��� ds = −

∫

S
b · �Sa� ds +k2

∫

S
� n · 	S��n�
 ds� (5.19)

where, in the integrands, S is the acoustic single-layer operator.

Proof Suppose that ��p� is the restriction to S of a function (also called �) defined
in a three-dimensional neighbourhood of S. If we multiply Maue’s formula (5.18)
by ��p� and integrate over S, we see that the desired result will follow if

∫

S
��p�−

∫

S
a�q� · {n�p�×grad pG�p�q�

}

dsq dsp = −
∫

S
b · �Sa� ds� (5.20)

Now, a�q� · {n�p�×grad pG
} = n�p� · curl p	Ga�q�
, so that the left-hand side of

(5.20) is
∫

S
n · 	� curl �Sa�
 ds =

∫

S
n · 	curl �� Sa�− �grad ��× �Sa�
 ds

=
∫

S
n · curl �� Sa� ds −

∫

S
�Sa� ·b ds�

which reduces to the right-hand side of (5.20) when we use Stokes’s theorem
(recalling that S is closed).

The formula (5.19) is due to Nedelec [902]; see also [836, Theorem 9.15] and [903,
Theorem 3.4.2]. From (5.19), we can also see that

∫

S
�N��� ds =

∫

S
�N��� ds�

whence N ∗ = N ; see (5.11).
An alternative to regularisation is provided by the following formula:

�

�np

∫

S
��q�

�

�nq

G�p�q� dsq = ×
∫

S
��q�

�2

�np �nq

G�p�q� dsq� p ∈ S� (5.21)

Here, the ‘×’ on the integral sign means that the integral must be interpreted as
a Hadamard finite-part integral [466]. (Our notation follows Mangler [772]; other
notations are common.) Finite-part integrals are discussed in Appendix D.
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The formula (5.21) is valid provided � is smooth enough (� ∈ C1��). Note that
the left-hand side is defined as a limit as P → p; first one integrates over S with P

not on S, and then one computes the normal derivative. On the right-hand side, the
integrand is not integrable in the ordinary sense (or in the Cauchy principal-value
sense), but it is integrable in the finite-part sense. In other words, we can apply the
normal derivative at p under the integral sign, provided we interpret the integral as
a finite-part integral.

A proof of (5.21) in two dimensions is given in Appendix E; see Theorem 5.4.
For three dimensions, see [836, pp. 223 & 249].

Observe that the two sides of (5.21) are defined independently of each other: the
left-hand side could be defined by (5.18), for example, whereas the right-hand side
is defined by Definition D.5 when S is a curve and by Definition F.4 when S is a
surface. Actually, some authors (for example, Filippi [349, p. 480]) take (5.21) as
defining the finite-part integral on the right-hand side.

5.4 Explicit formulae in two dimensions

For several purposes, including analytical clarity and computational treatments, it
is worthwhile to give explicit formulae for the various integral operators defined
above. We do this in two dimensions by parametrising the curve S; recall that S has
N disjoint components. Thus, we suppose that

S = 	�x� y� � x = x�t�� y = y�t�� 0 ≤ t ≤ 1
�

We assume that the point �x� y� moves around (each component of) S in the anti-
clockwise sense as t increases. We suppose that

v�t� = {

�x′�t��2 + �y′�t��2
}1/2

> 0 for 0 ≤ t ≤ 1.

We put v ≡ v�s�, 0 ≤ s ≤ 1, and we locate points p and q on S using p = �x�s�� y�s��

and q = �x�t�� y�t��.

5.4.1 The single-layer operator

Define

��s� t� = �rp − rq� = {

�x�t�−x�s��2 + �y�t�−y�s��2
}1/2 ≥ 0�

Then, as dsq = v�t� dt, we obtain

�S���p� =
∫ 1

0
M�s� t���t� dt�

where ��t� = ��q�t�� and

M�s� t� = −1
2

i H�1�
0 �k��s� t�� v�t�
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is logarithmically singular as �s − t� → 0:

M�s� t� ∼ �−1v log �k�� ∼ �−1v log �s − t�
as �s − t� → 0, using (5.3) and

��s� t� ∼ �s − t�v as �s − t� → 0. (5.22)

5.4.2 The operators K and K∗

For these operators, we use

n�q� = �y′�t��−x′�t��/v�t��

this unit normal vector at q ∈ S points into Be. There is a similar expression for n�p�.
Then, we find that

�K���p� =
∫ 1

0
L�s� t���t� dt�

where

L�s� t� = ik
2�

v�t�

v�s�
H

�1�
1 �k�� 	y′�s��x�s�−x�t��−x′�s��y�s�−y�t��


and we have used �d/dw�H
�1�
0 �w� = −H

�1�
1 �w�. Provided S is at least twice continu-

ously differentiable, L�s� t� is continuous: it is bounded as �s − t� → 0. Taylor-series
expansions show that

y′�s��x�s�−x�t��−x′�s��y�s�−y�t�� ∼ 1

2
�s − t�2�x′�s� y′′�s�−x′′�s� y′�s��

as �s − t� → 0. Then, H
�1�
1 �w� ∼ 2/�i�w� as w → 0 and (5.22) show that

L�s� t� ∼ x′�s� y′′�s�−x′′�s� y′�s�
2�v2

= ��s� v

2�
(5.23)

as �s − t� → 0, where ��s� is the curvature at p [1146, eqn (2.20)]. Thus, L�s� s� is
defined: ‘The anticipated difficulty is one of appearance only’ [115, p. 77]. This is
one of those results ‘that is well known to those to whom it is well known’. It can
be found, for example, in the books by Lovitt [746, §41], Riesz & Szőkefalvi-Nagy
[1020, §81], Smirnov [1118, §199], Kress [655, Problem 6.1] and Chen & Zhou [185,
§6.6]. (Interestingly, Lovitt [746, p. III] remarks that, in preparing his book, he made
extensive use of his notes on lectures given by Professor Oskar Bolza at the University
of Chicago in 1913. Many copies of these handwritten notes were distributed [115].)

Similar results obtain for K∗. We have

�K∗���p� =
∫ 1

0
L∗�s� t���t� dt�

where

L∗�s� t� = ik
2�

H
�1�
1 �k�� 	y′�t��x�t�−x�s��−x′�t��y�t�−y�s��
 �
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We note that the limiting behaviour of L∗�s� t� as �s − t� → 0 is given precisely by
the right-hand side of (5.23).

All the formulae given above can be found in a paper by Kress [654].

5.4.3 The hypersingular operator N

In two dimensions, Maue’s formula (5.18) reduces to

�N���p� = − i
2v

−
∫ 1

0

d�

dt

d
ds

H
�1�
0 �k�� dt

− ik2

2v

∫ 1

0
	x′�t�x′�s�+y′�t�y′�s�
H

�1�
0 �k����t� dt� (5.24)

compare this with (5.17) when x�t� = t and y�t� is constant. For a direct proof of
(5.24), see [1055, Theorem 2.5.4].

The first term on the right-hand side of (5.24) involves the tangential derivative
of ��q�t�� = ��t�; it can also be written as

+ i

2v

d
ds

∫ 1

0
��t�

d

dt
H

�1�
0 �k�� dt�

In two-dimensional diffraction theory, equations with N� expressed in terms of
tangential derivatives have been used in [883, 363, 1370].

N� can also be expressed as a finite-part integral, as follows.

Theorem 5.4 (Martin & Rizzo [800]) Let � ∈ C1���S�, 0 < � ≤ 1. Then, the
normal derivative of a double-layer potential, defined by (5.13), is given by

�N���p� = ×
∫ 1

0
Q�s� t���t� dt�

where

Q�s� t� = ik
2

v�t�

�

{

�n�p� ·R��n�q� ·R�
k

�
H

�1�
2 �k��

− �n�p� ·n�q��H
�1�
1 �k��

}

� (5.25)

R = rp − rq and � = �R�.

A proof of this theorem is given in Appendix E. Also, Taylor-series expansions show
that

Q�s� t� ∼ − 1

�v�s − t�2
+ k2v

2�
log �s − t� as �s − t� → 0.
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5.5 Explicit formulae in three dimensions

In two dimensions, we can usually construct a global parametrisation of the boundary
curve S without difficulty. In three dimensions, this is seldom true, and it may even be
impossible if S has a complicated shape. If S is reasonably simple (for example, if S

is star-shaped), global parametrisations will exist and their use may lead to excellent
numerical methods; see Section 5.5.3, [49, §5.5] and [430, 378]. More generally,
we suppose that S has been covered by a set of patches ��, � = 1� 2� � � � �K, where
each patch is the image of a two-dimensional parameter domain, ��. Let � ⊂ S be a
typical patch, defined by

� = 	�x� y� z� � x = x�t1� t2�� y = y�t1� t2�� z = z�t1� t2�� �t1� t2� ∈ � 
�

With r = �x� y� z�, we locate points p and q on � using

rp = r�s1� s2� and rq = r�t1� t2��

where �s1� s2� ∈ � and �t1� t2� ∈ � ; in general, p and q need not lie on the same
patch, but we are mainly interested here in the behaviour of various kernels when
�rp − rq� → 0, so we may assume that p and q are both on � .

So, the point �t1� t2� ∈ � is mapped into a point q ∈�; we assume that this mapping
is twice continuously differentiable. Note that, having selected a point p ∈ � , one
choice for � is the tangent plane at p; this is sometimes convenient for analysis. For
more details, see [223, §2.1].

Conventional element-based methods for solving boundary integral equations (as
described later) use non-overlapping patches ��, called boundary elements. Overlap-
ping elements can also be used, combined with partitions of unity; this approach has
been described in detail by Bruno & Kunyansky [149, 150]. (Partitions of unity are
defined in, for example, [571, §7.4] and [853, Chapter XIII, §1.3].)

Let

N�q� = �rq

�t1

× �rq

�t2

� (5.26)

Then N�q� is a normal at q ∈ �; we assume that the local parameters t1 and t2 have
been chosen so that N�q� points out of B, and that �N�q�� > 0 for all q ∈ � , so that
n�q� = N�q�/�N�q��. Also, we have dsq = �N�q��dt1 dt2.

5.5.1 The single-layer operator

Define

R = rp − rq and ��s1� s2� t1� t2� = �R� = �r�s1� s2�− r�t1� t2�� ≥ 0�

Then, we obtain
∫

�
��q�G�p�q� dsq =

∫

�
M�s1� s2� t1� t2���t1� t2� dt1 dt2� (5.27)
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where ��t1� t2� = ��q�t1� t2�� and

M�s1� s2� t1� t2� = −�N�q�� exp�ik��/�2����

To examine the singular behaviour as �→ 0, we introduce plane polar coordinates
�r� 
� at �s1� s2�, so that

t1 = s1 + r cos 
 and t2 = s2 + r sin 
�

Then, we have �2 = r2�2�
�+O�r3� as r → 0, where �2�
� is defined by (F.15) in
terms of the local geometry near p. Hence

M�s1� s2� t1� t2� � −�N�p�� ��2�
��−1/2 /�2�r�

for small r. As dt1 dt2 = r dr d
, the integrand in (5.27) is seen to be bounded at
r = 0.

5.5.2 The operators K and K∗

Elementary calculations show that

∫

�
��q�

�

�np

G�p�q� dsq =
∫

�
L�s1� s2� t1� t2���t1� t2� dt1 dt2�

where

L�s1� s2� t1� t2� = �N�q��
2�

�n�p� ·R�

(

ik
�2

− 1

�3

)

eik��

Similarly,

∫

�
��q�

�

�nq

G�p�q� dsq =
∫

�
L∗�s1� s2� t1� t2���t1� t2� dt1 dt2�

where

L∗�s1� s2� t1� t2� = 1

2�
�N�q� ·R�

(

ik
�2

− 1

�3

)

eik��

Let Xi = �r/�ti evaluated at �s1� s2�. Then, Taylor’s theorem gives

R = −r�X1 cos 
 +X2 sin 
�+O�r2� as r → 0;

see (F.14). As N�p� = X1 ×X2 is orthogonal to X1 and X2, we deduce that N�p� ·R =
O�r2� as r → 0; see [223, Theorem 2.2]. Hence, both L and L∗ are O�r−1� as r → 0.

The formulae giving the singular behaviour of M , L and L∗ are well known because
they are identical to the classical results for Laplace’s equation (k = 0) [597].
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5.5.3 Global parametrisations

Suppose that S is diffeomorphic to the unit sphere �. As a special case of these
surfaces, we consider star-shaped surfaces; these can be defined in terms of spherical
polar coordinates, �r� 
���. Thus, we suppose that S is defined by

r = ��r̂� = ��
���� r̂ ∈ �� (5.28)

where � is a specified (smooth) function of the two polar angles. For surfaces defined
by (5.28), integrals over S can be transformed into integrals over �:

∫

S
f�q� dsq =

∫

�
f ���r̂� r̂� �N�q���2 d��r̂�� (5.29)

Here, �N�q�� = {1+ ��
/��2 + ���/�� sin 
��2
}1/2

, where �
 = ��/�
 and �� = ��/��.
We also have

�u

�nq

= 1

�N�q��
{

�u

�r
− �


�2

�u

�

− ��

�� sin 
�2

�u

��

}

� (5.30)

where all the derivatives are evaluated on r = ��
���.

5.6 Green’s theorem
We were being addressed on Green’s theorem by the old curmudgeon Joseph
Larmor. � � � It was in fact a poor show, and Larmor didn’t even understand what
I said was the “point” of Green: to make an infinity of a function to do positive
work instead of being a disaster.

(Littlewood [734, p. 135])

The divergence theorem is
∫

�
div w dV =

∫

�
w ·� dS� (5.31)

where � is a bounded region with boundary �, w is a continuously differentiable
vector field, defined in �∪�, and ��q� is the unit normal vector at q ∈ � pointing
out of �. If we set w = � grad �, where � and � are scalar fields, we obtain

∫

�

{

��2� + �grad �� · �grad ��
}

dV =
∫

�
�

��

��
dS� (5.32)

which is Green’s first theorem. If we interchange � and �, and subtract the result
from (5.32), we obtain Green’s second theorem,

∫

�

(

��2� −� �2�
)

dV =
∫

�

(

�
��

��
−�

��

��

)

dS� (5.33)

We use Green’s (second) theorem to derive integral representations for solutions
of the Helmholtz equation. We start by considering the interior region B with bound-
ary S. Choose a point P ∈ B, and then surround P by a small ball (circle in two
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dimensions) B� of radius �. Apply Green’s theorem in B\B� to w�Q� and G�P�Q�,
where w is a regular wavefunction. As both w and G satisfy the Helmholtz equation
in B\B�, the left-hand side of (5.33) is identically zero. The singularity in G�P�Q�

at P = Q leads to a non-zero contribution on the right-hand side of (5.33) as � → 0.
Noting that � = n, the final result is

−2w�P� =
∫

S

{

G�P�q�
�w

�nq

−w�q�
�

�nq

G�P�q�

}

dsq

=
(

S
�w

�n

)

�P�− �Dw��P�� P ∈ B� (5.34)

This representation for w�P� at interior points P not on the boundary in terms of
the boundary values of w and �w/�n dates back to Helmholtz himself in 1859 [682,
§290], [564, §1.26], [53, §4.2].

If P ∈ Be, G�P�Q� is non-singular for Q ∈ B, whence

0 =
∫

S

{

G�P�q�
�w

�nq

−w�q�
�

�nq

G�P�q�

}

dsq� P ∈ Be� (5.35)

For exterior regions, we proceed similarly. Consider a region Br bounded internally
by S and externally by a large sphere Sr of radius r. Choose a point P ∈ Br , and
then surround P by a small ball B� of radius �. Apply Green’s theorem in Br\B� to
we�Q� and G�P�Q�, where we is a radiating wavefunction. As both we and G satisfy
the Helmholtz equation in Br\B�, the left-hand side of (5.33) is identically zero. As
both we and G satisfy the Sommerfeld radiation condition, there is no contribution
from integrating over Sr as r → �. The singularity in G�P�Q� at P = Q leads to a
non-zero contribution as � → 0. Noting that � = −n, the final result is

2we�P� =
∫

S

{

G�P�q�
�we

�nq

−we�q�
�

�nq

G�P�q�

}

dsq

=
(

S
�we

�n

)

�P�− �Dwe��P�� P ∈ Be� (5.36)

This representation for radiating wavefunctions is due to Sommerfeld in 1912; see,
for example, [1129, §34 B], [564, §1.31] or [53, §4.2].

If P ∈ B, G�P�Q� is non-singular for Q ∈ Be, whence

0 =
∫

S

{

G�P�q�
�we

�nq

−we�q�
�

�nq

G�P�q�

}

dsq� P ∈ B� (5.37)

We call this the interior integral relation. It will be used later in certain methods
for removing irregular frequencies (Section 6.11) and it is at the heart of null-field
methods, to be described in Chapter 7.
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5.6.1 Limiting values on S

I remember being delighted [in 1963] when I realized that this very formula is a
constraint between surface displacement and surface traction pertaining to one
and the same elastic field in a body occupying D.

(Rizzo [1022, p. 7])

The formulae (5.34)–(5.37) hold for points P not on the boundary S. We can calculate
the limiting values as P → p ∈ S, using the jump relations given in Section 5.3. We
find that both (5.34) and (5.35) give

�I −K∗�w+S��w/�n� = 0� (5.38)

in this formula, w gives the boundary values of the regular wavefunction w�P�

defined for P ∈ B, and �w/�n is the corresponding normal derivative of w�P� on S.
Thus, paraphrasing the quotation from Rizzo’s paper [1022] above (where he outlines
the development of integral-equation methods for elastostatics), the formula (5.38)
is a constraint between surface values and the surface normal derivative pertaining
to one and the same wavefunction in a body occupying B.

In the same way, both (5.36) and (5.37) give

�I +K∗�we −S��we/�n� = 0� (5.39)

where we�P� is a radiating wavefunction, defined for P ∈ Be; this equation can be
found in [244, p. 318].

We can also calculate the normal derivative of (5.34)–(5.37) on S; this will involve
the hypersingular operator N . We obtain

�I +K���w/�n�−Nw = 0 (5.40)

from (5.34) or (5.35), and

�I −K���we/�n�+Nwe = 0 (5.41)

from (5.36) or (5.37).

5.7 Scattering and radiation problems

Let us formulate a few boundary-value problems, beginning with a specific radiation
problem.

Exterior Neumann problem Find a function u�P� for P ∈ Be, where

��2 +k2�u = 0 in Be, (5.42)

u satisfies the radiation condition at infinity (5.43)
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and

�u

�n
= f on S. (5.44)

Here, f�q� is a given function, defined for q ∈ S.

A standard argument [223, Theorem 3.13] using Rellich’s lemma [223, Lemma 3.11]
shows that the exterior Neumann problem has at most one solution: f ≡ 0 on S implies
that u ≡ 0 in Be.

Exterior Dirichlet problem This is formulated in the same way as the Neumann
problem, except that (5.44) is replaced by

u = g on S, (5.45)

where g�q� is a given function, defined for q ∈ S.

Again, a standard argument shows that the exterior Dirichlet problem has at most
one solution.

Scattering problems were discussed in Section 1.3. For sound-hard scatterers, we
can formulate the following problem.

Sound-hard scattering problem Find a function usc�P� for P ∈ Be, where

��2 +k2�usc = 0 in Be, (5.46)

usc satisfies the radiation condition at infinity (5.47)

and the boundary condition

�u

�n
= 0 on S, (5.48)

where the total field u is defined by

u = usc +uinc (5.49)

and uinc is the given incident field.

We can assume that uinc is a regular solution of the Helmholtz equation everywhere,
except perhaps at some isolated points in Be.

Evidently, we can combine (5.48) and (5.49) to give

�usc

�n
= −�uinc

�n
on S,

which shows that the sound-hard scattering problem can be expressed as an exterior
Neumann problem for usc with a particular forcing f . However, sometimes the
properties of uinc can be exploited to good effect.

Sound-soft scattering problem This is formulated in the same way as the sound-
hard problem, except that (5.48) is replaced by u = 0 on S.
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5.8 Integral equations: general remarks
To continue about my failures, I shall mention one which I particularly regret. It
concerns the celebrated Dirichlet problem which I, for years, tried to solve � � � [but]
physical interpretation, which is in general a very sure guide and had been most
often such for me, misled me in that case. It suggested an attempt to solve the
problem by a “potential of simple layer” – in that question, a blind alley – while
the solution was to be looked for in the introduction of a “potential of a double
layer”.

(Hadamard [467, p. 52])

There are two main methods for reducing boundary-value problems to boundary
integral equations. These are usually called the indirect and the direct methods. The
indirect method is the oldest, and dates back to Fredholm in 1900. (McLean [836,
Chapter 1] gives a nice historical summary; see also [744, 212, 191].) It begins by
writing the solution u as a single-layer or a double-layer potential with an unknown
density function �. The boundary condition on S then leads to an integral equation
for �. The choice of integral representation (single-layer or double-layer) determines
what type of integral equation is obtained. Traditionally, the goal is to obtain a
Fredholm integral equation of the second kind, with a weakly-singular kernel. This
approach is described in detail in [597] for Laplace’s equation and in [223] for
the Helmholtz equation. Much later, it was recognised that other types of integral
equations, such as Fredholm integral equations of the first kind or hypersingular
equations, could be used, both analytically and computationally.

The direct method begins with an integral representation for u�P�, obtained by apply-
ing Green’s theorem to u and a fundamental solution; for radiating wavefunctions, an
example is (5.36). By letting P → p, a point on the boundary S, one obtains a relation
between the boundary values of u and its normal derivative; for the Neumann prob-
lem, this yields an integral equation for u on S. The direct method was not used exten-
sively until numerical methods for solving boundary integral equations were developed
in the early 1960s. Nowadays, direct methods are the methods of choice, especially
when combined with numerical methods such as the Boundary Element Method.

There are many books and reviews covering the theory and application of integral
equations. The theory of Fredholm integral equations of the second kind is given
in many textbooks. Good examples are [1183, 655, 981, 978]; for their numerical
treatment, see [49, 415]. The books by Constanda [230] and by Saranen & Vainikko
[1055] are devoted entirely to the analysis of boundary integral equations arising
from two-dimensional boundary-value problems.

Boundary integral equations of various types can be viewed and analysed as
pseudo-differential equations. Presentations of this point of view are given in several
reviews by Wendland (such as [1306, 1307]) and by McLean [836]. For pseudo-
differential equations on curves, see [1055].

There are several books in which the use of boundary elements is described in the
context of acoustics; examples are [216, 1015, 1340, 1267].
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In this book, we assume that the (closed) surface S is smooth, so that corners and
edges are not permitted. If S is not smooth, the theory must be changed substantially.
For two-dimensional problems, we refer the reader to [248, §9.7], [655, §6.5], [653,
654] and [49, Chapter 8]. For three-dimensional problems, see [1305, 633, 238, 836]
and [49, §9.1.5].

5.9 Integral equations: indirect method
The area rule involves calculating the [potential] flow about a bumpy body of
revolution � � � K. E. Van Every, my boss, talked to me about looking over the
available methods and seeing what was best. I did and discovered an entirely
new method that was far more powerful than any of the existing ones. I got an
OK to try to work out the details of a computer programming method and got it
to work quite successfully. The method is now known as the Panel Method and is
universally used for low speed flow analysis � � � Our first successful calculations
were in early 1955.

(A.M.O. Smith [179, p. 36])

The main idea with this method is to look for a solution in the form of single-layer
or double-layer potentials, or some combination of both. The particular choice made
will determine the kind of integral equation obtained.

Let us look for a solution of the exterior Neumann problem in the form of a
single-layer potential; other options will be discussed later. Thus, we write

u�P� = �S���P�� P ∈ Be� (5.50)

where the density � is to be found. For any reasonable �, (5.42) and (5.43) are
satisfied. It remains to satisfy the boundary condition (5.44). Imposing this, using
(5.6), we obtain

�I +K�� = f� (5.51)

which is a Fredholm integral equation of the second kind for �. If we can solve
(5.51), we will have solved the exterior Neumann problem for u.

It turns out that (5.51) is uniquely solvable for �, for any f , except when k2

coincides with an eigenvalue of the interior Dirichlet problem. At these irregular
values of k2, or irregular frequencies, the following boundary-value problem has a
non-trivial solution.

Interior Dirichlet problem Find a function ��P� for P ∈ B, where

��2 +k2�� = 0 in B, and � = 0 on S.

Let us denote the set of irregular values by IV(S). It is clear that

IV�S� =
N
⋃

i=1

IV�Si�� (5.52)
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because we can obtain a non-trivial solution of the interior Dirichlet problem for S

by taking ��P� to be an eigenfunction of the interior Dirichlet problem for Sj , say,
with ��P� ≡ 0 for P ∈ Bi, i = 1� 2� � � � �N , i �= j; see [243, Chapter VI, §1.3].

The fact (5.52) is unfortunate, because it means that, in general, there are N

times as many irregular frequencies as there are for a single scatterer. Methods for
eliminating irregular frequencies are described in Chapter 6; see Section 6.8 for an
overview of these methods.

Example 5.5 Let Si be a sphere of radius ai, i = 1� 2� � � � �N . Then

IV�Si� = 	k2 � jn�kai� = 0� n = 0� 1� 2� � � �
�

For each n, the spherical Bessel function jn�x� has an infinite number of positive
zeros; denote them by xn�m, m = 1� 2� � � � � Then

IV�Si� = 	k2 � k = xn�m/ai� n = 0� 1� 2� � � � � m = 1� 2� � � �
�

Note that the irregular values do not depend on the relative location or orientation
of the scatterers, merely on their shape.

As an alternative to using a single-layer potential, we may look for a solution
of the exterior Neumann problem in the form of a double-layer potential. Thus, we
write

u�P� = �D���P�� P ∈ Be� (5.53)

where the density � is to be found. Application of the boundary condition (5.44)
yields

N� = f� (5.54)

which is a hypersingular integral equation for �. Again, if we can solve (5.54), we
will have solved the exterior Neumann problem for u. It turns out that (5.54) is
uniquely solvable for �, for any f , except when k2 coincides with an eigenvalue of
the interior Neumann problem. See Corollary 3.3.1 in [628] for an identification of
these irregular values and Theorem 3.3.2 in [223] for a proof of solvability.

For the exterior Dirichlet problem, use of the single-layer representation (5.50)
leads to

S� = g (5.55)

whereas the double-layer representation (5.53) leads to

�I −K∗�� = −g� (5.56)

This last equation is a Fredholm integral equation of the second kind for �, whereas
(5.55) is a Fredholm integral equation of the first kind for �. Equations (5.55)
and (5.56) have the same irregular frequencies as (5.51) and (5.54), respectively.
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Kleinman & Roach [628] give a complete catalogue of all the available boundary
integral equations for the Dirichlet and Neumann problems.

The integral equations (5.51), (5.54), (5.55) and (5.56) are examples of indirect
boundary integral equations, so called because the unknown density function does
not have a clear physical interpretation.

For scattering problems, the indirect method can be used by starting with an
integral representation for the scattered field usc.

Mixture problems can be treated in a similar way. Thus, write

SN =
N1
⋃

i=1

Si and SD =
N
⋃

i=N1+1

Si�

where the Neumann condition is to be imposed on SN and the Dirichlet condition on
SD. Look for a solution in the form

u�P� =
∫

SN

��q�G�P�q� dsq +
∫

SD

��q�
�

�nq

G�P�q� dsq� P ∈ Be�

Then, apply the Neumann condition on SN , leading to one integral equation for p ∈
SN . Apply the Dirichlet condition on SD, giving an integral equation for p ∈ SD. This
coupled pair of integral equations is to be solved for ��q� with q ∈ SN and for ��q�

with q ∈ SD. For more details, see [657]. David [267] has considered a more general
problem, where a Robin (impedance) condition is imposed on some of the obstacles.

5.9.1 Literature

While I cannot be absolutely certain, it appears that Kupradze in the period
1934–1936 was the first to apply the Fredholm integral equation method to an
arbitrary exterior problem [for the Helmholtz equation] under Dirichlet boundary
conditions.

(Dolph [288, p. 205])

Kupradze was born on 2 November 1903 � � � � From 1930 to 1933 Kupradze
completed the graduate curriculum in Leningrad under the supervision of Krylov
and Smirnov.

From 1933 to 1935 Kupradze was a scientific secretary of the Steklov Institute
of Mathematics of the Soviet Academy of Sciences. Here in 1935 he defended his
doctoral dissertation on the topic “Some fundamental problems of diffraction of
electromagnetic waves”.

(Burchuladze et al. [159, p. 177])

Kupradze’s work on the use of layer potentials to solve boundary-value problems
for the Helmholtz equation is described in [670, Chapter II]. He obtained (5.51) for
the exterior Neumann problem and (5.56) for the exterior Dirichlet problem. He also
showed how the analysis could be modified at the irregular values of k2. See also
[850, §57] and [1118, §231].
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Perhaps the earliest numerical application of the indirect method (for the Helmholtz
equation) is due to Chen & Schweikert [188] in 1963. They solved (5.51) for a piston
vibrating in the surface of a sound-hard sphere of radius a. They used a panel method:
the sphere’s surface was approximated by 320 flat triangular panels, � was taken
as constant over each panel, and then these source strengths were determined by
collocation; the computation for ka = 2 took 1�75 hours. Panel methods of this
kind were developed in the late 1950s by Smith, Hess and others at the Douglas
Aircraft Company for potential-flow calculations; see, for example, [498] and [179,
Chapter 4]. (Hess has written several reviews of panel methods and their historical
development; examples are [495, 496, 497].)

Other early computations were made by Brundrit [143] (although some of his
numerical results are incorrect [135, p. 469]). He solved (5.51) for scattering of a
plane wave by axisymmetric bodies. Sound radiation from elastic structures was
calculated using an indirect method in [68, 823]. For multiple-scattering problems,
the indirect method has also been used in [538, 539, 1131, 994, 312, 1008, 735]. For
scattering by two square cylinders, see [1058, §6.7].

The classical approach is to reduce boundary-value problems to Fredholm integral
equations of the second kind. This is the approach emphasised by Colton & Kress
[223] and by Kleinman & Roach [628]. However, these references also cover the
use of (5.54) for the exterior Neumann problem and (5.55) for the exterior Dirichlet
problem. For more information on the use of single-layer potentials to solve Dirichlet
problems, leading to first-kind integral equations, see [516] and [407]. For the use of
double-layer potentials to solve Neumann problems, see [408, 1066, 902]. See also
[836, Chapter 9] and [903, Chapter 3].

5.10 Integral equations: direct method
We apply Green’s theorem to the free-space Green’s function and to the required
unknown solution in the region external to all scatterers, and thereby represent
the scattered field as an integral over some surface inclosing the region. Con-
tracting the surface and breaking it up into individual portions inclosing a single
object, leads to a representation of the total scattered field as a sum of surface
integrals � � � Then imposing the boundary condition at each object leads to a
determinate set of coupled integral equations for the fields on all scatterers, and
could these values be obtained explicitly, the total field in space would follow on
integration.

(Twersky [1198, p. 716])

The basic method of this section was described succinctly by Twersky in his 1960
review [1198]. We shall give a more detailed description. Thus, consider the integral
representation obtained from Green’s theorem, (5.36). When used for the exterior
Neumann problem, it gives

2u�P� = �Sf��P�− �Du��P�� P ∈ Be� (5.57)
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where we have used (5.44). This formula gives u at P in terms of u�q�, q ∈ S. To
find u�q�, we let P → p ∈ S, using (5.9), and obtain

�I +K∗�u = Sf� (5.58)

This is another Fredholm integral equation of the second kind. The unknown is u�q�,
q ∈ S. As (5.58) is the Hermitian adjoint of (5.51), it has the same irregular values,
namely IV�S�.

There are some differences between (5.51) and (5.58). First, the unknown � does
not have any physical significance, whereas the solution of (5.58) may be the desired
physical quantity. For this reason, integral equations based on Green’s theorem are
often known as direct boundary integral equations.

Second, the right-hand side of (5.58) involves an integration over S.
Third, at irregular frequencies, (5.51) has no solutions in general, whereas (5.58) has

infinitely many solutions. For, to deduce existence, f must be such that �Sf��0� = 0
for every solution �0 of �I +K��0 = 0. Define U�P� = �S�0��P� for P ∈ Be. Clearly,
U satisfies the Helmholtz equation in Be and the radiation condition at infinity, and
(5.6) shows that �U/�n = 0 on S. Thus, U solves the homogeneous exterior Neumann
problem (with f ≡ 0) and so, by the uniqueness theorem, U ≡ 0 in Be. In particular,
U = 0 on S, whence S�0 = 0. Hence, �Sf��0� = �f� S�0� = 0, and so the solvability
condition is satisfied automatically.

Equation (5.58) can be obtained directly from (5.39). Similarly, if we use (5.41),
we obtain

Nu = �K − I�f� (5.59)

which is a hypersingular integral equation for u�q�.
For the exterior Dirichlet problem, we are given u = g on S, and so Green’s

theorem gives the representation

2u�P� = �Sv��P�− �Dg��P�� P ∈ Be� (5.60)

where v�q� ≡ �u/�n. We may find v by solving (5.39) or (5.41), which become

Sv = �I +K∗�g (5.61)

and

�I −K�v = −Ng� (5.62)

respectively. Equation (5.61) is a Fredholm integral equation of the first kind.
Equation (5.62) is a Fredholm integral equation of the second kind; it has the same
irregular frequencies as (5.54) and (5.56).
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5.10.1 Scattering problems

For the sound-hard scattering problem, we can replace u and f by usc and −�uinc/�n,
respectively, in (5.57), (5.58) and (5.59). Thus, we obtain

2usc�P� = −�Svinc��P�− �Dusc��P�� P ∈ Be� (5.63)

where vinc ≡ �uinc/�n and usc�q� solves

�I +K∗�usc = −Svinc (5.64)

or

Nusc = �I −K�vinc� (5.65)

However, as uinc�P� is a regular wavefunction in B, (5.35) (with w = uinc) gives

0 = �Svinc��P�− �Duinc��P�� P ∈ Be� (5.66)

When this is added to (5.63), we obtain

2usc�P� = −�Du��P�� P ∈ Be� (5.67)

where u = usc +uinc is the total field. Thus, the field scattered by sound-hard obstacles
can always be represented as a double-layer potential, with density u�q�.

Letting P → p ∈ S in (5.67), we obtain

�I +K∗�u = 2uinc� (5.68)

which is a Fredholm integral equation of the second kind for the boundary values of
the total field u. It is often known as the Helmholtz integral equation. It is similar to
(5.64) except that the right-hand side is simpler. Of course, changing the right-hand
side does not change the irregular frequencies: both equations have the same irregular
frequencies, namely IV(S).

Evaluating the normal derivative of (5.67) on S, we obtain an alternative integral
equation for u, namely

Nu = 2vinc� (5.69)

For the sound-soft scattering problem, we can replace v and g by vsc ≡ �usc/�n

and −uinc, respectively, in (5.60), (5.61) and (5.62). This gives

2usc�P� = �Svsc��P�+ �Duinc��P�� P ∈ Be� (5.70)

where vsc�q� solves

Svsc = −�I +K∗�uinc (5.71)

or

�I −K�vsc = Nuinc� (5.72)
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Adding (5.66) to (5.70) gives

2usc�P� = �Sv��P�� P ∈ Be� (5.73)

where v = �u/�n is the normal derivative of total field on S. Thus, the field scattered
by sound-soft obstacles can always be represented as a single-layer potential, with
density v�q�.

Letting P → p ∈ S in (5.73), we obtain

Sv = −2uinc� (5.74)

which is a Fredholm integral equation of the first kind for v. For a Fredholm integral
equation of the second kind, we calculate the normal derivative of (5.73) on S, and
obtain

�I −K�v = 2vinc� (5.75)

which should be compared with (5.72).

5.10.2 The far field: two dimensions

For sound-hard obstacles in two dimensions, the scattered field is given by (5.67) as

usc�r� = i

4

∫

S
u�q�

�

�nq

{

H
�1�
0 �kR�

}

dsq

= − ik

4

∫

S
u�q�

�R

�nq

H
�1�
1 �kR� dsq� (5.76)

where R = �r− rq�. When kR is large, we can use (2.28). We also have

R = {

�r− rq� · �r− rq�
}1/2 ∼ r − r̂ · rq as r → �,

where r = r r̂. Hence, the far field is given by Definition 4.1, where the far-field
pattern is given by

f�r̂� = k

4

∫

S
u�q� �r̂ ·n�q�� exp

(−ikr̂ · rq

)

dsq� (5.77)

For sound-soft obstacles, (5.73) gives

usc�r� = − i

4

∫

S

�u

�nq

H
�1�
0 �kR� dsq� (5.78)

and then the far-field pattern is given by

f�r̂� = − i
4

∫

S

�u

�nq

exp
(−ikr̂ · rq

)

dsq� (5.79)
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5.10.3 The far field: three dimensions

For sound-hard obstacles in three dimensions, (5.67) gives

usc�r� = 1
4�

∫

S
u�q�

�

�nq

(

eikR

R

)

dsq� (5.80)

When R is large, we have

�

�nq

(

eikR

R

)

∼ ik
R

eikR �R

�nq

�

Hence, the far field is given by Definition 4.2, where the far-field pattern is given by

f�r̂� = k2

4�

∫

S
u�q� �r̂ ·n�q�� exp

(−ikr̂ · rq

)

dsq� (5.81)

In the special case of plane-wave scattering by a hard sphere of radius a, centred
at the origin, we have rq = ar̂q, n�q� = r̂q, dsq = a2 d��r̂q� and

u�q� =∑

n�m

um
n Y m

n �r̂q��

where, from Section 4.6,

um
n = 4�i

�ka�2

in

h′
n�ka�

Y m
n ��̂�� (5.82)

�̂ is the propagation direction of the incident wave, and we have used (4.39). Hence

f�r̂� �̂� = �ka�2

4�

∑

n�m

um
n

∫

�
Y m

n �r̂q�
(

r̂ · r̂q

)

exp
(−ika r̂ · r̂q

)

d��r̂q�� (5.83)

Now, from (3.69), we have

exp
(−ika r̂ · r̂q

)= 4�
∑

���

�−i��j��ka�Y �
� �r̂�Y

�
� �r̂q��

whence differentiating once with respect to ka gives
(

r̂ · r̂q

)

exp
(−ika r̂ · r̂q

)= 4�i
∑

���

�−i��j′
��ka�Y �

� �r̂�Y
�
� �r̂q��

Substituting in (5.83), we can integrate over � using the orthogonality relation (3.9),
obtaining

f�r̂� �̂� = i�ka�2
∑

n�m

�−i�num
n j′

n�ka�Y m
n �r̂��

This reduces to (4.45), as obtained by the method of separation of variables, after
use of (5.82) and (3.20).

For sound-soft obstacles, (5.73) gives

usc�r� = − 1
4�

∫

S

�u

�nq

eikR

R
dsq� (5.84)
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Then, the far field is given by (4.44) wherein

f�r̂� = − ik

4�

∫

S

�u

�nq

exp
(−ikr̂ · rq

)

dsq� (5.85)

Similar formulae can be derived for other scatterers.

5.10.4 Literature

This paper makes a short study of Fredholm integral equations related to potential
theory and elasticity, with a view to preparing the ground for their exploitation in
the numerical solution of difficult boundary-value problems. Attention is drawn
to the advantages of Fredholm’s first equation and of Green’s boundary formula.

(Jaswon [552, Abstract])

According to Wendland [1306, p. 513], direct boundary integral equations were first
used by Sobolev in 1936 [1125]. However, integral equations are not derived in
this paper; rather, Sobolev shows how the Kirchhoff formula for the wave equation
([1149, §8.1], [564, §1.17], [1127, Lecture 14]) can be generalised to other linear
hyperbolic equations. See also [1126, Chapter III]. In fact, Prager [986] used a direct
method for two-dimensional potential flow in 1928. He used a Nyström method
([655, Chapter 12], [49, Chapter 4]) to solve (5.75) (with k = 0), numerically, for an
elliptic cylinder. Prager’s paper is also described in [212].

For the three-dimensional Helmholtz equation, Maue [813] obtained both (5.68)
and (5.75) in 1949. He also obtained (5.69) and (5.74), but he regarded the second-
kind equations as preferable. Papas [946] has derived the two-dimensional version
of the first-kind equation (5.74) for a sound-soft cylinder.

In 1960, Millar [856] studied the multiple-scattering problem for N sound-hard
parallel cylinders, using (5.64), and he used (5.74) for N sound-soft cylinders. In
both cases, he found asymptotic solutions for small cylinders. Row [1035] also began
with (5.74), which he then specialised to circular cylinders; see Section 4.5. Noble
[916] has obtained (5.68), (5.69), (5.71) and (5.72).

To solve a boundary integral equation analytically is, generally speaking, out of
the question. A straightforward numerical approach is to replace the equation
by a system of simultaneous linear equations, referring to a set of nodal points
spaced along the boundary L of the relevant domain D, these equations being
assembled and solved by digital computer techniques.

(Jaswon [552, p. 24])

The direct method began producing numerical results in the early 1960s. Jaswon
[552] clearly saw the advantages of the direct method over the indirect method, and
he did not flinch from using first-kind equations; he also considered mixed boundary-
value problems. Symm [1162], Jaswon’s student, gave some numerical solutions for
Laplace’s equation in two dimensions. See also the book by Jaswon & Symm [553].
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Numerical results for the Helmholtz equation were obtained by Banaugh &
Goldsmith [58] and Mei & Van Bladel [844], in two dimensions. Banaugh &
Goldsmith [58] solved (5.64). Mei & Van Bladel [844] solved both (5.68) and
(5.74). Chertock [194] solved (5.58) for radiation from three-dimensional axisymmet-
ric bodies. Andreasen [30] also solved both (5.68) and (5.74) for a two-dimensional
multiple-scattering problem with two identical elliptic cylinders with collinear major
axes. Zhu & Moule [1378] solved (5.64) for four identical circular cylinders. Perrey-
Debain et al. solved (5.68) for three [957] and four [956] identical circular cylinders
and obtained excellent agreement with the results of Linton & Evans [726]. For
applications of direct methods to the scattering of a plane wave by two identi-
cal sound-hard spheres, see [1094, 1095, 573, 880, 1353]; for analogous radiation
problems, see [287, 1353].

Plane-wave scattering by an infinite periodic row of identical parallel cylinders
can be reduced to a problem for one cylinder. This problem has been solved in [7]
for oblique incidence and sound-hard circular cylinders, beginning from (5.68).

A non-standard integral equation method has been used by Hron & Razavy [515].
For the problem of scattering by two identical circular cylinders, they begin by
introducing bipolar coordinates. This maps the problem into a new problem with a
simpler geometry (the interior of a rectangle) but with a more complicated partial
differential equation, namely ��2 + ��r��v = 0, where � is a known function of
position. Green’s function techniques then lead to a complicated Volterra integral
equation of the second kind. Scattering by two spheres is treated similarly, using
bispherical coordinates.



6
Integral equation methods, II: further results

and applications

6.1 Introduction

In Chapter 5, we described basic integral-equation methods, and we showed how
they can be used to solve the basic problems of acoustic scattering by sound-hard and
sound-soft obstacles. In this chapter, we consider many other applications, includ-
ing transmission problems, inhomogeneous obstacles, electromagnetic problems,
elastodynamic problems and hydrodynamic problems.

We also discuss modified integral equations that do not suffer from irregular
frequencies: an overview of these modifications is given in Section 6.8. Some appli-
cations of exact Green’s functions are considered in Section 6.12. Another approach,
due to Twersky, is described in Section 6.13. His method makes use of certain inte-
gral equations but they are not boundary integral equations. The chapter ends with a
discussion of ‘fast multipole methods’ in Section 6.14.

6.2 Transmission problems

Acoustic transmission problems were formulated in Section 1.3.3. Physically, they
correspond to scattering of a sound wave in a homogeneous fluid by blobs of another
homogeneous fluid. Such problems can be reduced to boundary integral equations
over the interface S.

The transmission problem is usually reduced to a pair of coupled boundary integral
equations for a pair of unknowns. For example, we have the following pair [299, 624]:

�1+��u+ �K∗ −�K∗
0�u− �S−S0�v = 2uinc�

�1+��v+��N −N0�u− ��K−K0�v = 2�vinc�

⎫

⎬

⎭

(6.1)

Here, � is the parameter (density ratio) occurring in the second transmission condition
(1.26)2, v= �u/�n and vinc = �uinc/�n on S, and the operators with the zero subscript
are the operators of Section 5.3 with k replaced by the interior wavenumber k0.

179
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It turns out that the pair (6.1) is always uniquely solvable (subject to reasonable
assumptions on the parameters of the problem); see [627, Theorem 4.2].

The pair (6.1) gives a direct method. Examples of other direct methods, with
applications, can be found in [882, 239, 1082, 1091, 825, 1262, 470]. For indirect
methods, see, for example, [658, 1025] and [223, §3.8].

It is also possible to reduce the transmission problem to a single boundary integral
equation for a single unknown function. In order to obtain such equations, one
uses a layer ansatz in one region (Be, say) and Green’s theorem in the other;
different combinations lead to different integral equations with different properties.
For example, suppose we write

usc�P�= �S���P�� P ∈ Be�

whence usc = S� and �usc/�n = �I +K�� on S. On the other hand, the normal
derivative of the interior Helmholtz integral representation, (5.40), gives

�I+K0���u0/�n�−N0u0 = 0�

Hence, the transmission conditions (1.26) give

	�I+K0��I+K�−�N0S
�= f�p�� p ∈ S� (6.2)

where f�p�= �N0uinc −�I+K0�vinc. Equation (6.2) is a Fredholm integral equation of
the second kind for ��p�. It is uniquely solvable except when k2 ∈ IV�S�; see (5.52).

Many other single integral equations have been derived and analysed in [627].
These include Fredholm integral equations of the first kind (as found by Maystre
& Vincent [817], Marx [805, 806] and Knockaert & De Zutter [635]), hypersingu-
lar integral equations, and equations that do not suffer from irregular frequencies.
Obstacles with internal interfaces are considered in [1161].

6.3 Inhomogeneous obstacles

The problem of acoustic scattering by bounded inhomogeneities embedded in an
unbounded homogeneous medium was formulated in Section 1.3.4. The density and
sound-speed are assumed to be functions of position within the inhomogeneities, and
they can be discontinuous across the interface between the inhomogeneities and the
surrounding fluid, S. The transmission conditions are

pe = p0 and
1

�e

�pe

�n
= 1
�0

�p0

�n
on S, (6.3)

where �e is the (constant) density of the fluid in Be. Within the inhomogeneous
obstacles, B, the governing equation is Bergmann’s equation, (1.27), which we may
write as

��2 +k2�p0 = Vp0 in B,
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where k is the exterior wavenumber and

Vp0 = �k2 −k2
0�p0 +�−1

0 �grad�0� ·gradp0
 (6.4)

here, �0 and k0 = �/c0 are functions of position in B. An equivalent form of
Bergmann’s equation is

�� 2 +k2�p0 = �k2 −k2
0�e/�0�p0 +div 	�1−�e/�0�gradp0

 (6.5)

see, for example, [885, eqn (8.1.12)] or [974, eqn (9-1.19)].
Werner wrote an important paper on the problem of scattering by a bounded

inhomogeneous obstacle in 1963 [1312]. He reduced the problem to a system of
coupled integral equations, using single-layer, double-layer and volume potentials;
this is an example of an indirect method. He proved that the scattering problem has
exactly one solution; his uniqueness result is in [1311]. (Werner’s system of integral
equations and his uniqueness proof are summarised in [796].) However, as far as we
know, his system of integral equations has not been used in computations. Later, we
shall use a direct method, and we shall only use volume potentials. (Properties of
acoustic volume potentials are discussed in Appendix H.)

Wall [1272] has given a uniqueness theorem for the scattering problem in which the
density and sound-speed are allowed to be piecewise-analytic functions of position
within B.

6.3.1 A formal method

There is a formal method for solving scattering problems involving inhomogeneous
media. To explain it, let us define a function U�P� by

U�P�=
{

pe�P�−pinc�P�� P ∈ Be�

p0�P�−pinc�P�� P ∈ B� (6.6)

so that U is a radiating wavefunction (as pe −pinc = psc). Evidently,

��2 +k2�U�P�= 2f�P�� P ∈ B∪Be� (6.7)

where

f�P�=
⎧

⎨

⎩

0� P ∈ Be�
1
2
�Vp0��P�� P ∈ B�

and we have used the facts that �� 2 +k2�psc = 0 in Be and ��2 +k2�pinc = 0 in B.
Note also that U is continuous across S, whereas �U/�n is not (unless �e = �0�q�,
q ∈ S).

Now, regard the right-hand side of (6.7) as a source term, and then note that

u�P�=
∫

G�P�Q�f�Q�dVQ solves ��2 +k2�u= 2f� (6.8)
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Application of (6.8) to (6.7) gives

p0�P�−
1

2

∫

B
G�P�Q� �Vp0��Q�dVQ = pinc�P�� P ∈ B� (6.9)

which is an equation for p0 in B. A variant of this equation for the total pressure
due to point-source insonification is given in the review paper [1182]. In fact, as
we shall see, (6.9) is not valid when the density is not continuous across S. (This
is unfortunate, because most of the applications in [1182] are to arrays of discrete
scatterers.)

Formal derivations of this kind are often found in textbooks; see, for example,
[196, §8.9.1]. Indeed, the result (6.8) can be justified readily if one assumes that f
is Hölder continuous. However, for discrete scatterers, there will be interfaces across
which the wavenumber, the density and the normal derivative of the pressure will be
discontinuous.

The formal derivation given above can be repaired [796]. Instead, in Section 6.3.2,
we shall derive an equation, similar to (6.9), that respects the proper transmission
conditions across interfaces [796]. We prove that solving this equation is equiva-
lent to solving the transmission problem for the acoustic pressure (Theorem 6.1). It
reduces to the well-known Lippmann–Schwinger equation when the density in the
inhomogeneity is constant and equal to the density of the surrounding homogeneous
fluid. It also reduces to the equation derived formally above, namely (6.9), but only
when there is no discontinuity in the density across the boundary of the inhomo-
geneity. If there is such a discontinuity (as is typical in applications), an extra term
is needed; see (6.28) below.

6.3.2 An integral representation and an integro-differential equation

We shall consider integral representations obtained using the free-space Green’s
function for the exterior fluid, G�P�Q� = − exp �ikR�/�2�R�. An application of
Green’s second theorem in Be to psc and G gives

∫

S

{

G�P�q�
�psc

�nq
−psc�q�

�

�nq
G�P�q�

}

dsq =
{

2psc�P�� P ∈ Be�

0� P ∈ B�
A similar application in B to pinc and G gives

∫

S

{

G�P�q�
�pinc

�nq
−pinc�q�

�

�nq
G�P�q�

}

dsq =
{

0� P ∈ Be�

−2pinc�P�� P ∈ B�
Adding these gives

∫

S

{

G�P�q�
�e

�0

�p0

�nq
−p0�q�

�

�nq
G�P�q�

}

dsq =
{

2psc�P�� P ∈ Be�

−2pinc�P�� P ∈ B� (6.10)
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where we have used pe = pinc +psc and the transmission conditions (6.3). The first of
(6.10) gives an integral representation for psc�P� in terms of a distribution of sources
and dipoles over S. This representation is not very convenient here because we do
not know p0 or �p0/�n on S.

To make progress, recall Green’s first theorem,

∫

B

{

��2�+ �grad�� · �grad��
}

dV =
∫

S
�
��

�n
ds�

where � and � are sufficiently smooth in B. Choose ��Q� = p0�Q� and ��Q� =
G�P�Q� with P ∈ Be, whence

∫

S
p0�q�

�

�nq
G�P�q�dsq =

∫

B

{

�gradp0� · �gradQG�−k2p0G
}

dVQ� (6.11)

where we have used ��2 + k2�G�P�Q� = 0 for P �= Q. Similarly, if we choose
��Q�= p0�Q� and ��Q�= ��e/�0�G�P�Q� with P ∈ Be, we obtain

∫

S

�e

�0

�p0

�nq
G�P�q�dsq =

∫

B

�e

�0

{

�gradp0� · �gradQG�

−k2
0�Q�p0�Q�G�P�Q�

}

dVQ� (6.12)

where we have used Bergmann’s equation, (1.27). Subtracting (6.11) from (6.12)
gives the left-hand side of (6.10) for P ∈ Be, whence

psc�P�= ��p0��P�� P ∈ Be� (6.13)

where

��v��P�= 1

2

∫

B

{(�e

�0

−1
)

�grad v� · �gradQG�P�Q��

+
(

k2 −k2
0

�e

�0

)

v�Q�G�P�Q�
}

dVQ� (6.14)

We repeat the calculations for P ∈ B, having excised a small sphere centred at P.
The singularity at P =Q has no effect on (6.12) but it causes −2p0�P� to be added
to the left-hand side of (6.11). Then, (6.10) for P ∈ B becomes

−pinc�P�= −p0�P�+ ��p0��P�� P ∈ B�
At this stage, we have proved one half of the following theorem.

Theorem 6.1 Let the pair 	pe� p0
 solve the scattering problem formulated in
Section 1.3.4. Then v�P�≡ p0�P� solves

v�P�− ��v��P�= pinc�P�� P ∈ B� (6.15)
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where �v is defined by (6.14). Conversely, let v solve (6.15). Then the pair 	pe� p0
,
defined by

pe�P�= pinc�P�+ ��v��P� for P ∈ Be (6.16)

and p0�P�= v�P� for P ∈ B, solves the scattering problem.

Proof We have to prove the second half of the theorem. From (6.16), we define
psc using

psc�P�= ��v��P�� P ∈ Be
 (6.17)

evidently, psc satisfies ��2 +k2�psc = 0 in Be and the Sommerfeld radiation condition,
as it inherits these properties from G.

Next, let us show that p0 ≡ v satisfies Bergmann’s equation. As pinc satisfies
��2 +k2�pinc = 0 in B, (6.15) gives

��2 +k2��v−�v�= 0 in B. (6.18)

Now, from the definition (6.14), we have

2��v��P�= − �

�xPj

∫

B

(�e

�0

−1
) �v

�x
Q
j

G�P�Q�dVQ

+
∫

B

(

k2 −k2
0

�e

�0

)

v�Q�G�P�Q�dVQ� (6.19)

where P ≡ �xP1 � xP2 � xP3 �, Q ≡ �xQ1 � xQ2 � xQ3 � and summation over j is implied. The
second integral in (6.19) is an acoustic volume potential and the first term is the sum
of three first derivatives of volume potentials. The properties of volume potentials
are summarised in Appendix H. In particular, the result of applying ��2 + k2� is
given by (H.1), so that we obtain

��2 +k2���v�= − �

�xPj

{(�e

�0

−1
) �v

�xPj

}

+
(

k2 −k2
0

�e

�0

)

v�P�

= ��2 +k2�v−�e div
(

�−1
0 grad v

)−k2
0��e/�0�v�

for P ∈ B, whence (6.18) gives the desired result.
To verify the transmission conditions, observe that (6.15) gives

p0�P�−pinc�P�= ��v��P�� P ∈ B� (6.20)

But, as �v comprises a volume potential and first derivatives of volume potentials,
it follows that ��v��P� is continuous as P crosses S (see Appendix H). Thus, (6.17)
and (6.20) show that the first transmission condition, (6.3)1, is satisfied.

For the second transmission condition, we take the normal derivative of (6.17) and
(6.20) to give

�

�n
	psc − �p0 −pinc�
=

[

�

�n
�v

]

on S, (6.21)
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where �f� is the discontinuity in f across S, defined by

�f�p��= lim
Pe→p

f�Pe�− lim
P→p f�P�� Pe ∈ Be� P ∈ B� p ∈ S� (6.22)

It is shown in Appendix H that
[

�

�n
�v

]

=
(

�e

�0

−1
)

�v

�n
� (6.23)

and then (6.21) and v≡ p0 imply that (6.3)2 is satisfied. This completes the proof of
Theorem 6.1.

We have seen that solving the scattering problem for inhomogeneous obstacles is
equivalent to solving equation (6.15), which is an integro-differential equation for
v�P�, P ∈ B. This equation is uniquely solvable. To see this, we appeal to Werner’s
existence and uniqueness results [1312]. Thus, the solution 	pe� p0
 of the scattering
problem exists and, by the first half of Theorem 6.1, p0 solves (6.15). For uniqueness,
suppose that v0�P� solves (6.15) with pinc ≡ 0. Construct pe = ��v0��P� for P ∈ Be

and p0 = v0�P� for P ∈ B. By the second half of Theorem 6.1, these fields solve
the homogeneous scattering problem; they must vanish identically by the uniqueness
theorem for the scattering problem. In particular, v0�P�≡ 0 for P ∈ B, as required.

We note that an integro-differential equation equivalent to (6.15) was derived by
Gerjuoy & Saxon [401] in 1954. In fact, they derived a coupled system, involving
the pressure and the velocity, which they regarded as preferable to a single equation
for the pressure as they were motivated by the construction of variational principles.
Equation (6.15) was also obtained fortuitously by Morse & Ingard [885, eqn (8.1.13)].
They applied the formal method of Section 6.3.1 to (6.5), used the identity

Gdiv
{(�e

�0

−1
)

grad v
}

=
(

1− �e

�0

)

�grad v� · �gradQG�

+div
{(�e

�0

−1
)

Ggrad v
}

(6.24)

and then discarded the contribution from the last term.

6.3.3 The Lippmann–Schwinger equation

Consider the special case of the scattering problem where �0�Q�= �e for all Q ∈ B,
so that the density of all the scatterers is the same as that of the surrounding
homogeneous fluid. Then, the integro-differential equation (6.15) reduces to the
integral equation

v�P�− 1
2
k2
∫

B
	1−n�Q�
v�Q�G�P�Q�dVQ = pinc�P�� P ∈ B� (6.25)

where n�Q�= �k0/k�
2 = 	c/c0�Q�


2. This integral equation and its numerical treat-
ment have been discussed in [202, 151, 1344, 189, 152, 148, 525] and [196, §8.9.1].
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For example, Hyde & Bruno [525] gave results for scattering by a regular 5×5×5
array of identical spherical inhomogeneities.

Let us define n�P�= 1 for P ∈ Be and

w�P�=
{

pe�P�� P ∈ Be�

p0�P�� P ∈ B�
Then, we can combine (6.25) with the representation (6.16) to obtain

w�P�− 1

2
k2
∫

	1−n�Q�
w�Q�G�P�Q�dVQ = pinc�P� (6.26)

for all P ∈ B∪Be, where the integration is over all Q. We recognise this equation as
the Lippmann–Schwinger equation [733]; see, for example, [14], [225, §8.2], [911,
§10.3] and [953, Theorem 9.4]. Notice that our derivation shows that the Lippmann–
Schwinger equation is valid even when n�Q� is discontinuous as Q crosses S. This
fact is implicit in [949] and explicit in [1313, 1314].

6.3.4 An alternative equation

As we know that v ≡ p0 solves Bergmann’s equation in B, we can use this fact to
rewrite the expression for �v. Thus, using (6.24) and

div
{(�e

�0

−1
)

grad v
}

=
(�e

�0

−1
)

�2v+�e

(

grad�−1
0

) ·grad v

=
(�e

�0

−1
)

{

�2v+�0

(

grad�−1
0

) ·grad v
}

+�0

(

grad�−1
0

) ·grad v

=
(

1− �e

�0

)

k2
0v−�−1

0 �grad�0� ·grad v

in (6.14), we obtain

��v��P�= 1

2

∫

B
G�P�Q� �Vv��Q�dVQ+ ��Ev��P��

where Vv is defined by (6.4) and

��Ev��P�=
1
2

∫

B
div
{(�e

�0

−1
)

Ggrad v
}

dVQ

= 1

2

∫

S

( �e

�0�q�
−1
)

G�P�q�
�v

�n
dsq� (6.27)

by the divergence theorem. Thus, the scattering problem can be reduced to solving

p0�P�= pinc�P�+
1
2

∫

B
G�P�Q� �Vp0��Q�dVQ+pE�P� (6.28)
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for P ∈ B, where

pE�P�= ��Ep0� �P�=
1

2

∫

S

(

�pe

�n
− �p0

�n

)

G�P�q�dsq

and we have used (6.3)2 in (6.27).
Equation (6.28) reduces to an equation obtained by Ramm [1003] when both �0

and k0 are constants. However, in this situation, the scatterer is homogeneous and
the problem reduces to the transmission problem discussed in Section 6.2: it can be
solved using boundary integral equations over S.

If we had attempted to solve the scattering problem using the formal method
described in Section 6.3.1, we would have obtained (6.9), which is precisely (6.28)
but with pE�P� ≡ 0. In general, this extra term is not zero, and its magnitude is
difficult to estimate. Observe that, from (6.27), pE does vanish if �0�q�= �e for all
q ∈ S, which means that the density is continuous across S. Otherwise, the single-layer
potential pE�P� should be retained.

6.3.5 The far field

We have seen that the scattered field is given by (6.13). The far field is given by
Definition 4.2. Standard calculations then show that the far-field pattern is given by

f�r̂�= ik

4�

∫

B

{

ik
(�e

�0

−1
)

r̂ ·gradp0

−
(

k2 −k2
0

�e

�0

)

p0

}

exp �−ikr̂ · rQ�dVQ� (6.29)

An equivalent formula can be found in [885, eqn (8.1.14)].
The formula (6.29) leads to various approximations. For example, replacing p0 by

pinc on the right-hand side of (6.29) gives the Born approximation for f .

6.4 Electromagnetic waves

Electromagnetic scattering problems were formulated in Section 1.4, and the results
obtained by the method of separation of variables were reviewed in Section 4.9.
Here, we summarise how integral equations can be used to solve electromagnetic
problems.

6.4.1 Layer potentials and the indirect method

Recall the acoustic single-layer potential, �S���P�, defined by (5.5). In electromag-
netic theory, we usually apply the operator S to a vector-valued function of position,
a�q�, say; we define

��a� �P�= curl 	Sa
 and �� a� �P�= curl 	�a
� (6.30)
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We are interested in the tangential components of these vector fields evaluated on
S when a�q� itself is a tangential density (so that a�q� ·n�q�= 0 for all q ∈ S). For
continuous tangential densities, we have

n×�a = ∓a+�a� (6.31)

where the upper (lower) sign corresponds to P → p ∈ S from Be (B) and � is a
boundary integral operator defined by

��a� �p�= n�p�× curl 	Sa
� p ∈ S�
For sufficiently smooth tangential densities a, we also have

n×� a = �a (6.32)

on S, where

��a� �p�= n�p�× curl curl 	Sa
� p ∈ S�
Further properties of the operators � and � can be found in [223, §2.7] and in
[799].

For scattering by perfect conductors, we may seek a solution in the form

Esc�P�= �� j��P�� Hsc�P�= �i���−1curl Esc�P�� P ∈ Be� (6.33)

where j�q� is a Hölder-continuous tangential vector density. The boundary condition
(1.41)2 and the jump relation (6.31) then yield

�I−�� j = n×Einc� (6.34)

which is a Fredholm integral equation of the second kind for j�q�, q ∈ S. It turns
out (see [223, §4.4]) that this equation has exactly one solution j except when the
following interior problem has a non-trivial solution.

Interior Maxwell problem Find a field 	E�H
 that satisfies Maxwell’s equations
(1.37) in the bounded domain B together with the boundary condition n×E = 0 on S.

If this problem has a non-trivial solution, we say that k2 =�2�� is an eigenvalue of
the interior Maxwell problem. All such eigenvalues are known to be real [223, p. 125].
Physically, the interior Maxwell problem corresponds to a perfectly-conducting cavity
resonator.

As an alternative to (6.33), we can look for a solution in the form

Esc�P�= �� j��P�= �grad div +k2��Sj��P�� P ∈ Be
 (6.35)

it follows that j solves �j = −n×Einc on S.
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6.4.2 Thin wires

The representation (6.35) has been used to solve problems involving scattering by
thin wires. Thus, for a straight wire of unit length, lying on the z-axis, with 0 ≤ z≤ 1,
the governing integro-differential equation can be reduced to

(

d2

dz2
+k2

)

∫ 1

0
I���K�z− ��d� = f�z�� 0< z < 1� (6.36)

where I is the unknown current in the wire and f is known in terms of the incident
field. The kernel is given by

K�w�= 1

�

∫ �

0

exp
{

ik
√

w2 +4a2 sin2 ��/2�
}

√

w2 +4a2 sin2 ��/2�
d��

where a is the (small) radius of the wire’s circular cross-section. Equation (6.36) is to
be solved subject to I�0�= I�1�= 0. For a derivation of (6.36), and some discussion
of its properties, see [564, §3.14] and [567]; in particular, K�w�∼ −�a��−1 log �w� as
w→ 0. Numerical methods for solving (6.36) are developed in [268]. Many authors
replace K by a ‘reduced kernel’

Kr�w�=
exp 	ik

√
w2 +a2
√

w2 +a2
�

but this replacement makes (6.36) ill-posed [268]; evidently,Kr�0� is defined whereas
K�w� is logarithmically singular as w→ 0.

For multiple scattering by several parallel thin wires, one can derive systems of
one-dimensional integro-differential equations. Such equations, using Kr , have been
studied at length in the book by King et al. [611]; see also [1114].

6.4.3 The Stratton–Chu formula and the direct method

The vector analogues of Green’s theorem are obtained by applying the divergence
theorem to w = P × curl Q, giving

∫

�
	P · curl curl Q− �curl P� · �curl Q�
dV =

∫

�
P · �� × curl Q�dS�

where � is a bounded region with boundary � and ��q� is the unit normal vector at
q ∈ � pointing out of �. Interchanging P and Q, and then subtracting the two results
gives [1150]

∫

�
	Q · curl curl P −P · curl curl Q
dV

=
∫

�
	P × curl Q−Q× curl P
 ·� dS� (6.37)
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Following Stratton & Chu [1150] (see also [1149, §8.14], [1152] and [223, Theo-
rem 4.1]), apply (6.37) in B to P = E�Q� and Q = cG�P�Q�, where � = B, � = S,
� = n, c is an arbitrary constant vector and P ∈ B. The result is

2E�P�=
∫

S
	i���n×H�G+ �n×E�×gradq G+ �n ·E�gradq G
dsq
 (6.38)

this is [1149, §8.14, eqn (19)] and [979, eqn (4.8a)]. An equivalent but more concise
formula, making use of (6.30), is

2E�P�= �	n×E
− �i���−1� 	n×H
� P ∈ B� (6.39)

To see that these are indeed equivalent, note first that

��a��P�=
∫

S
�gradP G�×a�q�dsq�

using curl ��c�= �grad��× c for constant c. Thus, as G�P�Q� is a function of the
distance between P and Q, we see that

�	n×E
=
∫

S
�n×E�×gradq Gdsq� (6.40)

Second, using the vector identity curl curl = grad div −�2 and the equation ��2 +
k2�G= 0, we obtain

�� a��P�= gradP
∫

S
�Div a�G�P�q�dsq+k2

∫

S
a�q�G�P�q�dsq�

where Div a is the surface divergence and we have used the fact that

div 	Sa
= S	Div a



see [223, Theorem 2.29]. Also, as

Div �n×H�= −n · curl H = i��n ·E

(see [223, eqn (2.75)]), we obtain

� 	n×H
= −i��
∫

S
�n ·E�gradq Gdsq+�2��

∫

S
�n×H�Gdsq� (6.41)

Thus, (6.38) and (6.39) are equivalent.
Equation (6.38) or (6.39) is an example of what are usually known as the Stratton–

Chu representations. There are similar formulae for the exterior region Be, which
make use of the Silver–Müller radiation conditions (see Section 1.4.1). Thus, we
obtain

�	n×Esc
− �i���−1� 	n×Hsc
=
{−2Esc�P�� P ∈ Be�

0� P ∈ B�
and

�	n×Hsc
+ �i���−1� 	n×Esc
=
{−2Hsc�P�� P ∈ Be�

0� P ∈ B�
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Similarly, we have (cf. (6.39))

�	n×Einc
− �i���−1� 	n×Hinc
=
{

0� P ∈ Be�

2Einc�P�� P ∈ B�
and

�	n×Hinc
+ �i���−1� 	n×Einc
=
{

0� P ∈ Be�

2Hinc�P�� P ∈ B�
Adding these equations, using (1.38), gives

�	n×E
− �i���−1� 	n×H
=
{−2Esc�P�� P ∈ Be�

2Einc�P�� P ∈ B� (6.42)

and

�	n×H
+ �i���−1� 	n×E
=
{−2Hsc�P�� P ∈ Be�

2Hinc�P�� P ∈ B� (6.43)

where 	E�H
 are the total electromagnetic fields.
Computing the tangential components of (6.42) and (6.43) on S, using (6.31) and

(6.32), we obtain

�I+���n×E�− �i���−1��n×H�= 2n×Einc (6.44)

and

�I+���n×H�+ �i���−1��n×E�= 2n×Hinc� (6.45)

For scattering by perfect conductors, we have n × E = 0 on S, and then the first
of (6.42) gives the representation

2Esc�P�= �i���−1�� J��P�� P ∈ Be� (6.46)

where J�q�= n×H, q ∈ S. Moreover, (6.44) and (6.45) reduce to

�J = −2i��n×Einc (6.47)

and

�I+��J = 2n×Hinc� (6.48)

respectively. Equations (6.47) and (6.48) are known as the electric field integral
equation (EFIE) and the magnetic field integral equation (MFIE), respectively. The
EFIE is a singular integral equation. The MFIE is a Fredholm integral of the second
kind; it suffers from the same irregular frequencies as (6.34). For an alternative
discussion of irregular frequencies in the electromagnetic context, see [683].
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6.4.4 Transmission problems

If the region B is filled with a different homogeneous material, one can reduce the
corresponding transmission problem (formulated in Section 1.4.3) to pairs of coupled
boundary integral equations over the interface S, using G and G0, where G0 is G
with k replaced by k0 = �√

�0�0.
It is also possible to reduce electromagnetic transmission problems to single inte-

gral equations over S.

6.4.5 Inhomogeneous obstacles

Suppose that �0 and �0 are functions of position in B; see Section 1.4.4 for the
equations governing E0 and H0 within B. Then, from [1152, eqn (2.10)], we have

∫

B
v0�Q�G�P�Q�dVQ+

∫

S
F0�P�q�dsq =

{

0� P ∈ Be�

2E0�P�� P ∈ B� (6.49)

where

v0 = �k2 −k2
0�E0 − ��−1

0 grad�0�× curl E0 +grad div E0� (6.50)

k2
0 = �2�0�0 and

F0 = �n× curl E0 −n Div E0�G+ �n×E0�×gradq G+ �n ·E0�gradq G�

Maxwell’s equations in B, (1.42), give

F0 = �n×E0�×gradq G+ �n ·E0�gradq G

+ 	i��0�n×H0�+n ��−1
0 grad�0� ·E0
G�

On the other hand, (6.42) and the transmission conditions (1.43) give

�	n×E0
− �i���−1� 	n×H0
=
{−2Esc�P�� P ∈ Be�

2Einc�P�� P ∈ B�
Making use of (6.40) and (6.41), we can write these as

∫

S
F1�P�q�dsq =

{−2Esc�P�� P ∈ Be�

2Einc�P�� P ∈ B� (6.51)

where

F1 = �n×E0�×gradq G+ ��0/���n ·E0�gradq G+ i���n×H0�G�

Subtracting (6.51) from (6.49), we obtain

∫

B
v0G�P�Q�dVQ+

∫

S
F�P�q�dsq =

{

2Esc�P�� P ∈ Be�

2E0�P�−2Einc�P�� P ∈ B� (6.52)
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where

F =
(

1− �0

�

)

�n ·E0�gradq G

+
{(

1− �

�0

)

�n× curl E0�+n ��−1
0 grad�0� ·E0

}

G�

The first of (6.52) gives an integral representation for the scattered electric field in
terms of the field E0 inside B and on S, whereas the second of (6.52) can be solved,
in principle, for E0. The combination of volume and surface integrals is inconvenient,
computationally, but notice that F vanishes if �0�q� = �, �0�q� = � and �0�P� is
constant near S.

When �0�Q�≡ �, the second of (6.52) reduces to [979, eqn (4.18)].
Before eliminating the surface integral in (6.52), let us recall a formal derivation

of an equation that is very similar to (6.52).

6.4.5.1 A formal derivation
We can write (1.44) as

��2 +k2�E0 = v0 in B,

where v0 is defined by (6.50). So, if we define a vector field U by (cf. (6.6))

U�P�=
{

E�P�−Einc�P�� P ∈ Be�

E0�P�−Einc�P�� P ∈ B�
we see that U satisfies the Silver–Müller radiation conditions, that n×U is continuous
across S, and that ��2 +k2�U = 2f , where f �P�= 0 for P ∈ Be and f �P�= 1

2 v0�P� for
P ∈ B. Hence, as each Cartesian component of U satisfies the Sommerfeld radiation
condition ([223, Corollary 4.7]), (6.8) gives

2U�P�=
∫

B
v0�Q�G�P�Q�dVq� (6.53)

This formula should be compared with (6.52); we see that (6.53) is incorrect unless
the surface integral in (6.52) vanishes.

6.4.5.2 An alternative formulation
Consider (6.51). We can write c ·F1 = n ·X, where c is an arbitrary constant vector
and

X�Q�= E0 × curlQ �Gc�+ ��0/���c ·gradQG�E0 − ��/�0�Gc× curl E0� (6.54)

Then, the divergence theorem gives

−2c ·Esc�P�=
∫

B
div X dVQ� P ∈ Be�
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whence

2Esc�P�=
∫

B
W�P�Q�dVQ� P ∈ Be� (6.55)

where div X = −c ·W and

W�P�Q�=
(

1− �

�0

)

�gradQG�× curl E0�Q�

+
(

1− �0

�

)

{

k2GE0 −gradP �E0 ·gradQG�
}

� (6.56)

For P ∈ B, this calculation must be modified because of the singularity of G�P�Q�
at P = Q. So, we remove a ball B� from B, where B� has radius �, centre P and
spherical boundary S�. Thus, from (6.51), we have

2c ·Einc�P�=
∫

S
n ·X dsq =

∫

B\B�
div X dVQ+

∫

S�

n ·X dsq� (6.57)

(In this formula, we could replace B� by any other volume containing P with
corresponding boundary S�, and we do not have to assume that � is small.)

We are now going to let �→ 0 in (6.57). Inspection of (6.54) shows that X�q�=
O��−2� as �→ 0, and so the surface integral over S� in (6.57) exists and has a limit
as �→ 0; specifically, we find that

lim
�→0

∫

S�

n ·X dsq =
{

2− 2

3

(

1− �0�P�

�

)}

c ·E0�P��

It follows that the volume integral over B \B� in (6.57) must also have a limit as
�→ 0, even though (6.56) shows that div X is O��−3� as �→ 0. In fact, the integral
exists as a Cauchy principal-value integral; see Appendix H.2. Thus, we obtain

{

2− 2
3

(

1− �0�P�

�

)}

E0�P�− −
∫

B
W�P�Q�dVQ = 2Einc�P� (6.58)

for P ∈ B, which is a singular integral equation for E0.
As a special case, suppose that �0�Q�≡ �; this is a common assumption. Then

W�P�Q�= k2

(

1− �0�Q�

�

)

G�P�Q� ·E0�Q�� (6.59)

where

�G�P�Q��ij =G�ij +
1

k2

�2G

�xQi �x
Q
j

� (6.60)

When (6.59) is used in (6.58), we obtain [1191, eqn. (2.1.41)], whereas (6.55) gives

2Esc�P�= k2
∫

B

(

1− �0�Q�

�

)

G�P�Q� ·E0�Q�dVQ� P ∈ Be� (6.61)

This representation is the starting point for developing various approximations; for
example, the Born or Rayleigh–Gans approximation is obtained by replacing E0 by
Einc on the right-hand side of (6.61).
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G, defined by (6.60), is known as the free-space dyadic Green’s function. It can
be used instead of G so as to obtain integral representations and integral equations;
for example, for perfect conductors, the representation (6.46) can be written as

2Esc�P�= −i��
∫

S
G�P�q� ·J�q�dsq� P ∈ Be� (6.62)

However, the strong singularity (O�R−3� as R→ 0) means that much care is needed
whenever G is used. For lengthy discussions, see [196, §7.1], [1231, Chapter 3],
[1277, Chapter 7], [1190, Chapter 2, §1.1] and [1191, Chapter 2, §1].

6.4.6 Literature

From a mathematical point of view, we recommend the book by Colton & Kress
[223] for the basic theory of integral-equation methods for electromagnetic scattering
problems. See also [207] and [262]. For non-smooth S, see [875, 874, 156] and
references therein.

The famous paper of Stratton & Chu [1150] was published in 1939. According to
Sommerfeld [1129, p. 325], the equivalent formula (6.39) was obtained by W. Franz
in 1948. In fact, both (6.38) and (6.39) can be found in a 1931 paper by Murray
[897]. This paper also contains the MFIE, (6.48). Both the MFIE and the EFIE were
derived by Maue [813] in 1949.

In 1954, Storer & Sevick [1147] used (6.62) for multiple-scattering problems; they
obtained approximate solutions for scattering by two parallel wires of finite length.

Perhaps the most influential book on computational electromagnetics is
Harrington’s Field Computation by Moment Methods, published in 1968 [481]; see
also [480]. Many examples are given, including Galerkin-type methods for solving
boundary integral equations. Since then, many books and reviews have appeared: we
mention the long review by Poggio & Miller [979], the reviews by Ström [1152] and
Wilton [1325], and the books by Chew [196], Wang [1277], Peterson et al. [959]
and Tsang et al. [1191].

According to Poggio & Miller [979, p. 212], ‘the first three-dimensional body to be
treated using a numerical integral equation approach was the sphere’ by F.K. Oshiro
in 1965, using the MFIE.

For transmission problems, using pairs of boundary integral equations, see [482,
799] for reviews. In particular, Arvas & Mautz [42] have considered multiple-
scattering problems; their paper includes numerical results for two-dimensional prob-
lems, as does [43]. Results for clusters of two, three and four identical touching
spheres are presented in [838]; see also [617, 471]. Methods based on the use of
single integral equations have been developed in [805, 411, 806, 814, 799, 1356].

Several numerical methods have been devised for solving the volume integral
equation (6.58). For details and many references, see [1191, Chapter 2] and [870,
§6.5]. As an example, the authors of [351] solved the problem of scattering by
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two touching spheres using two methods, the ‘discrete-dipole approximation’ (which
may be viewed as a method for solving volume integral equations) and the multipole
method of Chapter 4; good agreement was reported.

6.5 Elastic waves
We remember very well the time when almost every author dealing with a non-
trivial elasticity problem considered it very nearly a matter of his honour to
reduce it by all means to a Fredholm equation of the second kind. After this,
he was prone at least to think that his investigation was completed theoretically
without concerning himself with the implementation of the solution. (People
wonder at it now.)

(D.I. Sherman, foreword to [948, p. 10])

Elastodynamic scattering problems were formulated in Section 1.5, and the results
obtained by the method of separation of variables were reviewed in Section 4.10.
Here, we summarise how integral equations can be used to solve elastodynamic
problems.

6.5.1 Layer potentials and the indirect method

The basic fundamental solution is an n× n matrix G (sometimes known as the
Kupradze matrix), where n = 2 for plane-strain problems and n = 3 for three-
dimensional problems. Explicitly,

�G�P
Q��ij =
1
�

{

��ij + 1
K2

�2

�xi�xj
�� −��

}

�

where � is the shear modulus,

� = −1
2

iH�1�0 �kR� and � = −1

2
iH�1�0 �KR� when n= 2,

� = − exp �ikR�/�2�R� and � = − exp �iKR�/�2�R� when n= 3,

K is the shear wavenumber, k is the compressional wavenumber, R= �rP − rQ� and
xi (1 ≤ i ≤ n) are the Cartesian components of P. By construction, for each Q,
G�P
Q� satisfies the equation of motion (1.50) with respect to P for all P �=Q and
the Kupradze radiation conditions (Section 1.5.1) with respect to P as rP = �rP � → 
.
The matrix G�P
Q� also has these properties with respect to Q for each P.

Next, we define elastic single-layer and double-layer potentials by

�S f ��P�=
∫

S
f �q� ·G�q
P�dsq

and

�D f ��P�=
∫

S
f �q� ·TqG�q
P�dsq�
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respectively, where Tq means that the traction operator T (defined by (1.53)) is
applied at q ∈ S. These elastic layer potentials have well-known properties [673].
Thus, �S f ��P� is continuous as P crosses S, whereas both D and TpS exhibit jumps
given by

D f = �∓I+K∗� f (6.63)

and

TpS f = �±I+K� f (6.64)

(cf. (5.9) and (5.6), respectively), where the upper (lower) sign corresponds to P→
p ∈ S from the exterior Be (the interior B) and I is the n×n identity matrix. K and
K∗ are singular integral operators, defined, for p ∈ S, by

�K f ��p�=
∫

S
f �q� ·TpG�q
p�dsq

and

�K∗f ��p�=
∫

S
f �q� ·TqG�q
p�dsq�

In all of the above formulae, it is sufficient that the density f be Hölder continuous
on S [673, Chapter 5]. However, we sometimes require the tractions corresponding
to the elastic double-layer potential, defined by

N f = TpD f � (6.65)

The existence of N f requires that f be smoother: a sufficient condition is that the
tangential derivative of f �q� be Hölder continuous for q ∈ S (f ∈ C1���S�), and then
the right-hand side of (6.65) is continuous across S [673, p. 320].

S has a weakly singular kernel, but K and K∗ have singular kernels. More precisely,
if we write

�K f �i =
∫

S
fj�q�Kji�q
p�dsq�

then the diagonal entries Kii (no sum) are weakly singular (continuous when n= 2),
whereas the off-diagonal entries Kji (i �= j) have Cauchy singularities: the correspond-
ing integrals must be interpreted as Cauchy principal-value integrals; see Appendix D
when n= 2 and Appendix F when n= 3. Thus, for the existence of S f , it is suffi-
cient that f be continuous on S. For the existence of K f and K∗f , f must belong to
C0���S�, with 0 < � < 1; however, K and K∗ are not compact on this space. S and
N are self-adjoint when the inner product is taken as

� f �g� =
∫

S
f ·g ds


K and K∗ are mutually adjoint with respect to this inner product. N is a hypersingular
operator. For further information on all these operators, see [673].
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For scattering by cavities, we may seek a solution in the form

usc�P�= �Sf ��P�� P ∈ Be�

The boundary condition (1.52)2 and the jump relation (6.64) then yield

�I+K� f = −Tuinc� (6.66)

which is a singular integral equation for f �q�, q ∈ S. It turns out that this equation
has exactly one solution f except when the following interior Dirichlet problem has
a non-trivial solution.

Vibration problem Find a displacement u that satisfies (1.50) in the bounded
domain B together with the boundary condition u = 0 on S.

This eigenvalue problem only has non-trivial solutions for certain values of the
frequency �. It is known that these eigenfrequencies form an infinite, discrete set,
and that each eigenfrequency has a finite multiplicity. For proofs of these results,
see [453, §§75–78], [1031, §III.3] or [1050, Chapter 2, §7].

6.5.2 Betti’s theorem and the direct method

The elastic analogue of Green’s theorem is Betti’s reciprocal theorem. To formulate
this, let

�ij = cijkl��/�xk�ul and � ′
ij = c′

ijkl��/�xk�u
′
l

be the stresses corresponding to the displacements ui and u′
i, respectively. Put wi =

u′
j�ji in the divergence theorem (5.31) to give

∫

�

(

�u′
j

�xi
�ji+u′

j

��ji

�xi

)

dV =
∫

�
u′
j�ji�i dS� (6.67)

where � is a bounded region with boundary � and ��q� is the unit normal vector at
q ∈ � pointing out of �. Interchange u and u′, and subtract the result from (6.67) to
give

∫

�

(

ui�
′
ij −u′

i�ij
)

�i dS =
∫

�

(

ui
�� ′
ji

�xj
−u′

i

��ji

�xj

)

dV

+
∫

�

(

c′
ijkl− cijkl

) �ui
�xj

�u′
k

�xl
dV� (6.68)

where we have used (1.47). In particular, if u and u′ both satisfy the same equation
of motion in �, we obtain

∫

�
�ui�

′
ij −u′

i�ij��i dS = 0�

This is known as Betti’s reciprocal theorem.
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A careful application of Betti’s theorem in Be to usc and G gives

2usc�P�= �S�Tusc�� �P�− �Dusc� �P�� P ∈ Be� (6.69)

where we have made use of the radiation condition satisfied by both usc and G.
Similarly, an application of Betti’s theorem in B to uinc and G gives

0 = �S�Tuinc�� �P�− �Duinc� �P�� P ∈ Be�

Adding this to (6.69), using u = usc +uinc, gives

2usc�P�= �St� �P�− �Du� �P�� P ∈ Be� (6.70)

where t = Tu. Similarly, we obtain

−2uinc�P�= �St� �P�− �Du� �P�� P ∈ B� (6.71)

Equations (6.70) and (6.71) can be found in [945], for example.

6.5.2.1 Far-field patterns
Asymptotic approximation of (6.70) for large r yields (see, for example, [261])

usc�r�= FP�r̂�
eikr

r
+FS�r̂�

eiKr

r
+O�r−2� (6.72)

as r = �r� → 
, uniformly with respect to all directions r̂ = r/r. The vectors FP and
FS are the elastodynamic far-field patterns. The asymptotic calculation also shows
that

FP�r̂�= FP�r̂�r̂ and r̂ ·FS�r̂�= 0� (6.73)

which reveal that the radiated P-wave propagates in the outward radial direction,
whereas the radiated S-wave is polarised in a plane perpendicular to the radial
direction.

The far-field patterns can be expressed in terms of boundary integrals of u and t.
Thus

FP�r̂�= − r̂
4���+2��

∫

S

[

ik	��u ·n�+2��n · r̂��u · r̂�


+ t · r̂
]

exp�−ikr̂ ·q�dsq� (6.74)

FS�r̂�= − 1

4��
r̂×
∫

S

[

iK�	�u× r̂��n · r̂�+ �n× r̂��u · r̂�


+ t × r̂
]

exp�−iKr̂ ·q�dsq� (6.75)

where u, t and n are all evaluated at q, the integration point on S with position vector
q. Wall [1273] has given similar formulae for the far-field patterns, but his involve
the scattered field usc rather than the total field u.
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6.5.2.2 Boundary integral equations
For scattering by cavities, with t = 0 on S, we can let P→ p ∈ S in (6.69) to obtain

�I+K∗�usc = −S�Tuinc�� (6.76)

a boundary integral equation for usc on S. Similarly, (6.70) gives

�I+K∗�u = 2uinc� (6.77)

a boundary integral equation for u on S. Both of these suffer from the same irregular
frequencies as (6.66). They exemplify the direct method for elastodynamic problems.

6.5.3 Transmission problems

If the region B is filled with a different isotropic elastic material, one can reduce the
corresponding transmission problem (formulated in Section 1.5.3) to pairs of coupled
integral equations over the interface S, using the Kupradze matrix for the material
within B as well as G. The derivations are patterned on the corresponding acoustic
problems (Section 6.2). The integral equations inevitably involve singular integrals.

6.5.4 Inhomogeneous obstacles

If the region B is filled with inhomogeneous material, we obtain the problem formu-
lated in Section 1.5.4. Such problems can be reduced to integro-differential equations
over the volume B. To see this, make the choices

ui�Q�=Gim�Q
P�� u′ = u0 and c′ijkl = c0
ijkl

in (6.68), with � = S, � = B and P ∈ Be, giving

�S t0��P�− �D u0��P�= v�P�+w�P�� P ∈ Be� (6.78)

where t0 = T0 u0,

v�P�= �2
∫

B
	�−�0�Q�
u0 ·G�Q
P�dVQ�

wm�P�=
∫

B

{

c0
ijkl�Q�− cijkl

} �u0
i

�xj

�

�xl
Gkm�Q
P�dVQ�

However, we have u = u0 and t = t0 on S, whence (6.70) gives

2usc�P�= v�P�+w�P�� P ∈ Be�

which is a representation for the scattered field as a volume integral. It can be found
in [768], for example.
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If we repeat the calculation for P ∈ B, we find that 2u0�P� has to be added to the
left-hand side of (6.78), due to the singularity of G�Q
P� at Q = P. Then, making
use of (6.71), we obtain

2u0�P�− v�P�−w�P�= 2uinc�P�� P ∈ B� (6.79)

which is an integro-differential equation for the interior field, u0�P�. Derivations of
(6.79) can be found in, for example, [945, 445, 1122].

6.5.5 Literature

The standard reference on the theory of integral-equation methods in the context of
elastic waves is the book by Kupradze et al. [673]. Kupradze began developing this
theory in the 1950s [671, p. 2]; he explicitly permits multiple-scattering problems
[671, p. 41]. As he remarks in his 1963 book, the

essential circumstance we should bear in mind when using the integral equa-
tions [such as (6.66), (6.76) or (6.77)] � � � consists in the fact that the integrals
occurring here are singular and can only be understood in the sense of principal
values; therefore, although the equations themselves have the form of Fredholm
equations of the second kind, they are, in fact, singular and multidimensional
(two-dimensional) and require a special analysis to solve the question whether
Fredholm’s theory is applicable.

(Kupradze [671, p. 43])

The relevant theory of multi-dimensional singular integral equations had already
been worked out by G. Giraud, S.G. Mikhlin and others: the standard reference is
[853]; see also [948] for a brief outline.

In 1963, Banaugh & Goldsmith [59] considered two-dimensional scattering prob-
lems, using the representation (1.55) in terms of two acoustic potentials, � and �.
They used a Sommerfeld representation (5.36) for each potential, and then derived
a coupled system of integral equations on S. They considered fixed rigid scatterers,
cavities and inclusions. Numerical results were given for P-wave scattering by rigid
cylinders with circular, elliptical and three-leafed-clover cross-sections. Banaugh
[57] and Sharma [1099] generalised [59] to three dimensions; detailed reductions for
axisymmetric obstacles are also given in [1099].

The method of Banaugh & Goldsmith [59] is indirect in the sense that the potentials
� and � do not have a physical interpretation. Another indirect method, based on the
two-dimensional version of (6.66), has been used in [980, 735]: in [735], results for
scattering of a P-wave by 30 aligned, identical, randomly placed, elliptical cavities
are given.

Direct methods were used to solve some two-dimensional elastostatic problems
by Rizzo [1021]; see [1022] for historical remarks. Tan reduced scattering problems
to direct boundary integral equations [1166] and then gave numerical results for a
variety of two-dimensional problems [1167]. Numerical solutions of (6.77) in three
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dimensions are reported in [1023, 622, 1019, 740, 1067, 1069]. In particular, [1069]
contains numerical results for multiple scattering by two identical spherical cavities
and by two identical coaxial spheroidal cavities. In [1067], the effects of irregular
frequencies are shown when (6.77) is used for a pair of unequal spherical cavities. A
direct method was used in [1164] for the three-dimensional problem of two parallel
fluid-filled boreholes, with an acoustic point source inside one of the boreholes; for a
point source near two parallel cylindrical cavities (with oval cross-sections), see [38].

The three-dimensional transmission problem for isotropic media has been analysed
in [673, Chapter 12, §2] and in [240, 877]. The two-dimensional problem is simpler,
and has been studied in [788]. Numerical results for three-dimensional problems
have been presented in [623, 1068, 425, 1067].

Numerical solutions of (6.79) for several identical circular cylinders have been
described in [697]; each cylinder is homogeneous and isotropic. The authors solve
the same problem – a transmission problem – using a pair of coupled boundary
integral equations. They conclude [697, p. 153]: ‘For multiple inclusions, the volume
integral equation method [based on (6.79)] gives very accurate results and is easier
and more convenient to apply’. Orthotropic cylinders are considered in [698].

Integral equations for scattering by obstacles in an elastic half-space, y > 0, can
be obtained using the full-space Green’s function G or using the half-space Green’s
function GH, say. (By construction, GH satisfies the traction-free boundary condition
on y = 0.) Using GH leads to boundary integral equations over S, whereas using G
leads to boundary integral equations over S∪F , where F is the portion of y = 0 not
occupied by scatterers. (F is the whole of y = 0 if all the scatterers are buried in the
half-space.) Thus, there is a trade-off: G is much simpler to compute than GH, but
using G means that (part of) the infinite surface F will have to be discretised. Some
aspects of this trade-off are discussed in [939], together with numerical comparisons.
However, most authors have used G: for the indirect method, see [1052, 752]; for
the direct method, see [1018, 593] and the book by Reinoso [1017]. Qian & Beskos
[989] have used GH in a direct method for scattering by two rigid ‘foundations’ on
y = 0; flexible foundations are considered in [1172].

The theory of integral-equation methods for anisotropic media has been given by
Natroshvili [900]. Two difficulties have to be overcome. First, the far-field behaviour
is more complicated than in isotropic media and, second, the fundamental solution
analogous to G, which we denote by Gan, is not available explicitly. Nevertheless,
methods for computing Gan have been developed; see [1323, 1275, 1276, 297, 295]
and references therein. Gan can then be used to derive boundary integral equations for
scattering problems. Thus, Sáez & Domínguez [1047] have given numerical results
for scattering by a pair of identical spherical cavities in a transversely isotropic solid.
For arbitrary anisotropy, see [914, 915].

Plane-wave scattering by periodic arrangements of identical obstacles can be
reduced to a problem over a reference domain containing a single obstacle. This
problem may then be solved using boundary integral equations. For doubly-periodic
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planar arrays of spherical cavities and inclusions, see [5, 620] and [621], respectively;
see [6, 620] for triply-periodic arrays.

The use of boundary element methods to solve elastodynamic problems is described
in several books [619, 774, 1015, 116] and in several reviews [95, 638, 96].

6.6 Water waves

Water-wave problems were formulated in Section 1.6, and the results obtained using
multipole potentials were reviewed in Section 4.11. Here, we summarise how integral
equations can be used.

6.6.1 Layer potentials and the indirect method

The basic fundamental solution, G�P�Q�, has already been defined. For deep water
in two dimensions, G is defined by (2.87). For deep water in three dimensions, G is
defined by (3.164). Both of these have been normalised so that the singular behaviour
at P = Q is exactly the same as for our acoustic fundamental solutions; see (5.3)
and (5.4). This means that, for example, all the acoustic jump relations for single-
layer and double-layer potentials will be valid here, without change. Fundamental
solutions for water of constant finite depth are also known. All of the hydrodynamic
fundamental solutions mentioned in this paragraph are complicated, and much has
been written on effective methods for their numerical evaluation; see [731, §4.6.1]
for more information.

The basic water-wave problem is the Neumann problem because most immersed
structures are rigid. For this problem, it is natural to write the scattered potential as
a hydrodynamic single-layer potential,

�sc�P�=
∫

S
��q�G�P�q�dsq� P ∈ Be� (6.80)

where � = �inc +�sc and � is an unknown source density. This representation
ensures that the free-surface and radiation conditions are satisfied. Then, the boundary
condition on the wetted surfaces S, (1.57), together with the jump relation (5.6), give

��p�+
∫

S
��q�

�

�np
G�p�q�dsq = −��inc

�np
� p ∈ S� (6.81)

a Fredholm integral equation of the second kind for � on S. For the corresponding
radiation problem, the right-hand side of (6.81) should be replaced by the prescribed
normal velocity on S.

For submerged bodies, the integral equation (6.81) is known to be uniquely solv-
able, for all frequencies. However, there are irregular frequencies for bodies that
pierce the free surface. Thus, let Bi denote the interior region bounded by Fi and
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the wetted surface Si, where Fi is the portion of the plane z= 0 inside the ith body.
Then, (6.81) is uniquely solvable except when the following interior problem has a
non-trivial solution, for at least one value of i, with i= 1�2� � � � �N .

Wave-Dirichlet problem Find a function � that satisfies �2�= 0 in Bi, �= 0 on
Si, and the free-surface condition, K�+ ��/�z= 0 on Fi.

Many methods have been developed for eliminating irregular frequencies; some of
these will be mentioned later. For a survey, see [675, §3.1.2].

6.6.2 Green’s theorem and the direct method

The derivations given in Section 5.10.1 can be used to derive boundary integral
equations for water-wave problems. Thus, for scattering problems, (5.63) and (5.64)
become

2�sc�P�= −
∫

S

{

�sc�q�
�

�nq
G�P�q�+vinc�q�G�P�q�

}

dsq (6.82)

for P ∈ Be and

�sc�p�+
∫

S
�sc�q�

�

�nq
G�p�q�dsq = −

∫

S
vinc�q�G�p�q�dsq� p ∈ S� (6.83)

respectively, where vinc ≡ ��inc/�n. Similarly, (5.67) and (5.68) give

2�sc�P�= −
∫

S
��q�

�

�nq
G�P�q�dsq� P ∈ Be� (6.84)

and

��p�+
∫

S
��q�

�

�nq
G�p�q�dsq = 2�inc�p�� p ∈ S� (6.85)

respectively. Equation (6.83) is an integral equation for the boundary values of
�sc, whereas (6.85) is an equation for the boundary values of the total potential.
Equations (6.82) and (6.83) can also be used for radiation problems: replace �−vinc�

by the prescribed normal velocity on S.
Both (6.83) and (6.85) suffer from the same irregular frequencies as (6.81). This

fact was known to John [559].

6.6.3 Literature

For submerged bodies, the integral equation (6.81) was used in 1940 by N.E. Kochin;
see [1303, p. 543] and [675, §2.1.1.1]. The integral equation (6.85) was used by John
[559] for floating bodies; see his eqn (I.10a).
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In his 1971 review, Wehausen [1302] made the following remarks on the method
of integral equations.

Its use as a numerical method for water-wave problems apparently started with
MacCamy [758, 760], who considered the waves generated by heaving and
rolling strips in the free surface� � �.

(Wehausen [1302, p. 251])

For flat strips (in two dimensions) and discs (in three dimensions), such problems are
usually known as dock problems. For more on two-dimensional dock problems, see
[731, §§2.5.3 & 5.2.2], [725] and references therein. MacCamy [759] also studied
scattering by a circular dock; for more references on this problem, see [798].

Kim [608] was the first to use boundary integral equations to obtain numerical
solutions for obstacles of non-zero displacement. He solved (6.81) for deep water, in
two and three dimensions, and gave numerical results for floating elliptic cylinders,
spheroids and ellipsoids.

In the 1970s, several groups developed software for solving three-dimensional
water-wave problems in finite-depth water, using (6.81). For example, see papers
by Garrison [386, 385, 383, 384], Standing [509, 1141] and their coauthors, van
Oortmerssen [1239, 1240] and Faltinsen & Michelsen [338]. Some of these papers
treat problems involving two or more scatterers [1141, 1240], as do some later papers
[242, 1142, 812, 301, 1063]. For overviews, see [1058, §6.3] and [908].

Duncan & Brown [302] solved (6.81) for N identical floating bodies in an iterative
manner, using an approximate orders-of-scattering approach. The approximation
arises because it is assumed that each body is in the far field of every other body:
interactions are only via cylindrical waves.

The direct method, based on (6.83), was used by Milgram & Halkyard [855]
in 1971. Subsequently, this method (together with (6.85)) was used as the basis for
WAMIT, perhaps the best known software for water-wave problems. For a description
and many applications, see [692, 693] and [910]; the last of these includes results
for scattering by a linear array of nine floating buoys. For other applications of the
direct method to multibody problems, see [303, 510].

Also in the 1970s, several authors used integral-equation methods to treat
two-dimensional catamaran problems, typically consisting of two identical, rigidly-
connected, half-immersed circular cylinders. For example, Nordenstrøm et al. [917],
Kim [604], Lee et al. [696] and Katory et al. [592] all solved (6.81) for deep
water, whilst Chung & Coleman [214] did so for water of constant finite depth.
Other geometries have also been investigated, including two rectangles [604, 592],
two triangles [696] and bulbous-form catamarans [604, 766]. Chakrabarti [181] has
solved (6.83) for two submerged circular cylinders. For an application of the indirect
method to a real twin-hulled ship, including hydroelastic and forward-speed effects,
see [595]; for interactions between two ships, see [837, 591].
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For one scatterer with a vertical axis of symmetry, two-dimensional boundary
integral equations can be reduced to one-dimensional integral equations by integrating
with respect to the azimuthal coordinate. This was noted in [855], and numerical
results were given. See [540, 523] and references therein.

For simple geometries, one can write down a boundary integral equation, and
then expand the unknown function using a suitable basis. This leads to an algebraic
system for the unknown coefficients in the expansion. A form of this method was
used by Levine [704] for one submerged circular cylinder: he started with (6.84),
inserted a Fourier expansion for ��q�, and then imposed the boundary condition
on the circle. This method was generalised to two submerged circular cylinders
by Schnute [1077] and to one submerged sphere by Gray [432]. (Recall that Row
[1035] used a similar method for acoustic scattering by two soft circular cylinders;
see Section 4.5.1.) Later, Wu & Eatock Taylor [1338, 1339] obtained extensive
results for radiation and scattering by one submerged spheroid, beginning with the
single-layer representation (6.80).

All the studies mentioned above use a free-surface Green’s function, G. Instead,
one can obtain integral equations by using the basic fundamental solution for
Laplace’s equation. Thus, in two dimensions, one applies Green’s theorem to �sc

and logR, giving an integral equation with a very simple kernel. However, the equa-
tion holds over a (much) larger domain, including a piece of the free surface, a
piece of the bottom, and two vertical control surfaces. The radiation condition (or an
approximation to it) must be imposed over these vertical surfaces, and the bottom is
included so as to obtain a finite integration domain. For details of the method, see
[841, §3.5] or [1358, pp. 430–434]. (This basic idea is especially useful for non-linear
free-surface problems, where the linearised radiation condition is inappropriate.) For
some two-dimensional applications with two cylinders, see [506, 527, 28].

Another possibility is to use a ‘hybrid element method’ or ‘localised finite-element
method’, in which a finite-element representation is used in the vicinity of the
immersed bodies but an integral representation is used for the fields further away;
the two representations are coupled across the interface between the two regions
[841, §4]. For some applications of this method to multibody problems, see [304].

6.7 Cracks and other thin scatterers

When the volume of a scatterer reduces to zero, one obtains a simple model of a thin
screen or a crack. For a sound-hard screen, the representation (5.67) reduces to

2usc�P�= −
∫

�+
�u�q��

�

�nq
G�P�q�dsq� P ∈ Be� (6.86)

where �+ denotes one side of the screen, which is assumed to be a smooth open
surface with boundary (edge) �� . (More generally, �+ could be the union of N
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disjoint screens.) Let n�q� denote the unit normal vector at q ∈ �+, pointing into Be.
Denote the other side of the screen by �−. Then, �u� denotes the discontinuity in u
across the screen, defined by

�u�p��= lim
P→p+

u�P�− lim
P→p−

u�P��

where p+ ∈ �+ and p− ∈ �− are the same point in space (but on opposite sides of the
thin screen). Note that �uinc�= 0 so that �u�= �usc�.

Applying the boundary condition �u/�n= 0 on �+ to (6.86) gives

�

�np

∫

�+
�u�q��

�

�nq
G�p�q�dsq = 2

�uinc

�n
� p ∈ �+� (6.87)

This is a hypersingular boundary integral equation for �u�. The same equation is
obtained if one applies the boundary condition on �−.

For the scattering of elastic waves by cracks, one obtains a similar equation for
�u�, the crack-opening displacement. The boundary integral equation obtained is
sometimes known as the traction BIE.

For scattering by sound-soft screens, the basic integral equation is of the form
Sv= f , where S is the single-layer operator defined on �+.

The reduction of the scattering problem to (6.87) is quite general, in that it does
not depend on the shape of the screen. Nevertheless, (6.87) does simplify if the
screen is flat. In fact, most reported computations have been for flat screens and
cracks. In addition, for flat screens, there are alternative methods, typically involving
a combination of dual integral equations and Fourier transforms. For a review of
these special methods, see [130]. For scattering by cracks, see [804] for a review of
early work and the book by Zhang & Gross [1374] for many applications.

It is convenient now to give separate discussions for two-dimensional and three-
dimensional problems.

6.7.1 Two-dimensional problems

In two dimensions, for scattering by one (possibly curved) screen, (6.87) can be
reduced to

×
∫ b

a

u�t�

�t−x�2 dt+
∫ b

a
K�x� t� u�t�dt = f�x�� a < x < b� (6.88)

where f and K are given and u is to be found; often, K has a weak singularity. Early
attempts at solving (6.88) numerically, in the context of acoustic or electromagnetic
scattering, have been described in [347, 272, 757, 176]. For earlier applications to
oscillating flat aerofoils in subsonic flows, see [1234, eqn (3.8)].

Often, (6.88) is to be solved subject to u�a�= u�b�= 0. For such problems, one
can develop effective numerical algorithms using expansions in terms of Chebyshev
polynomials of the second kind. Further details can be found in [363, 413, 414,
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594, 326, 809, 947, 412]. For a collocation-based method, see [537]. For treatment
using boundary elements, see, for example, [800, 433, 661, 500, 1180, 891] and the
references therein.

If there are N screens, one obtains a system of N coupled hypersingular integral
equations. The hypersingularity can be treated using Chebyshev expansions. This
method has been used for acoustic scattering by several straight rigid strips [443,
1124] and for the scattering of elastic waves by several straight cracks [519, 1373].
For several straight coplanar strips, see [1364]. For two coplanar straight cracks,
see [545, 1056]. For three coplanar straight cracks, see [259]. For three parallel
straight cracks, see [548]. For the interaction of water waves with thin plates, see
[947, 728, 676, 771, 397]. For the scattering of elastic waves by several parallel,
fluid-filled cracks, see [245].

6.7.2 Three-dimensional problems

In three dimensions, for scattering by one flat screen, (6.87) can be reduced to a
two-dimensional hypersingular integral equation of the form

×
∫

	

1
r3
u�t1� t2�dt1 dt2 +

∫

	
K�s1� s2
 t1� t2�u�t1� t2�dt1 dt2 = g�s1� s2�� (6.89)

for �s1� s2� ∈ 	 , where 	 is the screen, K is a given kernel (usually weakly-singular),
g is a given function, and u is to be found. In 1969, Filippi & Dumery [347] obtained
(6.89) for acoustic scattering by a sound-hard screen; see their eqn (6). For this
problem, and for many other similar problems, (6.89) must be solved subject to

u�s1� s2�= 0 for all �s1� s2� ∈ �	 ,

where �	 is the boundary (edge) of 	 .
In 1975, Cassot [178] solved (6.89) numerically for acoustic scattering by a flat

rectangular plate, using a simple method. First, the plate was divided into about
400 smaller rectangles. On each of these, u was assumed to be constant, giving a
piecewise-constant approximation to u. Then, a linear algebraic system was obtained
by collocating at the centre of each small rectangle. The main complication comes
from the evaluation of

×
∫

	n

{

1
r3

+K�s1� s2
 t1� t2�
}

dt1 dt2� (6.90)

where 	n is one of the small rectangles and �s1� s2�∈ 	n. Cassot [178] evaluated (6.90)
in two ways: (i) 	n was replaced by a circular disc of the same area, centred at �s1� s2�,
and then the integral was evaluated analytically (see Example 5.1); (ii) the finite-part
integral was evaluated from the definition (F.11), using a small value for �. Good
agreement between the two methods was reported. Kristiansen & Johansen [668]
have used similar methods for acoustic radiation from a thin conical horn, this being
a plausible model for a loudspeaker. For three non-planar hard screens, see [21].
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Itou has given results for two parallel square cracks [547] and for three coplanar
rectangular cracks [546]. For scattering by two penny-shaped cracks, see [131, 618,
20]. Thus, Kit et al. [618] and Alves [20] solved systems of hypersingular integral
equations whereas Boström & Eriksson [131] used a T -matrix formulation; see
Chapter 7.

6.8 Modified integral equations: general remarks

There is an extensive literature on devising integral-equation methods that do not
suffer from irregular frequencies; for reviews, see [223, §3.6], [958], [85] and [959,
Chapter 6]. For a single scatterer, irregular frequencies may be regarded as a nuisance,
a small price to pay for having a fairly simple integral equation. However, as we
have seen, irregular frequencies are more common for multiple-scattering problems
(unless the scatterers are identical). Therefore, it becomes more important that we
have uniquely-solvable integral equations for all frequencies.

For a single scatterer, several methods have been devised for eliminating irregular
frequencies, and computational experience has been reported. The main ideas are:

• modify the fundamental solution (Section 6.9);
• modify the integral representation (Section 6.10.1);
• combine two different integral equations (Section 6.10.2); and
• augment one integral equation with some constraints (Section 6.11).

We discuss these below. In Section 6.9, we examine modified fundamental solutions.
For multiple-scattering problems, a good theoretical result can be proved, showing
that all irregular frequencies can be eliminated. However, this method is probably
not useful for extensive computations. The same conclusion is reached for the aug-
mentation methods described in Section 6.11; these methods are also less attractive
theoretically. The methods described in Section 6.10 seem to be the best available,
especially the direct method of Burton & Miller [166] described in Section 6.10.2.
When this method was first introduced in 1971, it was not embraced enthusiastically,
because it makes essential use of the hypersingular operator N . Subsequently, good
methods for computing N� have been developed, thus making the method more
attractive.

6.9 Modified fundamental solutions

There is no need to use the free-space Green’s function G; one may use

G1�P
Q�=G�P�Q�+H�P
Q�� (6.91)

where H has the following properties: for every P ∈ Be, H�P
Q� satisfies the
Helmholtz equation for all Q ∈ Be, and the radiation condition with respect to Q;
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H�P
Q� must have some singularities at P = Q for some Q ∈ B. (If a function v
satisfies the Helmholtz equation everywhere in space and the radiation condition,
one can prove that v must vanish everywhere; for a proof, see [244, p. 317].)

So, let us modify the fundamental solution with specific choices for H . We do
this first for one three-dimensional scatterer (N = 1) in Section 6.9.1, so as to review
what is known, and then we generalise to N scatterers in Section 6.9.2. Although
our analysis is for the three-dimensional exterior Neumann problem using an indirect
method, extensions to the Dirichlet problem, to direct methods and to two dimensions
can be made.

The idea of replacing the free-space Green’s function by a different fundamental
solution was developed by Ursell [1226, 1227], Jones [565] and Kleinman & Roach
[629, 630], for one scatterer. For multiple-scattering problems, we use a modified
fundamental solution which has additional singularities inside every scatterer. We
obtain a Fredholm integral equation of the second kind which we prove is always
uniquely solvable. Our proof makes essential use of the addition theorems for out-
going and regular spherical wavefunctions, as given in Chapter 3.

A different modification is to simply replace k by k+ i� in the selected ‘unmod-
ified’ integral equation, where � is small and positive. One then has to extrapolate
the solution towards �= 0. Numerical results using this method applied to (5.56) for
the two-dimensional exterior Dirichlet problem are given in [896].

6.9.1 Modified fundamental solutions: one scatterer

Choose the origin O at a point in B≡ B1, the interior of S ≡ S1. Let Ba denote a ball
of radius a, centred at O, with Ba ⊂ B. Let rP and rQ denote the position vectors of
P and Q, respectively, with respect to O. Then, we replace the free-space Green’s
function G�P�Q�≡G�rP� rQ� by

G1�P�Q�=G�rP� rQ�−2ik
∑

��m

�−1�ma�m�
m
� �rP��

−m
� �rQ�� (6.92)

where �m� is an outgoing spherical wavefunction (Definition 3.28); note that �m� �r�
is singular at r = 0. The factors 	−2ik�−1�m
 are inserted for later convenience and
also render the coefficients a�m dimensionless. These coefficients will be chosen
later; for now, we merely impose the conditions that the infinite series in (6.92) be
uniformly convergent for P and Q outside Ba, and that it can be differentiated twice,
term by term.

So, we look for a solution of the exterior Neumann problem in the form

u�P�=
∫

S
��q�G1�P�q�dsq� (6.93)

whence ��q� satisfies

��p�+
∫

S
��q�

�

�np
G1�p� q�dsq = f�p�� p ∈ S� (6.94)
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The solvability of this integral equation is governed by the solvability of the corre-
sponding homogeneous equation, namely

��p�+
∫

S
��q�

�

�np
G1�p� q�dsq = 0� p ∈ S� (6.95)

Theorem 6.2 Suppose that the homogeneous integral equation (6.95) has a non-
trivial solution ��q�. Then, the interior wavefunction

U�P�=
∫

S
��q�G1�P�q�dsq� P ∈ B� (6.96)

vanishes on S.

Proof ([1226, pp. 120 & 123]) Define U�P� for P ∈ Be by (6.96); �U/�n vanishes
on S by (6.95). The uniqueness theorem for the exterior Neumann problem [223,
Theorem 3.13] then asserts that U ≡ 0 in Be. The result follows by noting that U is
continuous across the source distribution on S [223, Theorem 2.12].

If we can show that U ≡ 0 in B, it will follow that (6.95) has only the trivial
solution (because � is proportional to the discontinuity in �U/�n across S) and hence
that the inhomogeneous equation (6.94) is uniquely solvable for any f . This can be
achieved with some restrictions on the coefficients a�m.

Theorem 6.3 Suppose that
∣

∣

∣

∣

a�m+ 1
2

∣

∣

∣

∣

>
1
2

for �= 0�1�2� � � � and m= −�� � � � � �, (6.97)

or
∣

∣

∣

∣

a�m+ 1

2

∣

∣

∣

∣

<
1
2

for �= 0�1�2� � � � and m= −�� � � � � �. (6.98)

Then, every solution of the homogeneous integral equation (6.95) is a solution of the
unmodified homogeneous integral equation

�I+K��= 0� (6.99)

which also satisfies

A�m ≡ −2ik�−1�m
∫

S
��q��−m

� �rq�dsq = 0� (6.100)

for �= 0�1�2� � � � and m= −�� � � � � �.
Proof For P ∈ B with P �= O, we have

U�P�=
∫

S
��q�G�P�q�dsq+

∑

��m

a�mA�m�
m
� �rP�� (6.101)

where � is a solution of (6.95). If we restrict P to lie in Ba, we can use the bilinear
expansion of G given in the next theorem, which is merely Theorem 3.16 in disguise.
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Theorem 6.4 Suppose thatR= �rP−rQ� with �rP �< �rQ�. Then the three-dimensional
free-space Green’s function, G�P�Q�, has the expansion

G�rP� rQ�= − eikR

2�R
= −2ik



∑

n=0

n
∑

m=−n
�−1�m�̂mn �rP��

−m
n �rQ�� (6.102)

Returning to the proof of Theorem 6.3, we use (6.102) in (6.101) to give

U�rP�=
∑

��m

{

A�m�̂
m
� �rP�+a�mA�m�m� �rP�

}

(6.103)

for P ∈ Ba, P �= O. Here, �̂m� is a regular spherical wavefunction (Definition 3.28).
Note that if we can show (6.100), then we can infer from (6.103) that U ≡ 0 in Ba
and then, by analytic continuation, in B.

Next, following Ursell [1227] and Colton & Kress [223, Theorem 3.35], we
consider the integral

I ≡
∫

 a

(

U
�U

�n
−U �U

�n

)

ds�

where  a denotes the spherical boundary of the ball Ba ⊂ B and the overbar denotes
complex conjugation. Using Green’s theorem and Theorem 6.2, we see that

I =
∫

S

(

U
�U

�n
−U �U

�n

)

ds = 0�

We can also evaluate I directly using a special case of the following lemma.

Lemma 6.5 Suppose that U�rP� and V�rP� have the expansions

U�rP�=


∑

n=0

n
∑

m=−n

{

Amn �̂
m
n �rP�+Bmn �mn �rP�

}

(6.104)

and

V�rP�=


∑

n=0

n
∑

m=−n

{

Cmn �̂
m
n �rP�+Dmn �mn �rP�

}

� (6.105)

respectively, for P ∈ a, where  a is the sphere of radius a, centred at the origin.
Then

∫

 a

(

U
�V

�r
−V �U

�r

)

ds = i
k



∑

n=0

n
∑

m=−n
�−1�m�Amn D

−m
n −Cmn B−m

n �� (6.106)

∫

 a

(

U
�V

�r
−V �U

�r

)

ds = − i
k



∑

n=0

n
∑

m=−n
�2Bmn Dmn +Amn Dmn +Bmn Cmn �� (6.107)
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Proof Let

�U�V�=
∫

 a

(

U
�V

�r
−V �U

�r

)

ds = −�V�U�� (6.108)

Substituting for U and V from (6.104) and (6.105) shows that we need the values of
similar integrals involving spherical wavefunctions. For example, we have

[

�̂mn ��
�
�

]

= ka2
{

jn�ka�h
′
��ka�− j′n�ka�h��ka�

}∫

 
Ymn Y

�
� d 

= −�i/k��n��m��
using the orthogonality of the spherical harmonics Ym� over the unit sphere  , (3.9),
and the Wronskian for spherical Bessel functions, (4.37). In a similar way, we obtain

[

�̂mn � �̂
�
�

]

=
[

�̂mn � �̂
�
�

]

= ��mn ���� �= 0�
[

�̂mn ��
�
�

]

= �i/k��−1�m�n��m+��0� (6.109)
[

�mn ��
�
�

]

= −2�i/k��n��m��

The results follow after some straightforward calculation.

Corollary 6.6 Suppose that U has the expansion (6.104). Then

∫

 a

(

U
�U

�r
−U �U

�r

)

ds = −2i
k



∑

n=0

n
∑

m=−n

(

�Bmn �2 +Re
{

Amn B
m
n

}

)

� (6.110)

Proof Put U = V in (6.107).

Thus, returning to the proof of Theorem 6.3, we find that

0 = I = −2i
k

∑

��m

�A�m�2
{

Re�a�m�+�a�m�2
}

� (6.111)

using Corollary 6.6 with Amn =Anm and Bmn = anmAnm. Since a�m satisfies the inequal-
ities (6.97) or (6.98), it follows that (6.111) can only be satisfied if A�m = 0 for
� = 0�1�2� � � � and m = −�� � � � � �. Also, substituting (6.92) in (6.95) shows that �
satisfies (6.99).

This completes our review of scattering by a single obstacle.

6.9.2 Modified fundamental solutions: several scatterers

Let us now consider the exterior Neumann problem for N three-dimensional scat-
terers. Choose an origin On ∈ Bn, the interior of Sn, and let rnP denote the position
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vector of a point P with respect to On. Let Bna denote a ball of radius a, centred at
On; we choose a sufficiently small so that Bna ⊂ Bn for n= 1�2� � � � �N . Let

G1�P�Q�=G�rP� rQ�−2ik
N
∑

n=1

∑

��m

�−1�man�m�
m
� �r

n
P��

−m
� �r

n
Q�� (6.112)

where an�m are constants. This fundamental solution is singular at every origin On,
n= 1�2� � � � �N (recall that �m� �r

n
P� is singular at On). Note that it is essential that our

fundamental solution has this property; if we chose a fundamental solution that was
not singular inside Bj , say, then we could not eliminate those irregular frequencies
associated with Sj .

We look for a solution of our problem in the form (6.93), whence the source
density ��q� satisfies the integral equation (6.94). Moreover, the same arguments as
before show that Theorem 6.2 is true (in the current notation).

Let us now investigate the solvability of the integral equation (6.94) and look for
an analogue of Theorem 6.3. Suppose that ��q� is any solution of the homogeneous
integral equation (6.95). Consider the interior wavefunction U�P�, defined by (6.96),
for P ∈ Bj and some j. We restrict P to lie in Bja ⊂ Bj , and find that

U�rjP�=
∑

��m

A
j
�m�̂

m
� �r

j
P�+

N
∑

n=1

∑

��m

an�mA
n
�m�

m
� �r

n
P�� (6.113)

for P ∈ Bja, where

An�m = −2ik�−1�m
∫

S
��q��−m

� �r
n
q�dsq� (6.114)

In order to use Corollary 6.6, we need the expansion of U to be in terms of
functions centred on Oj , that is we need the addition theorem for outgoing spherical
wavefunctions, Theorem 3.27. This gives the expansion

�m� �r
n
P�=

∑

L�M

SmM�L �b
nj� �̂LM�r

j
P��

where rnP = bnj + rjP . This expansion is valid for �rjP �< �bnj �, which is always true in
our application. Note that bnj is the position vector of Oj with respect to On, whence
bnj = −bjn. The separation matrix SmM�L is defined by (3.86). Hence, (6.113) becomes

U�rjP�=
∑

��m

�̂m� �r
j
P�

{

A
j
�m+

N
∑

n=1
n�=j

∑

L�M

anLMA
n
LMS

Mm
L� �b

nj�

}

+∑
��m

�m� �r
j
P� a

j
�mA

j
�m� P ∈ Bja� (6.115)
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Using Green’s theorem, Corollary 6.6 (for Bja) and the fact that U�rjP� vanishes on
Sj , we obtain

0 =∑
��m

(

�
j
�m�2 +Re	aj�m
 �Aj�m�2

)

+Re
∑

��m


j
�m

N
∑

n=1
n�=j

∑

L�M


n
LMS

Mm
L� �b

nj�� (6.116)

where 
n
�m = an�mAn�m. Equation (6.116) holds for j = 1�2� � � � �N .

By comparison with the proof of Theorem 6.3, we expect to be able to deduce
from (6.116) that An�m = 0. To do this, we sum over j and obtain

0 =
N
∑

j=1

∑

��m

Re�aj�m� �Aj�m�2 +KN� (6.117)

where

KN =
N
∑

j=1

∑

��m

�
j
�m�2 +Re

N
∑

j=1

∑

��m


j
�m

N
∑

n=1
n�=j

∑

L�M


n
LMS

Mm
L� �b

nj�

= 1
2

N
∑

j=1

∑

��m


j
�m

N
∑

n=1
n�=j

∑

L�M


n
LM

{

SMmL� �b
nj�+SmM�L �bjn�

}

+
N
∑

j=1

∑

��m

�
j
�m�2� (6.118)

But, from Lemma 3.29, we have

SMmL� �b
nj�+SmM�L �−bnj�= 2̂SMmL� �b

nj��

where ̂SMmL� is the separation matrix that occurs both in Theorem 3.27 and in the
addition theorem for regular spherical wavefunctions, Theorem 3.26. Thus, (6.118)
becomes

KN =
N
∑

j=1

∑

��m

�
j
�m�2 +

N
∑

j=1

∑

��m


j
�m

N
∑

n=1
n�=j

�nj�m

=
N
∑

j=1

∑

��m

{

�
j
�m�2 + 1

2

N
∑

n=1
n�=j

(


j
�m�

nj
�m+
j

�m�
nj
�m

)}

�

where

�nj�m = ∑

L�M


n
LM
̂SMmL� �b

nj�� n �= j�
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and we have noted that KN is real. Now, for complex quantities A and C, we have

AC+AC = �A+C�2 −�A�2 −�C�2 (6.119)

so that

KN =
N
∑

j=1

∑

��m

{

�
j
�m�2 − 1

2

N
∑

n=1
n�=j

(

�
j
�m�2 +��nj�m�2

)}

+K′
N �

where

K′
N = 1

2

N
∑

j=1

∑

��m

N
∑

n=1
n�=j

∣

∣
j
�m+�nj�m

∣

∣

2 ≥ 0�

Further simplifications can be made because the separation matrix̂SMmL� is a unitary
matrix; see (3.96). Thus, we find that

∑

��m

��nj�m�2 =∑
��m

�
n
�m�2� n �= j�

whence

KN = �2−N�
N
∑

j=1

∑

��m

�
j
�m�2 +K′

N �

Thus, (6.117) becomes

0 =
N
∑

j=1

∑

��m

�Aj�m�2
{

Re�aj�m�− �N −2��aj�m�2
}

+K′
N �

Hence, we can deduce that Aj�m = 0 provided all the coefficients aj�m are such that
Re�aj�m�− �N −2��aj�m�2 > 0.

Alternatively, if we use the identity AC+AC = −�A−C�2 +�A�2 +�C�2 instead
of (6.119), we obtain

0 =
N
∑

j=1

∑

��m

�Aj�m�2
{

Re�aj�m�+N �aj�m�2
}

+K′′
N �

where K ′′
N ≤ 0. Hence, we deduce that Aj�m = 0 provided that Re�aj�m�+N �aj�m�2 < 0.

Summarising, we have proved the following result.

Theorem 6.7 Suppose that

Re�aj�m�− �N −2��aj�m�2 > 0 for �≥ 0, �m� ≤ � and j = 1�2� � � � �N

or

Re�aj�m�+N �aj�m�2 < 0 for �≥ 0, �m� ≤ � and j = 1�2� � � � �N ,
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where N is the number of disjoint scatterers. Then, every solution of the homogeneous
integral equation (6.95) is a solution of (6.99) which also satisfies

A
j
�m = 0 for �≥ 0, �m� ≤ � and j = 1�2� � � � �N ,

where Aj�m is defined by (6.114).

If the conditions on aj�m are satisfied, this theorem implies unique solvability of
the integral equation (6.94), for all wavenumbers k and for any f . This is an elegant
theoretical result, because it yields solvability of the exterior Neumann problem
without introducing non-compact operators.

It is noteworthy that Theorem 6.7 reduces formally to Theorem 6.3 when N = 1.
When N = 2, we obtain uniqueness when Re�aj�m� > 0. This result was obtained

previously by Martin [785] in two dimensions. The results for more scatterers, N> 2,
are in [794]; note that the conditions in Theorem 6.7 do depend on N .

6.9.3 Extensions

Modified fundamental solutions have been used for electromagnetics by Brandt
et al. [137], Neave [901] and Jost [572]. They have also been used for elastic waves.
Two-dimensional analyses have been given in [639, 78], with numerical results in
[639, 79]. Three-dimensional analyses have been given in [568, 39].

For two-dimensional water waves and one floating body, the basic paper is by
Ursell [1228]. The three-dimensional theory is contained in [780]. For two floating
cylinders, see [786, 1342].

6.10 Combination methods

There are two related ‘combination methods’ that lead to uniquely-solvable boundary
integral equations. The methods are dual, in the sense that they give equations that
are adjoints with respect to a suitable inner product. Both methods use the free-space
Green’s function, G. One is an indirect method and one is a direct method. We
shall describe them briefly in the context of the exterior Neumann problem. Our
description is brief because the analysis of these methods does not depend on the
number of scatterers.

6.10.1 A combined-layer method

We use a linear combination of single-layer and double-layer potentials, and write

u�P�= �S���P�+ i!�D���P�� P ∈ Be� (6.120)
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where ! is a real, non-zero coupling parameter. Thus, for the exterior Neumann
problem, the boundary condition (5.44) yields

�I+K+ i!N��= f� (6.121)

This hypersingular integral equation is always uniquely solvable [223, Theorem 3.34].
The idea of using the combination (6.120) emerged in the 1960s; see [223, §3.6]

for references. It was first used for the exterior Dirichlet problem; the corresponding
integral equation is

�I−K∗ + i!−1 S��= i!−1g� (6.122)

which is a uniquely-solvable Fredholm integral equation of the second kind for �
[223, Theorem 3.33]. See also [207, §9.3.4], [185, Theorem 7.9.1], [903, p. 120] and
[504, 158].

In 1966, Greenspan & Werner [437] gave numerical solutions of (6.122) when
S is a circle; see also [348, §6.2.2]. Bolomey & Tabbara [113] solved both (6.122)
and (6.121) for circles, ellipses and rectangles, and verified that irregular frequencies
were eliminated. Lin [720] solved (6.122) numerically for spheres and ellipsoids,
using a Galerkin method; for other three-dimensional computations, see [149, 150].

Theoretically, the real, non-zero parameter ! is arbitrary, although its choice can
affect numerical computations; this choice has been investigated in [659].

6.10.2 The method of Burton and Miller

This is a direct method. For the exterior Neumann problem, we have two boundary
integral equations obtained from the Helmholtz integral formula, namely (5.58) and
(5.59). If we add one to a multiple of the other, we obtain

�I+K∗ + i!N�u= 	S+ i!�K− I�
f� (6.123)

where ! is a real, non-zero coupling parameter. This hypersingular integral equation
for u�q� is always uniquely solvable [223, Theorem 3.43]; see also [719]. It was
introduced in 1971 by Burton & Miller [166].

For the exterior Dirichlet problem, we also obtain (6.123), except u= g is known
and f = �u/�n is unknown. Also, note that the integral representation for u�P� is
not modified: it remains as (5.57) for the exterior Neumann problem and (5.60)
for the exterior Dirichlet problem. Buffa & Hiptmair [158] first multiply (5.59) by
a regularising operator before combining with (5.58); this simplifies the numerical
analysis of the resulting integral equation for the exterior Dirichlet problem.

Similarly, for scattering by sound-hard obstacles, we can combine the Helmholtz
integral equation (5.68) with (5.69) to give

�I+K∗ + i!N�u= 2uinc +2i!vinc� (6.124)

which is uniquely solvable for the total field u�q�.
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There are many papers in which the method of Burton & Miller has been imple-
mented, numerically; examples are [165, 848, 847] from the 1970s, [1170, 27, 1178,
22, 1179] from the 1980s and [206, 739, 360, 25, 738] from the 1990s. However, we
are not aware of any published numerical results for multiple-scattering problems,
based on (6.124). The choice of ! has been investigated in [23].

For scattering by sound-soft obstacles, we can combine (5.74) with (5.75) to give

�I−K+ i!S�v= 2vinc −2i!uinc� (6.125)

where v= �u/�n. Numerical solutions of this equation have been presented in [147,
404]; in particular, [404] contains results for scattering by two circular cylinders.

6.10.3 Extensions

Combined-layer representations have been used for electromagnetic scattering; see
[223, §4.6] and [157]. The electromagnetic version of the method of Burton &
Miller (usually known as the combined-field method) has also been used; see [223,
Theorem 4.47]. For example, we can combine the EFIE and the MFIE to give

�I+��J + i!n×�J = 2n×Hinc +2!��n× �n×Einc�� (6.126)

where ! is a real, non-zero coupling constant. In fact, K.M. Mitzner used a combined-
field method in 1968; his method and some numerical results for scattering by a
sphere are presented in [979, pp. 223–225]. Thus, this work was done before the
paper of Burton & Miller [166] appeared. Alternative combinations of the EFIE
and the MFIE have been considered by Yaghjian [1349]; for numerical comparisons
with the combined-field method, see [237]. In [231], the EFIE is first multiplied
by an operator before combining with the MFIE, giving an equation that is better
conditioned than (6.126) for low frequencies; see also [10].

A combined-layer representation analogous to (6.120) has been used by Ahner [13]
for scattering of elastic waves by a rigid obstacle, and by Kiriaki [614] for a cavity.
The elastic version of the method of Burton & Miller [166] has been developed by
Takakuda [1165], Jones [569] and Liu & Rizzo [740]. The method of Burton &
Miller has also been adapted to water-wave problems [695].

6.11 Augmentation methods

The basic idea here is to augment the Helmholtz integral equation with some con-
straints. Thus, for the exterior Neumann problem, we begin with (5.58), namely
�I+K∗�u = Sf . At irregular frequencies, this integral equation is solvable, but not
uniquely. This non-uniqueness may be removed by requiring that u�q� also satisfies
additional conditions.
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In 1968, Schenck [1070] suggested using the interior integral relation (5.37), which
becomes

∫

S

{

u�q�
�

�nq
G�P�q�−G�P�q� f�q�

}

dsq = 0� P ∈ B� (6.127)

As the solution of the exterior Neumann problem, u�P�, does satisfy this relation,
the only issue of concern is uniqueness. This is ensured by the next theorem.

Theorem 6.8 Suppose that ��q� is continuous on S and that � solves �D���P�= 0
for all P ∈ B. Then ��q�≡ 0, q ∈ S.

Proof Define U�P�= �D���P� for P ∈ B and Ue�P�= �D���P� for P ∈ Be. We are
given that U�P� ≡ 0 in B, so that, in particular, �U/�n = 0 on S. But the normal
derivative of a double-layer potential with a continuous density � is continuous across
S, whence �Ue/�n = 0 on S. Now, Ue�P� is an outgoing wavefunction, so that the
uniqueness theorem for the exterior Neumann problem gives Ue�P� ≡ 0 in Be. In
particular, Ue�p�= 0, p ∈ S. Hence, (5.12) gives the result.

We have called (6.127) an integral relation because it holds throughout the volume
B whereas the unknown u�q� is defined on the boundary S. This means that solving
(6.127) directly is unlikely to be efficient. (Note that we do not need (5.58) if we
work with (6.127) for all P ∈ B: (5.58) is redundant [468].) However, Schenck’s
idea [1070] was to use the standard Helmholtz integral equation (5.58) together with
(6.127) evaluated at some points P ∈ B:

We implement this method in the discrete sense by writing the [square alge-
braic] system of equations that results from the surface Helmholtz integral
[equation (5.58)], and then overdetermining the solution with additional com-
patible equations based on the interior Helmholtz integral [relation (6.127)] for
strategic interior points.

(Schenck [1070, p. 46])

The main difficulty with the numerical implementation of Schenck’s method lies in
the word ‘strategic’. Where should the interior points be chosen, and how many are
needed? When k2 is an irregular value, we know that there is a non-trivial solution,
�, of �I +K∗�� = 0, so that, by (5.9), the function U�P� = �D���P� is a solution
of the interior Dirichlet problem: it is an eigenfunction. Now, such eigenfunctions
typically vanish on various surfaces in B, called nodal surfaces. Therefore, if we
evaluate (6.127) on a nodal surface (when k2 is an irregular value), we do not obtain
a useful constraint. Thus, ‘strategic’ points cannot lie on nodal surfaces. Of course,
in general, we know neither the irregular values nor the associated nodal surfaces.
Consequently, all one can do is to choose a few points P ∈ B, and then hope that
at least some of them do not lie on a nodal surface. Canning [172] has devised a
computational strategy for deciding when enough interior points have been used, but
not where to put them.
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Schenck [1070] solved his overdetermined system by a least-squares technique.
The same method was used in [468, 646, 1093, 1341, 186]. An alternative is to
solve a larger square system by introducing Lagrange multipliers [1092]. For further
information, see the 1997 review by Benthien & Schenck [85].

Other constraints, which can be derived from (6.127), or directly, can be used. For
example, one can choose to solve (5.58) together with

∫

S

(

u
�

�nq
�mn −f�mn

)

dsq = 0

for some values of n and m; here, �mn is an outgoing spherical wavefunction, singular
at a point in B. (These are called null-field equations; we shall discuss them in detail
in Chapter 7.) This method was suggested by Jones [565] and has been implemented
numerically [1158]. It was also used by Liapis [713] for water-wave problems.

We know of two numerical implementations of augmentation methods for multiple-
scattering problems: Schenck’s method has been used for problems involving two
identical spheres [287, 1353]. All such methods require imposing at least one con-
straint for each scatterer. This, together with the unavailability of good criteria for
selecting interior points, suggests that augmentation methods are not useful for gen-
eral multiple-scattering problems.

6.11.1 Extensions

Schenck’s method with Lagrange multipliers has been used for elastodynamic prob-
lems in [1019, 425]. Its use for electromagnetic problems is mentioned in [566]. For
water waves, see [686].

Krutitskii [669] has described another augmentation method. For the exterior
Neumann problem, he uses an indirect method, replacing (5.50) by

u�P�=
∫

S∪S′
��q�G�P�q�dsq� P ∈ Be�

where S′ is a set of closed auxiliary surfaces, with one inside each Si, i= 1�2� � � � �N .
To find ��q�, q ∈ S∪S′, he applies the Neumann condition on S and a dissipative
boundary condition on S′; the resulting integral equations are shown to be uniquely
solvable, subject to certain conditions on the choice of S′. For some numerical
applications to scattering by two spheres, see [1353]. In fact, this augmentation
method was used much earlier for water-wave problems by Ohmatsu [928]. Thus,
as well as distributing sources and dipoles over the wetted surface S, he also does
the same over pieces of the horizontal plane z= 0 inside each immersed body. For
more details and numerical results, see [694]. It turns out that, computationally, this
method is very effective; notice that it is not necessary to discretise the hypersingular
operator with this approach.
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6.12 Application of exact Green’s functions
As it would be difficult to give any idea of this part without employing analytical
symbols, we shall content ourselves with remarking, that it contains a number
of singular equations of great generality and simplicity, which seem capable
of being applied to many departments of the electrical theory besides those
considered in the following pages.

(Green [434, p. 13])

These introductory remarks are in Green’s famous Essay on the Application of
Mathematical Analysis to the Theories of Electricity and Magnetism, first published
in 1828 [434]. It was here that he introduced what we shall call the exact Green’s
function, for the Dirichlet problem for Laplace’s equation in three dimensions [434,
article (5.), pp. 31–36]. He also noted explicitly that his results ‘may likewise be
shown to hold good, for that [region] exterior to a number of closed surfaces, of any
forms whatever � � �’ [434, p. 35].

In this section, we introduce the exact Green’s function for the exterior Neumann
problem for the Helmholtz equation. We then discuss its use in the context of
multiple-scattering problems.

6.12.1 The exact Green’s function

Recall the integral representation (5.57). It gives the solution of the exterior Neumann
problem in terms of certain integrals of the free-space Green’s function G, and the
unknown boundary values u�q�. Moreover, if k2 is not an eigenvalue of the interior
Dirichlet problem, we can find u�q� by solving the integral equation (5.58), so that
we can write

u= Lf with L= �I+K∗�−1S� (6.128)

(In this section, we disregard irregular values; we may remove them by modifying
L; see Section 6.8.)

Now, we obtain a different integral representation if we use a different fundamental
solution, G1; see (6.91). Explicitly, we obtain

2u�P�=
∫

S

{

G1�P
q� f�q�−u�q�
�

�nq
G1�P
q�

}

dsq (6.129)

for P ∈ Be. We can simplify this formula by exploiting the flexibility in G1. Thus,
we introduce a special fundamental solution GE, defined as follows. Fix the point P.
Then, write

GE�Q
P�=G�Q�P�+H�Q
P��
and choose H so that it satisfies the Helmholtz equation for all Q ∈ Be, satisfies the
radiation condition, and is such that GE satisfies

�

�nq
GE�q
P�= 0 for q ∈ S. (6.130)
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We call GE the exact Green’s function; Bergman & Schiffer [86] call it the Neumann
function. One can find detailed discussions of (exact) Green’s functions in older books
on partial differential equations, such as those of Kellogg [597, Chapter 9], Bateman
[74, §2.32], Webster [1301, §66] or Garabedian [379, Chapter 7]. For some early
applications of exact Green’s functions with the Helmholtz equation, see [73, §50]
and [356, 355, 856]. For historical remarks, see [1169].

Like G, GE is symmetric:

GE�P
Q�=GE�Q
P� for all P and Q in Be ∪S, P �=Q. (6.131)

This is proved in Appendix I.
Since GE is a fundamental solution, we obtain a simplified form of (6.129) when

we use (6.130):

2u�P�=
∫

S
f�q�GE�q
P�dsq� P ∈ Be� (6.132)

This is an explicit formula for the solution of the exterior Neumann problem. Of
course, we do not have GE! Finding GE is equivalent to solving a particular exterior
Neumann problem. However, letting P→ p ∈ S, (6.132) gives

u�p�= 1
2

∫

S
f�q�GE�q
p�dsq ≡ 1

2
SEf�

say. Comparison of this formula with (6.128) gives

Lf = 1

2
SEf� (6.133)

As this holds for every f , we deduce that

L= 1
2
SE� (6.134)

Moreover, (6.133) and (6.128) give �I+K∗�SEf = 2Sf , which implies thatGE solves
the integral equation

GE�q
p�+
∫

S
GE�l
p�

�

�nl
G�l� q�dsl = 2G�q�p�� (6.135)

In this equation, the point p occurs as a parameter; indeed, the same equation holds
when p is replaced by P ∈ Be. See Appendix I for a direct derivation of (6.135) and
other similar integral equations. The idea of constructing GE by solving a boundary
integral equation can be found in a paper by Boley [112].

In summary, if we want to find GE for a particular geometry, we typically have to
solve a boundary integral equation such as (6.135): we have shown above that this
is equivalent to calculating L.
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6.12.2 Multiple scattering by two obstacles

Consider the exterior Neumann problem for two obstacles. Thus, the problem is to
solve the Helmholtz equation in Be, the unbounded region exterior to S1 and S2,
subject to a radiation condition and the boundary conditions

�u/�n= fj on Sj , j = 1�2. (6.136)

One way to solve this problem is to solve the standard Helmholtz integral equa-
tion (5.58), obtained using G. We can regard this integral equation as a pair of
coupled boundary integral equations for two unknown functions, namely u on S1 and
u on S2. This pair of equations gives equal weight to S1 and S2.

In practice, we may already have information on how to scatter by one of the
obstacles (S2, say) in isolation, such as L, GE or one of their discrete approximations.
One way to use this information is to ‘partition’ the pair of integral equations; another
is to replace G by GE. We can prove that these two approaches lead to exactly the
same equations. A third approach is to assume that we have two exact Green’s
functions, one for each scatterer; this leads naturally to the generalised Born series
(Section 6.12.3).

6.12.2.1 Partitioning
The Helmholtz integral equation (5.58) can be written as

A11u1 +A12u2 = S11f1 +S12f2� (6.137)

A21u1 +A22u2 = S21f1 +S22f2� (6.138)

Here, uj = u�pj�, where pj ∈ Sj for j = 1�2,

Ajkuk = �jku�pk�+
∫

Sk

u�qk�
�

�nq
G�qk�pj�dsq� (6.139)

Sjkfk =
∫

Sk

fk�qk�G�qk�pj�dsq (6.140)

and �ij is the Kronecker delta. We note that Ajj is simply the operator �I+K∗� for Sj
(both the field point pj and the source point (integration point) qj are on Sj), whereas
A12 and A21 give the interactions between S1 and S2 (these integral operators have
smooth kernels, as the field and source points are on different surfaces).

We know that the pair of integral equations (6.137) and (6.138) suffers from
irregular frequencies. Again, we disregard these here.

Now, suppose that we already have (a discrete approximation to) A−1
22 ; for example,

we may have solved (5.58) for S = S2 using an accurate boundary-element method.
Then, (6.138) gives

u2 = A−1
22 	S21f1 +S22f2 −A21u1
� (6.141)
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Eliminating u2 from (6.137), we obtain


11u1 = �11f1 +�12f2� (6.142)

where


11 = A11 −A12A
−1
22 A21� (6.143)

�1j = S1j −A12A
−1
22 S2j� j = 1�2� (6.144)

Equation (6.142) is an integral equation to solve for u on S1. We shall return to it
later.

We could view partitioning as merely a method for solving systems of linear
algebraic equations. However, it can be profitable to view partitioning as arising
directly from partitions of the boundary.

6.12.2.2 Use of the exact Green’s function
Suppose that GE is the exact Green’s function for S2 (in isolation). Proceeding as for
the one-obstacle problem, using GE for our chosen fundamental solution, we obtain
the following integral representation for the two-obstacle problem:

2u�P�=
∫

S1

(

f1�q1�G
E�q1
P�−u�q1�

�

�nq
GE�q1
P�

)

dsq

+
∫

S2

f2�q2�G
E�q2
P�dsq� (6.145)

This representation does not involve the unknown boundary values of u on S2. To
find u on S1, we let P→ p1 ∈ S1, as usual; the result can be written as

AE
11u1 = SE

11f1 +SE
12f2� (6.146)

where

AE
11u1 = u�p1�+

∫

S1

u�q1�
�

�nq
GE�q1� p1�dsq� (6.147)

SE
1jfj =

∫

Sj

fj�qj�G
E�qj� p1�dsq� j = 1�2� (6.148)

At this point, we have two boundary integral equations for u on S1, namely (6.142)
and (6.146). It turns out that they are identical.

Theorem 6.9


11 = AE
11� �11 = SE

11 and �12 = SE
12� (6.149)

Proof Let us prove that 
11 =AE
11. We make use of some formulae from Appendix I,

but with S replaced by S2. From (I.3), we can let P→ p1 ∈ S1 to give

2GE�Q
p1�= 2G�Q�p1�−
∫

S2

GE�l2
Q�
�

�nl
G�l2� p1�dsl� (6.150)
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Computing the normal derivative at q1 ∈ S1 yields

�

�nq
GE�q1
p1�=

�

�nq
G�q1� p1�−

1

2

∫

S2

�

�nq
GE�l2
 q1�

�

�nl
G�l2� p1�dsl� (6.151)

Multiply this formula by u�q1� and integrate over S1. Adding u�p1� to the result,
making use of the definitions (6.139) and (6.147), gives

AE
11u1 = A11u1 − 1

2
A12U

E
2 � (6.152)

where

U E
2 �p2�=

∫

S1

u�q1�
�

�nq
GE�q1
p2�dsq (6.153)

for p2 ∈ S2. U E
2 satisfies a boundary integral equation over S2: from (I.4), we have

GE�Q
p2�+
∫

S2

GE�Q
 l2�
�

�nl
G�l2� p2�dsl = 2G�Q�p2�
 (6.154)

multiply the normal derivative of this equation at q1 by u�q1�, and then integrate
over S1 to give

A22U
E
2 = 2A21u1� (6.155)

Inverting this equation and then eliminating U E
2 from (6.152), we obtain the desired

result:

AE
11 = A11 −A12A

−1
22 A21 = 
11�

The other two identities in (6.149) can be proved similarly; see [801, Appendix II]
for details.

Thus, the two methods for determining u on S1 are equivalent. If we subsequently
want u on S2, we can calculate it by simply setting P = p2 in (6.145); there is no
jump. We can then calculate u�P� anywhere in Be, using the standard Helmholtz
integral representation (5.57).

6.12.3 Generalised Born series for two scatterers

The standard integral equations, (6.137) and (6.138), can be written as

A11u1 = F1 −A12u2 and A22u2 = F2 −A21u1�

where Fj = Sj1f1 + Sj2f2. The generalised Born series [290, 1081, 1069] gives a
method for solving this pair iteratively in the context of multiple scattering by
two obstacles (actually, it can be recognised as the block Jacobi method for linear
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algebraic equations): assuming that A11 and A22 are non-singular, construct u�m�j
according to

u
�m+1�
1 = A−1

11

{

F1 −A12u
�m�
2

}

� (6.156)

u
�m+1�
2 = A−1

22

{

F2 −A21u
�m�
1

}

� (6.157)

with u�0�1 = u�0�2 = 0. Eliminating u�m�2 , we obtain

u
�m+1�
1 = g1 +�u�m−1�

1 (6.158)

for m= 1�2� � � �, where

g1 = A−1
11

{

F1 −A12A
−1
22 F2

}

and � = A−1
11 A12A

−1
22 A21�

Hence,

u
�2M�
1 =

M−1
∑

m=0

�mg1 for M = 1�2� � � � . (6.159)

Also, since u�1�1 = A−1
11 F1, (6.158) gives

u
�2M+1�
1 = u�2M�1 +�MA−1

11 F1 for M = 1�2� � � � . (6.160)

The (geometric) series in (6.159) and (6.160) converges if

���< 1� (6.161)

with any reasonable norm. This condition will be satisfied if the distance between
the two scatterers, b, is sufficiently large; the wide-spacing approximations (6.163)
and (6.164), given below, imply that ��� = O�b−2� as b→ 
. Then, if (6.161) is
true, the last term in (6.160) tends to zero and both sequences (	u�2M�1 
 and 	u�2M+1�

1 
)
converge to u�
�1 , say, where

u
�
�
1 = �I−��−1g1 = 
−1

11 A11g1 = 
−1
11

{

F1 −A12A
−1
22 F2

}

= 
−1
11 	�11f1 +�12f2
 �

which is the solution of the partitioning equation (6.142). This latter equation is not
subject to the condition (6.161).

In [290], the authors use the method described above for the scattering of elastic
waves by two identical spherical cavities. Their numerical results are for u�2�1 and
u
�2�
2 . Comparisons with ‘exact’ numerical solutions, using (6.77), are made in [1069].

A similar method is used in [289] for scattering by a spherical cavity in an elastic
half-space.

Geuzaine et al. [404] have developed a method for high-frequency problems that
begins by combining the generalised Born series with (6.125). They give numerical
results for plane-wave scattering by a pair of sound-soft circles of radii a and 3a/2,
with b/a� 2�8 and ka= 1000.
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Note that the generalised Born series requires a knowledge of both A−1
11 and A−1

22 ;
this is equivalent to knowing two exact Green’s functions, one for each obstacle.
Rudgers [1036] has used the sum of these two exact Green’s functions as a funda-
mental solution, followed by an iterative method. Wirgin [1327] has obtained a single
integral equation for the acoustic transmission problem (see Section 6.2), using both
the interior and the exterior exact Green’s functions, each of which satisfies (6.130).

The iterative method based on (6.156) and (6.157) shows that, at each stage,
one solves a scattering problem for S1 (using A−1

11 in (6.156)) and a scattering
problem for S2 (using A−1

22 in (6.157)). This form of the method is called boundary
decomposition by Balabane [55, 54]. He has extended the method to N scatterers
and given convergence theorems.

6.12.4 An application to active sonar

In active sonar, a ‘source’ (perhaps mounted on the surface of one obstacle) radiates
sound which is then scattered by a ‘target’ (a second obstacle); the aim is to detect
the target by analysing the scattered waves received back at the source [1220]. This
is an example of multiple scattering by two obstacles [1071]. Thus, we take B2 to be
the source and B1 to be the target. The boundary conditions are (6.136), with f1 ≡ 0
and f2 ≡ v. The problem is to calculate u2, the boundary values of u on S2 when
the target is present, and then to compare u2 with u0

2, which is the corresponding
solution when the target is absent. Making use of the exact Green’s function for S2,
(6.132) gives

2u0
2 = SEv=

∫

S2

v�q2�G
E�q2
p2�dsq� p2 ∈ S2�

From (6.145), we have

2u�P�=
∫

S2

v�q2�G
E�q2
P�dsq−

∫

S1

u�q1�
�

�nq
GE�q1
P�dsq

for P ∈ Be. Letting P→ p2 ∈ S2 gives

2u2 = SEv−UE
2 �

whereas letting P→ p1 ∈ S1 gives

AE
11u1 = SE

12v�

where U E
2 , AE

11 and SE
12 are defined by (6.153), (6.147) and (6.148), respectively.

Defining the echo at the source by

ue
2 = u2 −u0

2�

we deduce that

2ue
2 = −U E

2 = −2A−1
22 A21u1�
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where we have used (6.155). Hence, eliminating u1,

ue
2 = −A−1

22 A21

(

AE
11

)−1
SE

12v

= −A−1
22 A21

(

A11 −A12A
−1
22 A21

)−1
�S12 −A12A

−1
22 S22�v� (6.162)

using Theorem 6.9. This is the formal expression for the echo in terms of many
integral operators involving the free-space Green’s function; it was first derived by
Schenck [1071, eqn (34)], but without using GE.

The expression (6.162) is exact but complicated. In practice, the source and the
target are far apart, and so wide-spacing approximations may be used so as to simplify
(6.162). Thus, choose origins Oj ∈ Bj , j = 1�2, and let b be the position vector of
O1 with respect to O2. Let pj and qj have position vectors pj and qj , respectively,
with respect to Oj , j = 1�2. Then, the distance between p1 ∈ S1 and q2 ∈ S2 is

�b+p1 −q2� = {b2 +2b · �p1 −q2�+�p1 −q2�2
}1/2

= b+ b̂ · �p1 −q2�+O�b−1� as b→ 
,

where b = �b� and b̂ = b/b, so that b is the nominal range of the target from the
source. Then, with E�q�= exp �ikb̂ ·q�, we find that

S12f2 � − eikb

2�b
E�p1�

∫

S2

f2�q2�E�−q2�dsq�

A12u2 � ik eikb

2�b
E�p1�

∫

S2

u�q2� b̂ ·n�q2�E�−q2�dsq� (6.163)

A21u1 � − ik eikb

2�b
E�−p2�

∫

S1

u�q1� b̂ ·n�q1�E�q1�dsq� (6.164)

all with an error of O�b−2� as b→ 
. With these approximations, we can see from
(6.162) that the echo ue

2 is O�b−2� as b→ 
, which is what we would expect: the
‘outgoing’ signal decays as b−1 and the ‘return’ signal is reduced by a further factor
of b−1. However, with our wide-spacing approximations, we can simplify (6.162) to

ue
2 � −A−1

22 A21A11�S12 −A12A
−1
22 S22�v�

and then, within this approximation, we can insert the approximations for A21, S12

and A12. The details have been worked out by Schenck [1071]. He has also given
two numerical examples, one for two identical spheres and one for two identical
coaxial prolate spheroids.

6.13 Twersky’s method

Twersky developed a method for two-dimensional multiple-scattering problems that
makes clever use of the Sommerfeld contour-integral representation for Hankel
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functions. We begin with this formula in Section 6.13.1 and then use it to give another
proof of the addition theorem for H�1�0 (Section 6.13.2). We then describe Twersky’s
method; the basic reference is [1203]. Extensions to other multiple-scattering prob-
lems are mentioned at the end of Section 6.13.4.

6.13.1 Sommerfeld’s integral representation

Sommerfeld’s integral for H�1�n �w� is given by [1298, §6.12], [1128, §19.B], [321,
§7.3.5] and [177, eqn (5–156)]. In particular, if w is real and positive, we have

H�1�n �w�=
1

�
�−i�n

∫

�1

eiw cos" ein" d"�

where �1 is a contour in the complex "-plane from −!+ i
 to !− i
, and ! is any
real number satisfying 0< ! < �.

Let us put w = kr > 0 and " = �−�, whence

H�1�n �kr�=
1
�
�−i�n

∫

�
eikr cos ��−�� ein��−�� d�� (6.165)

where � is a contour in the complex �-plane between �+ i
 and �+�− i
, and
� is any number satisfying 0 < �−� < �; for example, we can take � = �−�/2.
In particular, we have

H
�1�
0 �kr�=

1

�

∫

�
eikr cos ��−�� d�� (6.166)

Suppose that, in (6.165), � is allowed to vary, with �min < � < �max. Then, we can
use the same contour � provided we can find a � with

−�+�max ≤ � ≤ �min


this will be possible if �max −�min ≤ �.

6.13.2 Another proof of Graf’s addition theorem for H�1�0

Let us give another proof of the formula (2.29). Put r2 = r1 + b with rj = rj�cos�j ,
sin �j� and b = b�cos�� sin��. Suppose that r1 < b, whence �− 1

2� < �2 < �+ 1
2�.

Then, with � = �− 1
2�, r = r2 and � = �2 in (6.166), we obtain

H
�1�
0 �kr2�=

1

�

∫

�
eikr1 cos ��−�1� eikb cos ��−�� d�� r1 < b�

as r2 cos ��−�2�= r1 cos ��−�1�+b cos ��−��.
Now, using the Jacobi expansion (2.17), we have

eikr1 cos ��−�1� =


∑

n=−

in Jn�kr1� ein��−�1��



6.13 Twersky’s method 231

whence

H
�1�
0 �kr2�=

1
�



∑

n=−

in Jn�kr1� e−in��1−��

∫

�
eikb cos ��−�� ein��−�� d�

=


∑

n=−

�−1�n H�1�n �kb� Jn�kr1� e−in��1−���

which agrees with (2.29) after replacing n by �−n�.

6.13.3 Scattering by one cylinder

Consider the scattering of a plane wave by a sound-hard cylinder with cross-section
B. Take an origin O ∈ B and introduce plane polar coordinates so that a typical point
P in the exterior Be has position vector r with respect to O, where r = r�cos�� sin ��.
Then, the incident wave is

uinc = exp�ikr · �̂�= eikr cos ��−#��

where �̂ = �cos#� sin#� is a unit vector in the direction of propagation. From (5.67),
the scattered field can be written as

usc�r
 �̂�=
i

4

∫

S
u�q
 �̂�

�

�nq
H
�1�
0 �kR�dsq� (6.167)

where S is the boundary of B, u= uinc +usc is the total field, R= �r−q� and q is the
position vector of q ∈ S with respect to O.

The far field is given by Definition 4.1. The far-field pattern, f , is given by (5.77),
which we write as

f�r̂
 �̂�= k

4

∫

S
u�q
 �̂� �r̂ ·n�q�� exp�−ikr̂ ·q�dsq� (6.168)

Evidently, this formula gives the far-field pattern if we know u on S. Twersky [1203]
gives a corresponding inverse, using the representation (6.166). Thus, suppose that S
is star-shaped with respect to O, so that q = ��$� �cos$� sin$�. Suppose further that

r >max
$
��$�≡ a�

say, so that P is outside the escribed circle to S, centred at O. Then, as in Sec-
tion 6.13.2, we have

H
�1�
0 �kR�=

1

�

∫

�
eikr cos ��−�� e−ik� cos ��−$� d�� (6.169)

where the contour � goes from �+ i
 to �+�− i
, and we may take � = �−�/2.
Substituting (6.169) in (6.167) gives

usc�r
 �̂�=
1
�

∫

�
f��̂
 �̂� exp�ikr · �̂�d�� r > a� (6.170)
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where �̂ = �cos �� sin �� is a complex vector. The formula (6.170) gives the scattered
field outside the circumscribing circle, r = a, in terms of an integral of the far-field
pattern over certain complex observation directions �̂.

Let us make two remarks on the formula (6.170). First, it is inefficient, because it
is known that usc can be reconstructed in r > a from a knowledge of f�r̂
 �̂�, where
r̂ is real; see [223, Theorem 3.6 and Corollary 3.8]. Second, functions of the form

∫ �

−�
f��� exp�ikr · �̂�d�

are known as Herglotz wavefunctions [225, Definition 3.14]; such representations
have found application in certain methods for solving inverse obstacle problems.

6.13.4 Scattering by N cylinders

Consider N sound-hard cylinders, Sj, j = 1�2� � � � �N . Choose an origin Oj inside Sj ,
for each j, and define plane polar coordinates �rj� �j� at Oj , with �j = 0 being in the
x-direction. The position vector of Oj with respect to O is bj. A typical point P has
position vectors r and rj with respect to O and Oj , respectively, whence r = rj +bj .
A typical point q ∈ Sj has position vector qj with respect to Oj.

The incident plane wave is

uinc = exp�ikr · �̂�= 
j exp�ikrj · �̂�

for each j = 1�2� � � � �N , where 
j = exp�ikbj · �̂� is a constant phase factor.
We can write the scattered field as the sum of contributions from each cylinder.

Thus, from (6.167), we have

usc�r
 �̂�=
N
∑

j=1


j Uj�rj
 �̂��

where

Uj�rj
 �̂�=
i

4

j

∫

Sj

u�q
 �̂�
�

�nq
H
�1�
0 �kR�dsq�

R= �r−q� = �rj −qj� and u is the total field. If rj is large, we obtain

Uj�rj
 �̂�∼
√

2
�

e−i�/4 eikrj

√

krj
Fj�r̂j
 �̂� as rj → 
,

where rj = rj r̂j and

Fj�r̂j
 �̂�=
k

4

j

∫

Sj

u�q
 �̂�
[

r̂j ·n�q�
]

exp�−ikr̂j ·qj�dsq�

The far-field of the N -cylinder cluster is given by

usc�r
 �̂�∼
√

2
�

e−i�/4 eikr

√
kr
F�r̂
 �̂� as r → 
,
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where

F�r̂
 �̂�=
N
∑

j=1

Fj�r̂
 �̂� exp 	ikbj · ��̂− r̂�



note that r̂j ∼ r̂ as r → 
.
Next, we introduce a plane-wave representation for Uj . Put qj = �j�$j� �cos$j�

sin$j� and suppose that

rj >max
$j
�j�$j�≡ aj�

say. Then, we can write

H
�1�
0 �kR�=

1

�

∫

�j

eikrj cos ��−�j� e−ik�j cos ��−$j� d�� (6.171)

whence

Uj�rj
 �̂�= 1
�

∫

�j

Fj��̂
 �̂� exp�ikrj · �̂�d�� rj > aj


the contour �j is selected as before.

6.13.4.1 Integral equations
Now, suppose we know the far-field pattern fj for each cylinder Sj in isolation. We
want to use this information in order to calculate Fj . To do this, we consider the
total field in the vicinity of one of the cylinders, Sl, say. Thus, we have

u= uinc +usc = uinc +
N
∑

j=1


j Uj

= 
l exp�ikrl · �̂�+
N
∑

j=1
j �=l


j Uj +
l Ul

= 
l

{

U inc
l �rl
 �̂�+Ul�rl
 �̂�

}

� (6.172)

say, where

U inc
l = exp�ikrl · �̂�

+ 1
�

N
∑

j=1
j �=l

∫

�j

exp�ikrl · �̂� exp	ik��̂ − �̂� ·blj
 Fj��̂
 �̂�d��

blj = bl − bj is the position vector of Ol with respect to Oj , and we have used
rj = rl+blj .
U inc
l can be regarded as a superposition of plane waves, incident upon Sl. According

to (6.172), the corresponding scattered field is Ul. However, we already know how
to scatter plane waves by Sl, and so this gives a relation that can be used to find Fj .
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Specifically, the far field of Ul must be the same as the far field corresponding to
the incident field U inc

l ; this gives

Fl�r̂
 �̂�= fl�r̂
 �̂�+
1

�

N
∑

j=1
j �=l

∫

�j

fl�r̂
 �̂� exp	ik��̂ − �̂� ·blj
 Fj��̂
 �̂�d�� (6.173)

This equation holds for l = 1�2� � � � �N , giving what Twersky [1203, p. 371] calls
the self-consistent system of equations. Millar [857, §4.2] has shown that (6.173) has
at most one solution when N = 2.

6.13.4.2 Discussion
The system (6.173) is to be solved for Fj , given fl. However, this is not straight-
forward, in general. One reason is that the integrals are over infinite contours in the
complex �-plane; the contours �j may be different. Notice also that (6.173) has to be
evaluated for r̂ ∈ �l, which means that analytic continuation is implicit: the derivation
of (6.173) is for real directions r̂, and we may only know fl�r̂
 �̂� for real r̂ and �̂.

Nevertheless, (6.173) does have some formal advantages. First, it is exact. Second,
it can be derived without making any explicit use of the boundary conditions:
(6.173) is unchanged if, for example, some (or all) of the cylinders are sound-soft
or penetrable. Third, ‘no knowledge of addition theorems is required for the present
derivation’ [1203, p. 361]: this is because plane-wave representations are easily
translated. A disadvantage is that, if (6.173) could be solved, it would only yield the
scattered field outside the circumscribed circles, rj = aj , so that surface fields cannot
be calculated readily.

We are not aware of any direct numerical solutions of the system (6.173). However,
it has been used with various simplifying assumptions, such as wide spacings or small
cylinders. Twersky [1203, §4.2] also derived algebraic systems from (6.173); these
reduce to the equations obtained by Záviška’s method for circular cylinders (see
Section 4.5). However:

In general, for arbitrary configurations and arbitrary spacings, there is little
that can be done with these systems of algebraic equations except expand them
by Neumann iteration (subject to whatever restrictions on the parameters this
entails) to obtain a series of “successive orders of scattering” for the coefficients.

(Twersky [1203, p. 373])

In order to obtain algebraic equations from (6.173), we follow Twersky and insert
Fourier series for Fl and fj . Thus, proceeding formally, substitute

Fl�r̂
 �̂�=
∑

m�n

Almn ei�m�+n#� (6.174)

and

fl�r̂
 �̂�=
∑

m�n

almn ei�m�+n#� (6.175)



6.14 Fast multipole methods 235

in (6.173), giving

Alms = alms+
N
∑

j=1
j �=l

∑

n��

almnA
j
�s E�l� j� n+���

where

E�l� j� n�= 1
�

∫

�j

exp 	ik��̂ − �̂� ·blj
 ein� d� = in H�1�n �kblj� ein�lj
j
l (6.176)

and blj = blj�cos�lj� sin�lj�. This calculation is formal because we have used the
Fourier series (6.174) when � = � and the Fourier series (6.175) when #= �: these
series may not be convergent for complex �. Also, the second equality in (6.176)
assumes that �j (which was selected so that (6.171) is valid) is such that (6.165) can
be used.

6.13.5 Extensions

Twersky extended his method to three dimensions [1199] and to electromagnetic
problems [1206]. He applied it to gratings of circular [1202] and elliptical cylinders
[164], and to periodic lines [1207] and doubly-periodic planar arrays of identical
three-dimensional obstacles [1208, 1209, 1210]. Millar used (6.173) as a starting
point for studies of infinite [858], semi-infinite [859] and finite [860] gratings of
identical cylinders.

For extensions to two-dimensional elastic waves, see [69, 84]. For three-dimensional
elastic waves, see [70, 84, 972, 973, 971].

6.14 Fast multipole methods

The fast multipole method (FMM) is one of a number of algorithms designed to
accelerate the numerical solution of boundary integral equations. These algorithms
have been used extensively since first invented by Rokhlin in 1985, and used later by
him for two-dimensional acoustic scattering problems [1026]. Indeed, it is claimed
that the FMM is one of the top ten algorithms of the twentieth century [106]. We
note that FMM algorithms are not limited to boundary integral equations, but can
be used whenever the effects of groups of sources are to be calculated at groups of
observation points.

We shall not give a complete exposition of the FMM. We refer the reader to the
excellent review by Nishimura [913] for details and references, and we shall use his
terminology. See also the book [449] but note that the FMM is currently a thriving
research area.
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Addition theorems play a key role in FMM algorithms. To illustrate this state-
ment, we shall describe a typical calculation. Thus, consider, for example, a three-
dimensional acoustic double-layer potential,

u0�P�=
∫

S0

��q�
�

�nq
G�P�q�dsq� (6.177)

where S0 is a piece of S; S0 could be the surface of one scatterer, or an element of
such a surface. The point P is not near S0.

We emphasise that the double-layer potential (6.177) is an example. We could have
chosen to consider a single-layer potential, a linear combination of the two potentials
or a finite collection of sources and dipoles at discrete points. These choices lead to
straightforward changes in the following calculations.

We use the bilinear expansion of G, Theorem 6.4, namely

G�P�Q�= −2ik
∑

n�m

�−1�m�̂−m
n �rQ��

m
n �rP�� (6.178)

where rP and rQ are the position vectors of P and Q, respectively, with respect to an
origin O, and we have used (4.39). Equation (6.178) is valid for rQ = �rQ�< �rP � = rP .

Consider a second origin, O1, in the vicinity of S0; see Fig. 6.1. If b1 is the position
vector of O1 with respect to O, we have

G�P�Q�= −2ik
∑

n�m

�−1�m�̂−m
n �rQ−b1��

m
n �rP −b1�� (6.179)

valid for �rQ−b1�< �rP −b1�.

O

P

O2
O1

b2

rp

b1

q

S0

rq

Fig. 6.1. Configuration for translation formulae. The left-hand circle has radius a1; it
encloses S0. The right-hand circle has radius a2.
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Suppose that a1 is the radius of the smallest sphere, centred at O1, that encloses S0;
we suppose that P is outside this sphere. Then, combining (6.179) with (6.177) gives

u0�rP�=
∑

n�m

Mm
n �b1��

m
n �rP −b1�� �rP −b1�> a1� (6.180)

where

Mm
n �b�= −2ik�−1�m

∫

S0

��q�
�

�nq
�̂−m
n �rq−b�dsq� (6.181)

and rq is the position vector of q ∈ S0 with respect to O.Mm
n �b� is called the multipole

moment centred at the point (with position vector) b.
Next, consider a third origin, O2, with position vector b2 with respect to O; see

Fig. 6.1. Using the addition theorem for regular spherical wavefunctions, Theo-
rem 3.26, we obtain

�̂mn �rq−b2�=
∑

���

̂Sm�n� �b12� �̂
�
� �rq−b1�

where bjl = bj −bl = −blj is the position vector of Oj with respect to Ol. Changing
the signs of m and �, and using (3.107) and (6.181), we deduce that

Mm
n �b2�=

∑

���

̂S�m�n �b21�M
�
� �b1�� (6.182)

This is known as the M2M formula.
Equation (6.180) gives an expansion of u0 in terms of outgoing wavefunctions.

However, in a neighbourhood of O2, u0 may also be expanded in terms of regular
wavefunctions,

u0�rP�=
∑

n�m

Lmn �b2� �̂
m
n �rP −b2�
 (6.183)

this is a local expansion, centred at O2. To derive (6.183), we first let a2 be the radius
of the largest sphere, centred at O2, that does not enclose any of S0; we suppose that
P is inside this sphere. Then, we have a formula similar to (6.179),

G�P�Q�= −2ik
∑

n�m

�−1�m�−m
n �rQ−b2� �̂

m
n �rP −b2�� (6.184)

valid for �rP−b2�< �rQ−b2�. When this is combined with (6.177), we obtain (6.183),
wherein

Lmn �b�= −2ik�−1�m
∫

S0

��q�
�

�nq
�−m
n �rq−b�dsq
 (6.185)

we see that the local expansion (6.183) holds for �rP −b2�< a2.
From the addition theorem for outgoing spherical wavefunctions, Theorem 3.27,

we obtain

�mn �rq−b3�=
∑

���

̂Sm�n� �b23��
�
� �rq−b2��
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valid for �rq−b2�> �b23�. Hence,

Lmn �b3�=
∑

���

̂S�m�n �b32�L
�
� �b2�� (6.186)

provided that �b23�< a2. This is known as the L2L formula.
Finally, we relate Lmn and Mm

n . Using Theorem 3.27 again, we obtain

�mn �rq−b2�=
∑

���

Sm�n� �b12� �̂
�
� �rq−b1�

for �rq−b1�< �b12�. Hence, using (3.99), we obtain the M2L formula,

Lmn �b2�=
∑

���

S�m�n �b21�M
�
� �b1�� (6.187)

which is valid for �b12�> a1.
The M2M, L2L and M2L formulae are all used within the FMM algorithms. See

[913, §2.3] for a description of the basic algorithm.
It turns out that the basic M2M, L2L and M2L formulae become more expensive

to use as the frequency increases. Thus, diagonalised versions of these formulae are
needed; they are derived next.

6.14.1 Diagonal forms

Define a function on the unit sphere by

f�r̂ �b�=∑
n�m

�−i�nMm
n �b� Y

m
n �r̂�

for r̂ ∈ , so that

Mm
n �b�= in

∫

 
f�r̂ �b�Ymn �r̂�d �r̂�� (6.188)

Using (3.90), we see from (6.180) that

u0�rP�∼
eikrP

ikrP
f�r̂P� as rP → 
,

where r̂P = rP/rP ,

f�r̂�= f�r̂ �b1� exp �−ikb1 · r̂� (6.189)

is the far-field pattern, and we have used �rP − b1� ∼ rP − b1 · r̂P as rP → 
. Then,
from (4.49), we have

f�r̂ �b2�= exp �ikb21 · r̂� f�r̂ �b1�� (6.190)

This represents a diagonalised version of the M2M formula (6.182).
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Let us give a direct proof of (6.190). Multiply (6.182) by �−i�nYmn �r̂� and sum,
giving

f�r̂ �b2�=
∑

n�m

∑

���

̂S�m�n �b21� �−i�nYmn �r̂�M
�
� �b1�� (6.191)

Now, from (3.79), we have

̂S�m�n �b�= in−�
∫

 
exp �ikb · r̂1� Y

�
� �r̂1� Y

m
n �r̂1�d �r̂1�� (6.192)

whereas (6.188) gives

M�
� �b�= i�

∫

 
f�r̂2 �b� Y �� �r̂2�d �r̂2�� (6.193)

Then, substituting (6.192) and (6.193) in (6.191), we obtain

f�r̂ �b2�=
∑

n�m

Ymn �r̂�
∫

 
exp �ikb21 · r̂1� Y

m
n �r̂1� f�r̂1 �b1�d �r̂1�

after one application of (3.11). The result (6.190) follows after a further application
of (3.11).

The virtue of this proof is that it applies to the L2L formula. Thus, if we define

g�r̂ �b�=∑
n�m

�−i�nLmn �b� Y
m
n �r̂��

then we immediately obtain

g�r̂ �b3�= exp �ikb32 · r̂� g�r̂ �b2�� (6.194)

even though g does not have an interpretation in terms of far-field patterns.
Finally, we consider the M2L formula, (6.187). From (3.103), we have

S�m�n �b�= in−�
∑

q

�2q+1�iqhq�kb�
∫

 
Y�� �r̂1� Y

m
n �r̂1�Pq�r̂1 · b̂�d �r̂1��

Hence, making use of (6.193) and (3.11), we obtain

Lmn �b2�= in
∑

���



∑

q=0

�2q+1�iqhq�k�b21��
∫

 

∫

 
Pq�r̂1 · b̂21�

×Y �� �r̂1� Y
m
n �r̂1� f�r̂2 �b1�Y

�
� �r̂2�d �r̂2�d �r̂1�

= in


∑

q=0

�2q+1�iqhq�k�b21��

×
∫

 
Ymn �r̂1�Pq�r̂1 · b̂21� f�r̂1 �b1�d �r̂1��
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When this expression is substituted in (6.183), we find that

u0�rP�= 1
4�



∑

q=0

�2q+1�iqhq�k�b21��

×
∫

 
Pq�r̂1 · b̂21� f�r̂1 �b1� exp 	ik�rP −b2� · r̂1
d �r̂1��

having used (3.69) to evaluate the sum overm and n. Note the limits on the remaining
sum. Note further that the order of integration and summation cannot be interchanged.
Thus, we have

u0�rP�=
1

4�
lim
L→


∫

 
ML�r̂
b21� f�r̂ �b1� exp 	ik�rP −b2� · r̂
d �r̂�� (6.195)

where

ML�r̂
b�=
L
∑

l=0

�2l+1�ilhl�kb�Pl�r̂ · b̂�

is the translation function; see (3.105).
Equation (6.195) is [318, eqn (3.50)], although our derivation is different. In fact,

(6.195) can be obtained directly from (6.177) as follows. Noting that

G�P�q�= −1
2

i�k/��h0�k�rP − rq���

write rP − rq = rP +b1 −b2 − rq+b21 and then use Theorem 3.17 (with z0 = h0 and
b = b21). Then, observe that

f�r̂�= − ik

2�

∫

S0

��q�
�

�nq
exp �−ikr̂ · rq�dsq

(see Section 5.10.3) and use (6.189). This derivation shows clearly that (6.195) is
valid if �rP −b2 +b1 − rq�< �b1 −b2� for all q ∈ S0.

6.14.2 Literature

Rokhlin’s 1990 paper considers the two-dimensional acoustic transmission problem
[1026]. He uses the indirect method of Kress & Roach [658], and he gives diagonal
forms using finite Fourier expansions. Further results and FMM variants in two
dimensions are available. Thus, Engheta et al. [314] solved the Helmholtz integral
equation; they removed irregular frequencies by giving k a small imaginary part
[896]. Lu & Chew [747] used a combined-field method. Amini & Profit [26] used
the method of Burton & Miller [166].

Three-dimensional diagonal forms (as in Section 6.14.1) were given by Rokhlin
[1027]. For numerical results and FMM variants, see, for example, [219, 1130, 1000,
255, 256].
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As Nishimura remarks, ‘Rokhlin’s diagonal form provides a very tricky fast alter-
native to the original FMM � � � [that] suffers from instability in Helmholtz’ equation
for small wave number’ [913, p. 310]. Consequently, new FMM algorithms were
developed. See, for example, [435, 257, 258].

FMM algorithms have been used by Fujiwara [372, 373] for elastodynamics, and
in [310, 708, 709] for multiple scattering of electromagnetic waves. Many other
applications are expected as the FMM is developed further.



7
Null-field and T -matrix methods

In our opinion, the full potential of the T matrix itself has only begun to be
realized. � � � As pointed out by Peterson and Ström, the T matrix is an ideal tool
for investigating multilayered objects [964, 965], as well as interactions (i.e.
multiple scattering) between two or more objects [962, 963]. It is in these last
areas that we believe the richest applications will be found.

(Waterman [1292, p. 4566])

7.1 Introduction

The null-field and T -matrix methods are used widely for obtaining numerical solu-
tions to various radiation and scattering problems. These methods are related, as we
will see. They were first devised by Waterman in 1965 for electromagnetic scatter-
ing problems [1287]. Later, they were developed for treating problems in acoustics,
elastodynamics and hydrodynamics. For surveys up to 1979, see the book [1248].
Many subsequent applications are reviewed in [1254, 871, 870] and in Chapter 6 of
[866]. For electromagnetic problems, see the extensive bibliography [873].

As the opening quotation states, the real power of these methods comes when they
are used to solve multiple-scattering problems; the key paper is [963].

7.2 Radiation problems

Suppose that u�P� solves the exterior Neumann problem with �u/�n = f on S. Then,
we have the Helmholtz integral representation (5.57), namely

2u�P� =
∫

S

{

f�q�G�P�q�−u�q�
�

�nq

G�P�q�

}

dsq� P ∈ Be� (7.1)

where G�P�Q� is the free-space Green’s function. Similarly, if P ∈ B, we have the
interior integral relation (6.127), namely

0 =
∫

S

{

f�q�G�P�q�−u�q�
�

�nq

G�P�q�

}

dsq� P ∈ B� (7.2)

242



7.3 Kupradze’s method and related methods 243

Similar equations can be derived for the exterior Dirichlet problem, for which u = g

on S.
We can regard (7.2) as an equation to be solved for u�q�. We know that it is always

uniquely solvable (there are no irregular frequencies); see Theorem 6.8. However,
(7.2) holds for all P ∈ B, and so it is not clear how to solve it. Some methods for
doing so are described next.

7.3 Kupradze’s method and related methods

Kupradze [672, p. 252] calls (7.2) a ‘canonical functional equation’. Having devel-
oped methods based on indirect boundary integral equations (see Section 5.9), he
chose to abandon them when it came to actual computations: he used (7.2) instead,
evaluating it at M points Pi ∈ B, i = 1� 2� � � � �M , and approximating the (non-singular)
integral over S with an M-point quadrature rule. Kupradze has developed this method
in [671, Chapter VIII] and in [672, Chapter X, §§1–19]. For the Helmholtz equation,
see [671, Chapter VIII, §13] and [672, Chapter X, §11], although numerical results
are not given.

A continuous version of Kupradze’s discrete method is as follows. Consider an
auxiliary surface S′ in B: for a single obstacle, we may think of S′ as being a closed
surface similar to but smaller than S, or we may choose S′ as a simple surface such
as a sphere. See Fig. 7.1. Then, we replace (7.2) by

0 =
∫

S

{

f�q�G�p�q�−u�q�
�

�nq

G�p�q�

}

dsq� p ∈ S′� (7.3)

Unlike (7.2), this equation does suffer from irregular frequencies: uniqueness is lost
whenever k2 is an eigenvalue of the interior Dirichlet problem for S′.

There are analogous indirect methods. For example, one could seek the solution
of the exterior Neumann problem in the form of a source distribution over S′,

u�P� =
∫

S′
��q�G�P�q� dsq� P ∈ Be� (7.4)

S ′ S

Be

Fig. 7.1. The auxiliary surface S′ is inside the scatterer B.
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whence the boundary condition gives
∫

S′
��q�

�

�np

G�p�q� dsq = f�p�� p ∈ S� (7.5)

A difficulty with methods of this type is that u�P� may not be representable as
(7.4). We know that when the solution of the exterior Neumann problem is continued
analytically from Be through S into the portion of B between S and S′, singularities
may be encountered. Indeed, there must be singularities within B, but we do not know
a priori if they are all inside S′. On the other hand, the representation (7.4) is not
singular outside S′. For more information on this difficulty, including computational
aspects, see [285, Chapter IV, §2.1].

7.3.1 Literature

Christiansen [211] labels methods based on (7.5) and (7.3) as Method I and Method II,
respectively. He gives a thorough review of the literature, and shows that the condition
numbers of the corresponding linear M ×M systems worsen as the distance between
S and S′ increases.

Method I has been used in [718, 950, 656], and reviewed by Ochmann [920].
Electromagnetic applications are reviewed in [580]. Method I has also been used as
part of a method for solving inverse problems in acoustics [225, §5.4]. Method II
has been used in [987] for acoustics, and in [4] for elastic waves.

For axisymmetric problems, Copley [235] has solved (7.2) using points P along
the axis of symmetry. Geer [398] has used an analogous indirect method, with
sources (and multipoles) distributed along a piece of the symmetry axis within B. In
1948, Albert & Synge [17] derived the electromagnetic version of (7.2), which they
called the ‘fundamental integral equation of antenna theory’. They also considered
axisymmetric problems and used points P along the symmetry axis; many numerical
and asymptotic results are given in [1163]. See also [564, §3.18].

The distinction between the value of the integral (7.2) when P ∈ B (which is
zero) and the analytic continuation of the solution of the exterior boundary-value
problem into the interior B (which must have some singularities) has caused some
confusion in the literature. For a very clear discussion of the issues and implications,
see Millar’s paper [862].

7.3.2 Generalised multipole techniques

There are discrete versions of Method I, and generalisations thereof. Thus, let �	m�P�


be a set of outgoing wavefunctions, and write

u�P� �
M
∑

m=1

cm 	m�P�� P ∈ Be�
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the functions 	m�P� could be sources, dipoles or multipoles located at points Pm ∈ B.
The coefficients cm can then be determined by applying the boundary condition at
M1 selected points on S. Usually, an overdetermined system (M1 > M) is derived
and solved in a least-squares sense; usually, the values found for cm will depend on
both M1 and M . Methods of this type are sometimes called generalised multipole
techniques (GMT), although many other names are also used; see, for example, [469,
Chapter 8] or [285, Chapter IV].

GMT are essentially numerical. The choices of 	m�P� and the collocation points
on S are usually made by experience, although some adaptive variants are being
developed [469, p. 275]. Thus, at present, GMT are not robust.

A special class of GMT are those with 	m�P� = G�P�Pm� and Pm ∈ B; this yields
the method of fundamental solutions (MFS). In the MFS, the source points Pm may be
prescribed or they may be determined as part of a non-linear least-squares scheme. By
prescribing an infinite set of points Pm, one can construct a complete set of functions
�G�P�Pm�
, but this set does not form a basis [652]. (The terminology used here is
defined in Section 7.7.1.) For extensive reviews of the MFS, see [334, 335].

Another class of GMT uses sources distributed over an internal surface S′,

	m�P� =
∫

S′
�m�q�G�P�q� dsq�

where ��m
 is a chosen set of densities. For two-dimensional problems, one choice is

�m = exp�2�is�m−M ′ −1�/L
�

where M = 2M ′ + 1, s is arclength and L is the perimeter of S′. This choice was
used in [1385] for scattering by two penetrable cylinders, and extended to gratings
in [1384].

In the context of multiple-scattering problems, GMT are attractive superficially,
at least, because they avoid the use of addition theorems. However, they do not give
the desirable separation (discussed in Section 1.1.2) between the scattering properties
of individual scatterers and the spacing between them: if the configuration of the
scatterers is altered, the whole calculation has to be repeated. Nevertheless, GMT have
been used for multiple-scattering problems. For example, Ludwig [749] confirmed
the numerical results of Bruning & Lo [145, 146] for electromagnetic scattering by
two dielectric spheres. Erez & Leviatan gave results for acoustic scattering by two
sound-soft spheres (of different radii) in [324] and for electromagnetic scattering
by two perfectly conducting spheres in [325]; they located some of their sources
Pm at complex points. Results for electromagnetic scattering by three axisymmetric,
coaxial scatterers (raindrops) are given in [323]. Comberg & Wriedt [226] gave
results for electromagnetic scattering by two and four spheres, and by two coaxial
oblate spheroids. Imhof has presented numerical results for acoustic scattering by
two penetrable elliptic cylinders [529]; for extensions to plane elastodynamics and
fluid–solid problems, see [530] and [532], respectively. Imhof [531] has also given
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results for the scattering of elastic waves by two three-dimensional cavities, each
cavity being a circular cylinder of finite length.

Benites et al. [80] presented many results for scattering of two-dimensional acous-
tic waves by two sound-hard ellipses and by up to 100 circular cylinders (actually,
50 on one side of a rigid wall). They used a discrete form of (7.4). An extension
to two-dimensional elastic waves is described in [81]. Discrete forms of (7.4) have
been used extensively for elastodynamic half-space problems, in the seismology con-
text. Thus, Wong [1334] gave results in two dimensions for scattering of body and
Rayleigh waves by semi-circular and semi-elliptical canyons; he used line-source
solutions that satisfy the traction-free conditions on the boundary of the half-plane.
(These are the half-plane multipoles of Section 2.10 with n = 0.) A similar method
was used by Dravinski [293] for multiple scattering by two identical semi-elliptical
alluvial valleys (transmission problem). He has extended his approach to anisotropic
half-planes [296] and half-spaces [294]. Sánchez-Sesma [1051] gave results for
scattering by a hemispherical cavity; he used full-space point sources, and so he had
to impose the traction-free condition on (part of) the boundary of the half-space.

7.4 Scattering problems

For scattering problems, (5.36) and (5.37) give
∫

S

{

G�P�q�
�usc

�nq

−usc�q�
�

�nq

G�P�q�

}

dsq =
{

2usc�P�� P ∈ Be�

0� P ∈ B�

where usc is the outgoing scattered field. From (5.34) and (5.35), the incident field
uinc satisfies

∫

S

{

G�P�q�
�uinc

�nq

−uinc�q�
�

�nq

G�P�q�

}

dsq =
{

0� P ∈ Be�

−2uinc�P�� P ∈ B�

assuming that uinc satisfies the Helmholtz equation in B. Adding these gives
∫

S

{

G�P�q�
�u

�nq

−u�q�
�

�nq

G�P�q�

}

dsq =
{

2usc�P�� P ∈ Be�

−2uinc�P�� P ∈ B�

where u = usc +uinc is the total field.
So, for sound-hard obstacles, where �u/�n = 0 on S, we obtain the representation

(5.67), namely

2usc�P� = −
∫

S
u�q�

�

�nq

G�P�q� dsq� P ∈ Be� (7.6)

and the interior relation
∫

S
u�q�

�

�nq

G�P�q� dsq = 2uinc�P�� P ∈ B� (7.7)

Similar equations can be derived for sound-soft obstacles for which u = 0 on S.
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In a similar way to (7.2), we can regard (7.7) as an equation for u�q�. It is always
uniquely solvable and it holds for all P ∈ B.

Equation (7.7) has various names. For electromagnetic problems, it is called the
‘Ewald–Oseen extinction theorem’ because it ‘expresses the extinction of the inci-
dent wave � � � at any point inside � � � by interference with � � � the dipole field’ [121,
p. 102]. Other terminologies are the ‘extended boundary condition’ [1287, 16] and
the ‘extended integral equation’ [77].

7.5 Null-field equations for radiation problems: one obstacle

Consider a single obstacle, so that B ≡ B1 is connected and has closed boundary
S ≡ S1. We are interested in finding the function u�q� that satisfies the interior
integral relation (7.2) for all P ∈ B. Waterman [1287] noted that we only have to
satisfy this equation for all P in an open region B− ⊂ B.

Mathematical tractability of the extended integral equation [i.e. (7.2)] stems from
the observation that one need only make the field vanish in any portion of the
interior volume. The field can then be shown to vanish everywhere in the interior
in view of the analytic continuability of solutions of differential equations of
elliptic type.

(Waterman [1287, p. 805])

We shall assume here that B− is a ball in three dimensions. Explicitly, choose an
origin O ∈ B. Let S− be the inscribed sphere to S which is centred at O, so that
B− is the largest ball in B (centred at O). Similarly, let S+ be the smallest escribed
sphere to S, centred at O, so that S+ encloses the obstacle. The region exterior to S+
is B+ ⊂ Be. See Fig. 7.2. These definitions are convenient because they enable us to
use the bilinear expansion of G, Theorem 6.4, namely

G�P�Q� = −2ik
∑

n�m

�−1�m
̂m
n �rP�
−m

n �rQ�� (7.8)

O

S– 

S

S+

B+

Fig. 7.2. The scatterer has an inscribed sphere S− (with interior B−) and a concentric
escribed sphere S+ (with exterior B+).
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where rP is the position vector of P with respect to O, rP = �rP � < �rQ� = rQ, and we
have used (4.39). Thus, when P is restricted to being in B− (where rP < rq), we can
substitute (7.8) in (7.2) to give

∑

n�m

�−1�m
̂m
n �rP�

∫

S

{

f�q�
−m
n �rq�−u�q�

�

�nq


−m
n �rq�

}

dsq = 0 (7.9)

for P ∈ B−. As the regular wavefunctions 
̂m
n are orthogonal over any sphere centred

at O, it follows that each term in (7.9) must vanish, whence
∫

S
u�q�

�

�nq


m
n �rq� dsq = fm

n �
n = 0� 1� 2� � � � �

m = −n� � � � � n�
(7.10)

where

fm
n =

∫

S
f�q�
m

n �rq� dsq (7.11)

are known constants. Equations (7.10) and (7.11) are known as the null-field equa-
tions for the exterior Neumann problem. Similar equations can be derived for the
exterior Dirichlet problem.

Let X denote the infinite set of functions ��
m
n /�nq
, defined on S. Then, the

null-field equations (7.10) simply give the ‘moment’ of u�q� with respect to each
function in X. Thus, u�q� is to be determined from the infinite set of moment-like
equations (7.10).

The null-field equations can be derived directly. Simply apply Green’s second
theorem (5.33) in Be to u�Q� (the solution of the exterior Neumann problem) and

m

n �rQ� (with O ∈ B). As both functions are outgoing wavefunctions, we immediately
obtain (7.10) and (7.11). Some virtues of this derivation are that it is simple, it does
not use analytic continuation, and it does not use the bilinear expansion of G, (7.8).
A similar derivation was given by Barantsev in 1963 [62]; see also [942, 941, 1292].

The infinite set of null-field equations is equivalent to the interior integral relation
(7.2) in the sense that they are both uniquely solvable for all k2: there are no irregular
frequencies. To prove uniqueness, we merely reverse Waterman’s derivation of the
null-field equations. Thus, suppose that u�q� solves

∫

S
u�q�

�

�nq


m
n �rq� dsq = 0�

n = 0� 1� 2� � � � �

m = −n� � � � � n�

Multiply each of these by �−1�m
̂−m
n �rP�, where P ∈ B−, and then sum over m and

n, using (7.8), to give

U�P� ≡
∫

S
u�q�

�

�nq

G�P�q� dsq = 0� P ∈ B−�

However, as U is a wavefunction that vanishes in B−, we can use continuation
arguments to assert that U vanishes everywhere in B. Theorem 6.8 then gives that
u�q� = 0 for all q ∈ S, which proves uniqueness. We already know that the solution
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of the exterior Neumann problem also solves the null-field equations, so we have
proved the following theorem.

Theorem 7.1 The null-field equations for the exterior Neumann problem, (7.10)
and (7.11), are uniquely solvable for all real values of k2.

The same result can be proved for the exterior Dirichlet problem. Direct proofs of
existence can also be given by showing that u�q� solves the null-field equations
if and only if u�q� solves a uniquely-solvable boundary integral equation. Such
equations can be constructed using modified Green’s functions, as in Section 6.9.1;
see [779, 781].

Having found u�q� on S, somehow, the solution u�P� for P ∈ Be can then be
constructed using the integral representation (7.1). If we suppose that P is outside
the circumscribed sphere S+, we can use (7.8) in (7.1) to give the expansion

u�P� =∑

n�m

cm
n 
m

n �rP�� P ∈ B+� (7.12)

where the coefficients cm
n are given by

cm
n = −ik�−1�m

∫

S

{

f�q� 
̂−m
n �rq�−u�q�

�

�nq


̂−m
n �rq�

}

dsq

= −ik
∫

S

{

f�q� 
̂m
n �rq�−u�q�

�

�nq


̂m
n �rq�

}

dsq�

using (3.91). The formula (7.12) merely states that a radiating wavefunction can be
expanded as an infinite series of outgoing spherical wavefunctions, outside S+. The
assumption that (7.12) can be used everywhere in Be, including in the region between
S+ and S, is known as the Rayleigh hypothesis [862].

7.6 Null-field equations for scattering problems: one obstacle

He took his Waterman in hand;
Long time the proper proof he sought;
Then rested he by the XYZ
And sat awhile in thought.

And as in inverse thought he sat
A brilliant proof, in lines of flame,
All neat and trim, it came to him.
Tangenting as it came.

(Extract from ‘Plane geometry’ by Emma Rounds, quoted in [333, p. 279])

Consider scattering by a sound-hard obstacle. There are two ways of obtaining null-
field equations for this problem. First, we could specialise the analysis in Section 7.5,
putting f = −�uinc/�n, leading to an infinite set of null-field equations for usc�q�.
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Alternatively, we can obtain null-field equations for the boundary values of the total
field u, as follows.

Suppose P ∈ B−. Then, using (7.8) in the interior integral relation (7.7), we obtain

uinc�P� = −ik
∑

n�m

�−1�m
̂m
n �rP�

∫

S
u�q�

�

�nq


−m
n �rq� dsq (7.13)

for P ∈ B−. But, as uinc�P� is assumed to be a regular wavefunction in B−, there
exist coefficients dm

n such that

uinc�P� =∑

n�m

dm
n 
̂m

n �rP�� P ∈ B−� (7.14)

this is separation of variables inside a ball. The coefficients dm
n can be considered as

known; for example, if the incident field is a plane wave, dm
n can be obtained from

(3.69) and are given by (4.40). Equating coefficients in (7.13) and (7.14) gives

−ik�−1�m
∫

S
u�q�

�

�nq


−m
n �rq� dsq = dm

n �
n = 0� 1� 2� � � � �

m = −n� � � � � n�
(7.15)

These are the null-field equations for scattering by a sound-hard obstacle. They are
uniquely solvable for all real values of k2.

Having found u�q� on S, somehow, the scattered field usc�P� for P ∈ Be is given
by (7.6). If P is outside S+, we can use (7.8) to give

usc�P� =∑

n�m

cm
n 
m

n �rP�� P ∈ B+� (7.16)

where the coefficients cm
n are given by

cm
n = ik�−1�m

∫

S
u�q�

�

�nq


̂−m
n �rq� dsq = ik

∫

S
u�q�

�

�nq


̂m
n �rq� dsq� (7.17)

7.6.1 Literature

The three-dimensional null-field equations (7.15) were first obtained by Waterman
[1288]. Bates [75] obtained the two-dimensional null-field equations. Numerical
solutions for acoustic scattering by cylinders of various cross-sections can be found
in [75, 113, 114, 1274, 1252, 1259]. Most applications have focussed on computing
the T -matrix, which we will discuss in Section 7.9. Further remarks on solving the
null-field equations themselves can be found in Section 7.8. Extension to scattering
by buried obstacles (where two acoustic half-spaces are joined by a nominally flat
interface and the obstacle does not intersect the interface) is made in [665].

For electromagnetic scattering, the null-field equations were first derived by Water-
man [1287]. This approach has come to be called the extended boundary condition
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method (EBCM). Alternative derivations and descriptions of the EBCM can be found
in [1289, 63, 1152, 881], [285, Chapter 10], [1190, Chapter 2, §8] and [870, §5.8].
Many applications can be found in the literature. Most of these are for axisymmetric
scatterers, defined by

r = ����� 0 ≤ � ≤ �� −� ≤ � < �� (7.18)

where �r� ���� are spherical polar coordinates and � is a given function of � (only).
Examples are spheroids, for which

���� = ab�a2 cos2 � +b2 sin2 ��−1/2�

and so-called ‘Chebyshev particles’, for which

���� = a�1+�Tn�cos ��
�

Here, a, b and � are constants, n is an integer and Tn�x� is a Chebyshev polynomial of
the first kind. For spheroids, see, for example, [63, 64, 65, 66, 685, 543]. Wiscombe
& Mugnai [1330, 889, 1331, 890] have made extensive computations for Chebyshev
particles. For osculating spheres, see [872]. The EBCM has also been used for
non-axisymmetric scatterers such as triaxial ellipsoids [1076, 1075] and regular
polyhedral prisms of finite length (such as cubes) [577]. For scatterers in a half-
space, see [662].

The elastodynamic null-field equations were derived in [1291, 1260]. These deriva-
tions cover the scattering of elastic waves by cavities, fixed rigid obstacles, and
elastic inclusions with welded interfaces. Rigid movable inclusions are treated in
[936], whereas elastic inclusions with imperfect interfaces are treated in [127, 937].
Buried obstacles are considered in [132], where numerical results for scattering of a
Rayleigh wave by a spheroidal cavity are given.

The null-field equations for two-dimensional water waves are derived and used
in [780, 782]. The corresponding equations in three dimensions are also derived in
[780].

7.7 Infinite sets of functions

Uniqueness for the null-field equations is related to the completeness of the set
X = ��
m

n /�nq
; this property will be defined and discussed below. Sets of func-
tions are also used in methods designed to solve the null-field equations. Therefore,
we begin (in Section 7.7.1) by considering basic properties of infinite sets of func-
tions. These include the following notions: complete, closed, linearly independent
and minimal sets, and basis sets. Then, in Section 7.7.2, we study sets of wave-
functions, such as X, and clarify their properties; we will see that X and W =
�
m

n 
 are both complete, linearly independent and minimal, but neither set forms a
basis.
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7.7.1 Basic properties

Let H be a complex separable Hilbert space. In our applications, we take H = L2�S�,
with inner product and norm defined by

�u� v� =
∫

S
u�q� v�q� dsq and 
u
 =√

�u�u�� (7.19)

respectively. Let � = ��n
, n = 1� 2� � � � , be a set of functions with each �n ∈ H .
We are interested in using these functions to represent (or approximate) arbitrary
functions from H .

Standard textbooks discuss situations in which � is an orthogonal set, so that
��m��n� = 0 when m �= n. In practice, where we want to represent functions defined
on a surface, we do not usually have orthogonal sets available. However, we will
want � to have certain properties.

We begin by introducing the linear span of �, defined by

span � =
{

u =
N
∑

n=1

�n�n � any integer N , any coefficients �n

}

�

it is the set of functions that can be written as finite linear combinations of the
functions in �.

Next, we want to eliminate redundancy in �. Thus, let

�N = ��1��2� � � � ��N 


be a set of N functions from �. This set is called linearly dependent if there is a linear
combination

∑N
n=1 �n�n = 0 in which not all the coefficients �n vanish; otherwise,

�N is linearly independent. If every finite set of functions from the infinite set � is
linearly independent, then � is said to be linearly independent.

Imposing more restrictions, � is called minimal in H if no �m ∈ � belongs to
the closure of the linear span of all the remaining elements �n ∈ �. Evidently,

[� is minimal] implies that � is linearly independent.

The notion of denseness comes next, because we want to be able to represent
any function in H . Thus, let M be a subset of H . The set M is said to be dense in
H if, for any u ∈ H and for any � > 0, there is a u� ∈ M such that 
u−u�
 < �.
Equivalently, M is dense in H if and only if for any u ∈ H , there is a sequence �un�,
with un ∈ M , such that 
u−un
 → 0 as n → 
.

Suppose that M is dense in H and u ∈ H . It follows that if u is orthogonal to M ,
then u = 0. This fact involves orthogonality and density; these aspects lead to the
definitions of closed and complete sets of functions, respectively.

� is called closed in H if zero is the only function in H that is orthogonal to
every �n ∈ H :

[u ∈ H] and [�u��n� = 0, n = 1� 2� � � �] imply that u = 0.
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� is called complete in H if span � is dense in H . Equivalently, � is complete
in H if any u ∈ H can be approximated by functions in �: for any � > 0, there is an
integer N��� and a set of coefficients aN

1 � aN
2 � � � � � aN

N such that 
u−∑N
n=1 aN

n �n
 < �.
It turns out that � is complete in H if and only if � is closed in H ; see [243,

p. 110], [285, Chapter 1, Theorem 2.1].
Given �, we may be able to find a biorthonormal set of functions �∗ = ��∗

n


[884, p. 931], so that

��m��∗
n� = �mn for all m and n. (7.20)

It is known that a biorthonormal set �∗ exists if and only if � is minimal in H .
Moreover, suppose that � is minimal in H . Then, �∗ is uniquely defined if and only
if � is also complete in H . See [251, Lemma 1.1]. Thus,

[� is both minimal and complete] implies that exactly one �∗ exists.

� is a Schauder basis for H if for any u ∈ H , there is a unique set of coefficients
an�u� such that

u =


∑

n=1

an�u��n� (7.21)

here, convergence is in the norm for H , so that

lim
N→


∥

∥

∥

∥

u−
N
∑

n=1

an�u��n

∥

∥

∥

∥

= 0�

Unless stated otherwise, ‘basis’ means ‘Schauder basis’.
The coefficient functionals an�u� are continuous [248, Theorem 8.1]. Therefore,

the Riesz representation theorem gives

an�u� = �u��∗
n�� (7.22)

where �∗
n ∈ H is uniquely defined. Also, it is a consequence of the uniqueness of

an�u� in (7.21) that

an��m� = �mn� (7.23)

Combining (7.22) and (7.23) gives (7.20). Thus,

[� is a basis] implies that � is
{

complete, minimal
and linearly independent.

Let Y = �	n
, n = 1� 2� � � �, be a set of functions with each 	n ∈ H . Suppose that
Y is an orthonormal system, so that �	n�	m� = �mn; it follows that Y is linearly
independent. When Y is a basis, we have the (generalised) Fourier series

u =


∑

n=1

�u�	n�	n�
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for any u ∈ H . It is well known that a complete orthonormal system is a basis; see,
for example, [248, p. 278] or [655, Theorem 1.28].

Now, let L be a bounded linear operator from H to H with a bounded inverse,
and consider

� = ��n
 with �n = L	n�

where Y = �	n
 is an orthonormal basis. Then, � is a basis; in fact, it is a special
kind of basis known as a Riesz basis [1366, p. 31]. Some characterisations of Riesz
bases are given in [1366, Chapter 1, §8] and in [664, p. 2627].

7.7.2 Spherical wavefunctions

Null-field methods (usually) make use of sets of spherical wavefunctions. Four sets
are often used; these are

W = �
m
n 
� X = ��
m

n /�nq
� ̂W = �
̂m
n 
� ̂X = ��
̂m

n /�nq
�

all evaluated at q ∈ S. We assume that the origin for these functions is at one point
inside S.

It is well known that the sets of outgoing wavefunctions, W and X, are complete in
H = L2�S�, for all k2. The sets of regular wavefunctions, ̂W and ̂X, are complete in
H , except when k2 is an eigenvalue of the interior Dirichlet and Neumann problems,
respectively. For proofs, see [894] and [285, Chapter III, §1.1]. These sets are
also linearly independent, under the same conditions; see [631, Appendix 1] and
[285, Chapter III, §2]. Moreover, these sets are also minimal, again under the same
conditions on k2 for the regular wavefunctions. These results were proved by Dallas
[251]; we sketch his proof.

Let � be the Neumann-to-Dirichlet map: given f , solve the exterior Neumann
problem with �u/�n = f on S, and then �f = u, the boundary values of the solution
u�P� on S. In particular, we have

�q

�G

�nq

�P�q� = G�P�q� for P ∈ B (7.24)

and ���
m
n /�nq� = 
m

n .
An application of Green’s theorem in Be to any two outgoing wavefunctions gives

�∗ = � for the L2-adjoint of �. From (6.123), we have

�I +K∗ + i�N��f = �S + i��K − I�
f

for any f and any constant �. If � is taken as real and non-zero, this formula can be
taken to define � and �−1, for any k.

We can use � within the Helmholtz integral representation for outgoing wave-
functions, (5.36). For example, for the exterior Dirichlet problem with u = g on S,
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we obtain (5.60), which we can write as

2u�P� =
∫

S

{

G�P�q��−1 − �G

�nq

�P�q�

}

g�q� dsq� P ∈ Be�

In particular, we have

2
m
n �rP� =

∫

S

{

G�P�q��−1 − �G

�nq

�P�q�

}


m
n �rq� dsq� P ∈ Be�

and, for P ∈ Be and P0 ∈ B,

2G�P�P0� =
∫

S

{

G�P�q��−1
q − �G

�nq

�P�q�

}

G�q�P0� dsq� (7.25)

We can obtain similar expressions for interior problems. Moreover, for P ∈ B, we
can use � in (5.34), together with (7.24), giving

−2w�P� =
∫

S

(

�w

�n
−�−1w

)

G�P�q� dsq

=
∫

S

(

�
�w

�n
−w

)

�G

�nq

�P�q� dsq� P ∈ B�

which shows that regular internal wavefunctions can always be represented as single-
layer or double-layer potentials. In particular, we have


̂m
n �rP� = i

2k
�−1�m

∫

S
�m

n �q�G�P�q� dsq� P ∈ B� (7.26)

= i
2k

�−1�m
∫

S
�m

n �q�
�G

�nq

�P�q� dsq� P ∈ B� (7.27)

where the densities are given by

��m
n = �m

n �q� = ik�−1�m

(

�
�

�nq


̂m
n − 
̂m

n

)

�

The normalisation constants have been chosen so that the following biorthonormality
results hold:

(


�
� � �−m

n

)= (

�
�
� /�n� �−m

n

)= �n��m�� (7.28)

The first equality is easily proved using properties of �. For the second, we have
∫

S

�
�
�

�nq

�−m
n dsq = ik�−1�m

∫

S

�
�
�

�nq

(

�
�

�nq


̂−m
n − 
̂−m

n

)

dsq

= ik�−1�m
∫

S

(


�
�

�

�nq


̂−m
n − 
̂−m

n

�

�nq


�
�

)

dsq

= −ik�−1�m
[


̂−m
n �
�

�

]

= �n��m��
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where we have used Green’s theorem to replace S by �a (a sphere of radius a, centred
at the origin, where 
m

n is singular), and then used (6.108) and (6.109). Finally, as
we have exhibited the biorthonormal sets, W ∗ and X∗, say, we can conclude that W

and X are minimal.
In summary, the sets W and X are complete, linearly independent and minimal,

for all k. However, neither set forms a basis, unless S is a sphere centred at the
origin. This result was proved by Dallas [251]; a sketch proof is also given in [285,
p. 99]. As an example, let us suppose that W is a basis. Then, we can write

G�q�P0� =∑

n�m

Gm
n �P0�
m

n �rq�� q ∈ S� (7.29)

where P0 is any point not on S, the coefficients Gm
n �P0� are given by

Gm
n = (

G� �−m
n

)=
∫

S
G�q�P0��−m

n �q� dsq = −2ik�−1�m 
̂−m
n �rP0

��

and we have used (7.26). The series (7.29) is supposed to converge in L2�S�, and so
it can be integrated term by term. Thus, if we take P0 ∈ B, we can substitute (7.29)
in (7.25), giving

G�P�P0� = −ik
∑

n�m

�−1�m 
̂−m
n �rP0

�

×
∫

S

{

G�P�q��−1
q − �G

�nq

�P�q�

}


m
n �rq� dsq

= −2ik
∑

n�m

�−1�m 
̂−m
n �rP0

�
m
n �rP� (7.30)

for P ∈ Be and P0 ∈ B. Notice that this conclusion holds for all P ∈ Be and for all
P0 ∈ B, not just for those P ∈ Be and P0 ∈ B with �rP � > �rP0

� (for which the expansion
(7.30) is assured by Theorem 6.4). So, we will obtain a contradiction by choosing
P ∈ Be and P0 ∈ B with �rP � < �rP0

� (which we can always do if S is not a sphere
centred at the origin) and then showing that the series on the right-hand side of (7.30)
diverges for such a choice of P and P0. But this is easily done: we have, for example,


̂0
n�rP0

�
0
n�rP� ∼ −i�4�rP�−1�r0/rP�nPn�cos �P�Pn�cos �0� (7.31)

as n → 
, where �rP� �P� and �r0� �0� are spherical polar coordinates of P and
P0, respectively; the product of Legendre polynomials decays no faster than n−1

as n → 
, and so the right-hand side of (7.31) is unbounded as n → 
 whenever
r0/rP > 1, as assumed, which implies that the infinite series (7.30) diverges. A similar
argument can be given to show that X is not a basis.

When S is a sphere centred at the origin, the properties of W and X reduce to
the well-known properties of spherical harmonics �Y m

n 
: these form an orthonormal
basis for L2���. For ̂W and ̂X, we obtain similar results, except when ka is such
that jn�ka� or j ′

n�ka� vanishes (where a is the radius of the sphere).
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As W and X do not form bases for L2�S�, they also do not form Riesz bases. This
was shown numerically in [664].

7.7.3 Back to the null-field equations

Recall the null-field equations for the exterior Neumann problem, (7.10). When
examining uniqueness for these equations, we consider

∫

S
h�q�

�

�nq


m
n �rq� dsq = 0�

n = 0� 1� 2� � � � �

m = −n� � � � � n�

where h ∈ L2�S�. These equations state that h is orthogonal to every member of X.
If they imply that h�q� = 0 almost everywhere on S, then X is closed and is hence
complete in L2�S�; see, for example, [862, 863] or [1183, §3.4]. Evidently, if we
already know that X is complete, then we obtain uniqueness for the null-field equa-
tions [224]. In fact, as we saw in Section 7.7.2, the completeness of X has been
proved; see [894] and [285, Chapter III, §1.1].

The completeness of vector spherical wavefunctions has been discussed in [51] and
[285, Chapter VII, §1.1]. Linear independence is shown in [285, Chapter VII, §2].

7.8 Solution of the null-field equations

In this section, we shall discuss methods for solving the null-field equations. As a
representative example, consider the null-field equations for scattering by a sound-
hard obstacle, (7.15). The most common method for solving these equations begins
by choosing a set of expansion functions, ��m

n �q�
, which is suitable for representing
functions defined on S; thus, suppose that we can write

u�q� =∑

���

u�
� ��

� �q�� q ∈ S� (7.32)

where u�
� are coefficients to be found and we have used (4.39). Note that we could

reorder the summation so that there is a single summation index; this is often done
in the literature.

Substituting (7.32) in (7.15) gives

∑

���

Qm�
n� u�

� = dm
n �

n = 0� 1� 2� � � � �

m = −n� � � � � n�
(7.33)

where

Qm�
n� = −ik�−1�m

∫

S
��

�

�

�nq


−m
n �rq� dsq� (7.34)

Equation (7.33) gives an infinite system of linear algebraic equations for u�
� ; trun-

cating this system leads to a numerical method for solving the null-field equations.



258 Null-field and T -matrix methods

To proceed further, we must choose a set ��m
n 
. In theory, we can choose any

convenient basis. However, in practice, the choice may be crucial: we want the trun-
cated system of equations to be well conditioned and to yield a good approximation
to u�q�.

The ideal choice would be �m
n = �m

n , defined by (7.27), because of the biorthonor-
mality relation (7.28); explicitly

∫

S
��

� �q�
�

�nq


−m
n �rq� dsq = �n��m�� (7.35)

If these conditions are satisfied, the system (7.33) will decouple, yielding um
n =

�i/k��−1�mdm
n . However, we do not have ready access to the functions ��m

n 
 that
satisfy the relations (7.35) for a given boundary S (the exception being when S

is a sphere centred at O; see Section 7.8.3). Computationally, it is probably not
worthwhile to determine �m

n [77, p. 57]. However, it may be possible to choose �m
n

so that the relations (7.35) are ‘almost’ satisfied, giving a system of equations (7.33)
that is diagonally-dominant.

Most authors have chosen wavefunctions for �m
n �q�; there are eight obvious

choices, namely,


m
n � �
m

n /�nq� 
̂m
n � �
̂m

n /�nq (7.36)

and their complex conjugates. As we saw in Section 7.7.2, those involving 
m
n are

known to give complete sets, whereas those involving 
̂m
n do not. For example,

�
̂m
n 
 is not complete whenever k2 is an eigenvalue of the interior Dirichlet problem

for B. Thus, the use of regular wavefunctions reintroduces the difficulties at irregu-
lar frequencies. Nevertheless, regular wavefunctions do offer some advantages; see
Section 7.8.1. The choice �
−m

n /�nq is interesting because it also arises when the
underlying boundary-value problem is solved approximately by the method of least
squares; see Section 7.8.2. A third choice, discussed briefly in Section 7.8.3, is to
use spherical harmonics Y m

n .
Many other choices could be made. Waterman [1293] has given a good discus-

sion of the relative merits of the sets (7.36) (for the corresponding electromagnetic
wavefunctions); see also [1294, 1295]. In practice, it is usual to use ‘global bases’,
meaning sets of functions that are not identically zero over any portion of S. One
could use ‘local bases’, just as element-based methods are commonly used to solve
boundary integral equations, but this does not seem to be advantageous [1271].

7.8.1 Regular wavefunctions

Following Waterman [1288], take �m
n �q� = 
̂m

n �rq�, so that

Qm�
n� = −ik�−1�m

∫

S

̂�

� �rq�
�

�nq


−m
n �rq� dsq� (7.37)
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It turns out that this Q-matrix is symmetric if S has certain properties. To show this,
we first introduce

˜Qm�
n� = −ik�−1�m

∫

S

−m

n �rq�
�

�nq


̂�
� �rq� dsq�

which arises in the sound-soft problem. An application of Green’s theorem in the
region between S and S− gives

Qm�
n� −˜Qm�

n� = −ik�−1�m
[


̂�
� �
−m

n

]

= �n� �m��

where we have used (6.108) (with S− = �a) and (6.109). We also have

Qm�
n� +˜Qm�

n� = −ik�−1�m
∫

S

�

�nq

{


−m
n �rq� 
̂�

� �rq�
}

dsq�

whence

2Qm�
n� = �n� �m� − ik�−1�m

∫

S

�

�nq

{


−m
n �rq� 
̂�

� �rq�
}

dsq� (7.38)

Suppose that S is star-shaped with respect to O, so that S is given by r =
������, where �r� ���� are spherical polar coordinates and � is a given function;
see Section 5.5.3. Then, using (5.29) and (5.30), we obtain

∫

S

�

�nq

{


−m
n 
̂�

�

}

dsq =
∫

�

{

�2�′
�n���

−��n���
(

��

�

��
+ ��

sin2 �

�

��

)}

Y −m
n Y �

� d��

where �� = ��/��, �� = ��/�� and ��n�r� = j��kr�hn�kr�. Then, the linearisation
formula for spherical harmonics, Theorem 3.20, gives

∫

S

�

�n

{


−m
n 
̂�

�

}

ds =∑

q

��n�−m�����q�
(

I�−m
�nq − J�−m

�nq

)

� (7.39)

where � is a Gaunt coefficient,

Im
�nq =

∫

�
�2�′

�n���Y m
q d�

and

Jm
�nq =

∫

�
��n���

(

��

�

��
+ ��

sin2 �

�

��

)

Y m
q d��

Next, we remove the � and � derivatives from this formula. Define

��n�r� =
∫ r

r0

��n�t� dt� (7.40)
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where r0 is a positive constant, so that � ′
�n = ��n. Then

Jm
�nq =

∫ �

−�

∫ �

0

{( �

��
��n���

)

sin �
�

��

+
( �

��
��n���

) 1

sin �

�

��

}

Y m
q d� d�

= −
∫ �

−�

∫ �

0
��n���

{ �

��

(

sin �
�Y m

q

��

)

+ 1
sin �

�2Y m
q

��2

}

d� d�

= q�q +1�
∫

�
��n���Y m

q d��

where we have integrated by parts (there are no contributions from the integrated
terms) and used (3.18).

Suppose now that

������ = ����−��� (7.41)

so that S is symmetric about the plane y = 0. Then, we can show that

I−m
�nq = �−1�mIm

�nq and J−m
�nq = �−1�mJm

�nq�

Furthermore, using (7.38), (7.39) and the symmetry relation (3.75), we obtain

Qm�
n� −Q�m

�n = k�−1�m

2i
√

�

∑

q

��n�−m�����q�A�−m
q L�−m

n�q � (7.42)

where Am
n is the normalisation constant in the definition of Y m

n (see just above (3.12)),

Lm
n�q =

∫ �

0

∫ �

0
Kq

n����Pm
q �cos �� cos m� sin � d� d�

and

Kq
n���� = �2 ��′

�n −�′
n��−q�q +1� ���n −�n�� � (7.43)

We are going to show that the right-hand side of (7.42) vanishes for a certain
class of surfaces. Thus, let us assume that S has three orthogonal symmetry planes,
augmenting (7.41) to

������ = ����−�� = ����� −�� = ��� −����� (7.44)

Also, for any function F�����, we have

∫ �

0

∫ �

0
F����� d� d� =

∫ �/2

0

∫ �/2

0
�F�����+F�� −����

+F���� −��+F�� −��� −��
 d� d��
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So, as cos m�� −�� = �−1�m cos m� and Pm
n �−x� = �−1�n+mPm

n �x�, we find that

L�−m
n�q = �1+ �−1�q�

[

1+ �−1�m+�
]

×
∫

�8

Kq
n����P�−m

q �cos �� cos ���−m��� d��

where �8 is the first octant of �, defined by 0 ≤ � ≤ 1
2 � and 0 ≤ � ≤ 1

2 �. Thus,
Lm−�

n�q vanishes unless both q and �m+�� are even. As q runs from �n−�� to �n+��

in steps of 2 (see Theorem 3.20), we can assume that

� = n+2� and q = 2�s +�� with � ≥ 1 and s = 0� 1� 2� � � � n.

With these values,

Qm�
n� −Q�m

�n = k�−1�m

2i

∑

q

��n�−m�����q�
∫

�
Kq

n����Y �−m
q d�� (7.45)

and then we are interested in evaluating K2s+2�
n�n+2�. We have

�n+2��n���−�n�n+2���� = iW n
2��k��� (7.46)

where

W n
� �w� = jn+��w� yn�w�− jn�w�yn+��w�� (7.47)

Some properties of this function are collected next.

Lemma 7.2 The function W n
� �w�, defined by (7.47), satisfies the recurrence relation

W n
�+1�w� = �2n+2�+1�w−1W n

� �w�−W n
�−1�w� (7.48)

for � ≥ 1, with W n
0 = 0 and Wn

1 �w� = w−2. The function W n
2��w� is a polynomial in

w−1, given by

Wn
2��w� =

�
∑

j=1

�j���n�w−2j−1� (7.49)

where the coefficients �j���n� can be found using (7.48).

Proof Equation (7.48) follows from zn+1�w� = �2n+1�w−1zn�w�−zn−1�w�, where
zn is any spherical Bessel function. The form of (7.49) follows immediately. In fact,
we have

Wn
2��w� = �−1��+1w−1

{

P�n+ 1
2

�w�Q�n+2�+ 1
2

�w�

−P�n+2�+ 1

2
�w�Q�n+ 1

2
�w�

}

�

where P and Q are the polynomials in w−1 defined on p. 437 of [1], whereas
the small-w asymptotic approximations, jn�w� = O�wn� and yn�w� = O�w−n−1� as
w → 0, show that the summation in (7.49) stops at j = �.
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Substituting (7.49) in (7.43), using (7.40) and (7.46), we obtain

K
q
n�n+2���� = 1

ik

�
∑

j=1

�j���n�

2j
�2j�2j +1�−q�q +1�
 �k��−j� (7.50)

where q = 2s + 2� and s ≥ 0. Note that the expression inside the braces vanishes
when j = � and q = 2�. Note also that the contribution from r0 in (7.40) can be
discarded because additive constants in Kq

n� integrate to zero when substituted in
(7.45).

Now, suppose that S is an ellipsoid, satisfying (7.44), given by

�x/a�2 + �y/b�2 + �z/c�2 = 1� (7.51)

It follows that the corresponding ������ is given by

�−2 =
1
∑

N=0

N
∑

M=−N

e
�1�
NM Y 2M

2N ������

whence

�−2j =
j
∑

N=0

N
∑

M=−N

e
�j�
NM Y 2M

2N �����

for some coefficients e
�j�
NM . Thus, K

q
n�n+2� has a spherical-harmonic expansion involv-

ing Y M
N with N ≤ 2�, whereas the integrand in (7.45) involves Y m

q with q ≥ 2�. Hence,
the orthogonality of spherical harmonics shows that the integral in (7.45) vanishes
when q > 2�, whereas the integrand vanishes when j = � and q = 2� (see the remark
below (7.50)). Thus, we have proved the following result.

Theorem 7.3 Let S be an ellipsoid, defined by (7.51). Then, the Q-matrix with
entries Qm�

n� , defined by (7.37), is symmetric, so that

Qm�
n� = Q�m

�n �

This result and its proof are due to Waterman [1288]. He also proved the correspond-
ing result in two dimensions for ellipses. Kvyatkovskii [677] has examined the loss
of symmetry in the Q-matrix when S is approximately spheroidal.

7.8.2 Outgoing wavefunctions

Outgoing wavefunctions may be used for �m
n . One choice is

�m
n �q� = i�−1�m�
−m

n /�nq�

whence (7.34) gives

Qm�
n� = k

∫

S
��

� �q��m
n �q� dsq = Q

�m
�n � (7.52)

so that this Q-matrix is Hermitian.
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The matrix (7.52) also arises when the boundary-value problem is solved approx-
imately by the method of least squares. To see this, suppose that

u�P� � uN �P� = uinc�P�+
N
∑

n=0

n
∑

m=−n

cm
n �N�
m

n �rP�� P ∈ Be� (7.53)

so that we have truncated the expansion (7.16). Note that (7.16) is an infinite
series, convergent in B+; usually, (7.16) does not converge for all P ∈ Be (Rayleigh
hypothesis). On the other hand, (7.53) is a finite series, and we do not consider the
limit N → 
. Instead, we determine the coefficients cm

n �N� by minimising

∫

S

∣

∣

∣

∣

�uN �q�

�nq

∣

∣

∣

∣

2

dsq�

which means that the boundary condition on the sound-hard surface S is satisfied in
a least-squares sense. This is a standard procedure [851, p. 492]. Thus, we find that
cm

n �N� must satisfy

N
∑

�=0

�
∑

�=−�

�−1�� c−�
� �N�Q�m

�n = ik
∫

S
�m

n

�uinc

�nq

dsq�
n = 0� 1� 2� � � � �N�

m = −n� � � � � n�

where Qm�
n� is defined by (7.52). This method has been used extensively for a variety

of scattering problems; see, for example, [839, 528, 862, 315, 1266, 1237], [851,
Chapter X] and [353, Chapter 2]

7.8.3 Spherical harmonics

The expansion functions �m
n �q� do not have to be wavefunctions. For example, if S

is star-shaped, we can write (7.34) as an integral over the unit sphere �, and then
use spherical harmonics. Thus, if S is given by r = ������ ≡ ��r̂�, with r̂ ∈ �, we
can use (5.29) and (5.30) to obtain

Qm�
n� = −ik

∫

�
�̃�

� �r̂�
{

�2kh′
n�k��Y m

n

−hn�k��
(

��

�

��
+ ��

sin2 �

�

��

)

Y m
n

}

d��

where �̃m
n �r̂� = �m

n ���r̂�r̂� = �m
n �q�. Then, it is natural to choose �̃m

n = Y m
n , given

that much is known about approximating functions defined on �; for references, see
[1117, 430] and [49, §5.5].

Numerical results obtained using Y m
n have been published. Thus, acoustic scattering

by prolate spheroids has been considered in [1177]. Boström [129] has computed
far-field results for acoustic scattering by elastic ‘superspheroids’, defined by (7.18)
with

���� = ab �ap cosp � +bp sinp ��−1/p �



264 Null-field and T -matrix methods

where p is a parameter; p = 2 gives a spheroid. He compared his results with those
obtained using a similar method [128] in which regular wavefunctions were used.
He found that regular wavefunctions were better for spheroids (p = 2) but spherical
harmonics were better for p = 3. Here, ‘better’ means more stable results with respect
to truncation. The use of vector spherical harmonics for electromagnetic problems
has been explored in [1154].

Note that if S is a sphere of radius a, centred at O, we have � = a and

Qm�
n� = −i�ka�2h′

n�ka��n� �m��

so that the Q-matrix is diagonal, whence (7.32) and (7.33) give

u�q� ≡ u�a����� = i

�ka�2

∑

n�m

dm
n

h′
n�ka�

Y m
n ������

which is (4.43); this shows that the null-field method is a generalisation of the method
of separation of variables (in spherical polar coordinates), as described in Chapter 4.

Ramm [1001] has shown that the set of functions �m
n �q� = Y m

n �r̂� forms a Riesz
basis for L2�S� when S is star-shaped; see also [1005, p. 177].

7.8.4 Numerical experience and convergence
One present [i.e. in 1965] drawback of the method is the poor numerical conver-
gence of the truncation procedure which has been found when dealing with more
elongated shapes. This is of course not surprising, since one is departing from
the nearly spherical shapes most ideally suited to the [spherical] vector wave
functions employed.

(Waterman [1287, p. 811])

In his 1965 paper on electromagnetic scattering, Waterman [1287] used outgoing
spherical vector wavefunctions for �m

n ; the scalar equivalent would be to use 
m
n . In

his 1969 paper on acoustic scattering [1288], he showed that it is better to use regular
spherical wavefunctions 
̂m

n , because this choice leads to a symmetric Q-matrix if S

is an ellipse in two dimensions or an ellipsoid in three dimensions (Theorem 7.3).
As he emphasised in his 1999 paper, this offers

a tremendous advantage: in the [low-frequency] Rayleigh limit, for example,
what are apparently large numerical values below the diagonal are replaced by
their small counterparts above the diagonal. Note that this replacement must be
carried out to avoid serious precision problems.

(Waterman [1295, p. 2970])

To understand this difficulty, observe that, for fixed w,

hn�w� ∼
(

2
w

)n ��n+ 1

2
�

iw
√

�
and jn�w� ∼

(w

2

)n
√

�

2 ��n+ 3
2 �
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as n → 
, so that hn�w� grows rapidly with n whereas jn�w� decays rapidly. Thus,
the matrix Qm�

n� , defined by (7.34), seems to grow as n → 
. Also, Waterman’s Qm�
n� ,

defined by (7.37), seems to grow as n → 
 but seems to decay as � → 
; however,
the growth with n is illusory when S is an ellipsoid because we know then that
Qm�

n� = Q�m
�n , and this fact can be used to construct a diagonally-dominant Q-matrix.

This explains why regular wavefunctions should be used for �m
n for ellipsoids of any

eccentricity.
If S is not an ellipsoid, other methods may help to alleviate the rapid growth of

hn�kr�. One way is to extract a factor that grows with n, writing, say,

hn�w� =
(

2

w

)n ��n+ 1

2
�

iw
√

�
�n�w��

and then rewriting the null-field equations in terms of �n; see [1271].
Another way is to replace the spherical wavefunction 
m

n in (7.34) by a spheroidal
wavefunction. This method was introduced by Bates & Wall [77]. They implemented
it for two-dimensional problems, using elliptical wavefunctions (see Section 2.9).
Subsequently, spheroidal wavefunctions were used by Hackman [461]; extensions to
elastodynamics and electromagnetism are described in [463] and [578], respectively.
The use of elliptical or spheroidal wavefunctions seems to give a Q-matrix that
is better conditioned when S is elongated, and this leads to a better numerical
scheme. The precise reason for this has not been investigated, but, intuitively, it is
because the region in which the interior integral relation (7.7) is imposed ‘explicitly’
(rather than by analytic continuation) has been enlarged from the inscribed ball B−
to an inscribed spheroid. This idea has motivated several variants of the null-field
method, such as an iterative form in which the interior B is partitioned into several
overlapping subdomains [544, 680]. For additional information and comparisons, see
[1254, 1336], [285, p. 100 & p. 267], [866, p. 159] and [870, §5.8.4].

Yet another way to improve the conditioning of the Q-matrix is simply to compute
with higher precision, thus reducing the rounding errors by carrying more digits in the
floating-point arithmetic. This ‘brute-force’ method was shown to be very effective
by Mishchenko & Travis [869], who used complex arithmetic with approximately
31 decimal digits; see also [871, p. 544], [866, p. 160] and [870, p. 150].

7.8.4.1 Analysis of convergence
In a numerical scheme, we truncate (7.32), and define

uN �q� =
N
∑

�=0

�
∑

�=−�

u�
� �N���

� �q�� (7.54)

The coefficients u�
� �N� (which depend on N , in general) are to be found by solving

N
∑

�=0

�
∑

�=−�

Qm�
n� u�

� �N� = dm
n �

n = 0� 1� 2� � � � �N�

m = −n� � � � � n�
(7.55)
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where dm
n are known constants and Qm�

n� is defined by (7.34).
According to Kristensson et al. [664] and Ramm [1005, p. 146], justification of

the above numerical scheme requires positive answers to the following questions.

Q1: Is (7.55) solvable for sufficiently large N?
Q2: Does uN �q� → u�q� as N → 
, where convergence is with respect to the norm

in L2�S� and u�q� is the exact solution?
Q3: Does u�

� �N� → u�
� as N → 
, and is the convergence uniform with respect to

� and �?
Q4: Does the equality (7.32) hold, where u�

� are defined by Q3 (assuming that the
limits exist)?

Q5: Is the numerical scheme based on (7.55) stable with respect to small perturba-
tions of dm

n and of the matrix entries Qm�
n� ?

In [664] and [1005, Chapter IV, §§2.4–2.6], sufficient conditions are given which
ensure that all five questions have positive answers. These conditions include the
requirement that the set X = ��
m

n /�nq
 be a Riesz basis. However, we know that
X is not a Riesz basis, and so the analysis in [664, 1005] does not shed much light
on the numerical behaviour of the null-field method [251]: ‘One can prove that
the convergence criteria of Kristensson, Ramm, and Ström [664] are never fulfilled
if the obstacle is nonspherical and the spherical wavefunctions have their usual
normalization’ [1057].

The extension of the analysis in [664, 1005] to electromagnetic scattering is given
in [284] and [285, Chapter X].

7.8.5 A connection with boundary integral equations

Suppose that k2 is not an eigenvalue of the interior Dirichlet problem, so that the
Helmholtz integral equation (5.68) is uniquely solvable. A general method for solving
such equations is the Petrov–Galerkin method ([49, §3.1.2], [616, §3.2]); this is also
called the method of moments. It begins by substituting the approximation (7.54) in
(5.68). Then, determine the coefficients u�

� by solving
(

�I +K∗�uN −2uinc� 	m
n

)= 0� n = 0� 1� 2� � � � �N� m = −n� � � � � n�

where the test functions �	m
n �q�
 are chosen and we have used the inner product in

L2�S�, (7.19). (The choice 	m
n = �m

n gives Galerkin’s method.) Explicitly, we have
the system

N
∑

�=0

�
∑

�=−�

Am�
n� u�

� = bm
n �

n = 0� 1� 2� � � � �N

m = −n� � � � � n�

where

Am�
n� = (

�I +K∗���
� � 	m

n

)

and bm
n = 2�uinc� 	m

n �� (7.56)
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The Petrov–Galerkin method is a well-studied projection method. For example,
necessary and sufficient conditions on �m

n and 	m
n can be found which guarantee that

uN → u as N → 
; see [651, §16.2].
Now, we are going to make a specific choice for 	m

n [783, 795]. Write


−m
n �rP� = i

2k
�−1�m

∫

S
�m

n �q�G�P�q� dsq� P ∈ Be� (7.57)

where �m
n is a source density; cf. (7.26). As k2 is not an eigenvalue of the interior

Dirichlet problem, we could determine �m
n by solving the integral equation

−2ik�−1�m �

�np


−m
n �rp� = �m

n �p�+
∫

S
�m

n �q�
�

�np

G�p�q� dsq (7.58)

for p ∈ S, which is obtained by calculating the normal derivative of (7.57) at p ∈ S;
it is a special case of the indirect integral equation (5.51). Also, use of (7.8) in (7.57)
for P ∈ B+ shows that we have biorthonormality:

(


̂�
� � �m

n

)

= �n� �m�� (7.59)

Next, we make the choice 	m
n = �m

n in (7.56). Changing the order of integra-
tion, using (5.10) and (7.58), and the symmetry of G gives Am�

n� = 2Qm�
n� , where

Qm�
n� is defined by (7.34). Combining (7.14) and (7.59) gives bm

n = 2dm
n . Hence,

solving the Helmholtz integral equation using a particular Petrov–Galerkin method
leads to precisely the equations, (7.33), obtained when we solved the null-field
equations.

This connection does not seem to have any practical value, but it may lead to
a numerical analysis of the null-field method. It can be modified to accommodate
irregular frequencies by using modified integral equations; see Section 6.10.

7.8.6 The scattered field

In the region outside S+, the scattered field is given by (7.16) in terms of the
coefficients cm

n , defined by (7.17). Substituting (7.32) gives

cm
n = −∑

���

̂Qm�
n� u�

� � (7.60)

where

̂Qm�
n� = −ik�−1�m

∫

S
��

�

�

�nq


̂−m
n �rq� dsq� (7.61)

this formula should be compared with (7.34).
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7.9 The T -matrix for one obstacle

Recall the two expansions (7.14) and (7.16), which we rewrite here:

uinc�P� =∑

n�m

dm
n 
̂m

n �rP�� P ∈ B−� (7.62)

usc�P� =∑

n�m

cm
n 
m

n �rP�� P ∈ B+� (7.63)

As the underlying problem is linear, we must be able to write

cm
n =∑

���

Tm�
n� d�

� (7.64)

for some (infinite) matrix T with entries T m�
n� . This is usually called the T -matrix.

We may use the null-field method to calculate T (although other methods could
be used). From (7.33), we have

∑

���

Qm�
n� u�

� = dm
n � (7.65)

where Qm�
n� is defined by (7.34),

u�q� =∑

���

u�
� ��

� �q�� q ∈ S�

and ��m
n �q�
 is a set of basis functions. Similarly, the coefficients cm

n are related to
u�

� by (7.60).
Let us use an obvious matrix notation and write (7.65) and (7.60) as

Qu = d and c = −̂Qu�

respectively. Eliminating u gives (7.64), which we write as

c = Td with T = −̂QQ−1� (7.66)

The first of these equations is the definition of the T -matrix, whereas the second
gives a prescription for calculating the T -matrix.

The T -matrix characterises the scattering properties of the obstacle: it depends on
the scatterer’s shape and other properties (boundary condition or internal properties)
and on the frequency, but not on the incident field (which is represented by the
coefficients dm

n in d). This makes the T -matrix useful as a ‘building block’ for
multiple-scattering problems, as we shall see.

7.9.1 Properties of the T -matrix

It is clear that the unique-solvability of the underlying boundary-value problem
implies that the T -matrix exists and is unique. This in turn implies that the T -
matrix must be independent of the choice of ��m

n �q�
. However, this choice may be
important in numerical calculations, when T must necessarily be truncated.
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The T -matrix must also satisfy additional constraints. These follow from consid-
erations of reciprocity and energy, and they are contained in the next theorem.

Theorem 7.4 For a bounded three-dimensional scatterer, we have

Tm�
n� = �−1�m+�T−��−m

�n (7.67)

and

T m�
n� +T

�m
�n +2

∑

L�M

TMm
Ln T

M�
L� = 0� (7.68)

Proof Consider scattering by a single three-dimensional obstacle with boundary S.
We consider two different incident fields, uinc and ũinc, with corresponding scattered
and total fields. Suppose that we can write

u�rP� =∑

n�m

{

dm
n 
̂m

n �rP�+ cm
n 
m

n �rP�
}

�

ũ�rP� =∑

n�m

{

d̃m
n 
̂m

n �rP�+ c̃m
n 
m

n �rP�
}

�

for P ∈ �a, a sphere of radius a, centred at the origin; we can take �a = S+, the
escribed sphere.

An application of Green’s theorem to the total fields u and ũ in the region between
S and �a gives �u� ũ� = 0, after using the boundary condition on S, where we have
used the notation (6.108). Then, (6.106) gives

0 =∑

n�m

�−1�m
(

dm
n c̃−m

n − d̃m
n c−m

n

)

�

Substituting from (7.64), we obtain

0 =∑

n�m

∑

���

��−1�mT−m��
n� − �−1��T−��m

�n 
dm
n d̃�

� �

As this equation must hold for all possible pairs of incident fields, we deduce (7.67).
A similar argument, beginning with �u� ũ� = 0 and making use of (6.107), leads

to (7.68).

The relations (7.67) and (7.68) can be used as a check on computations of T,
or they can be incorporated into schemes for computing T [1290, 1310, 681]; see
[1254] and [866, p. 160] for further references.

7.9.2 A translation of origin

The T -matrix relates two expansions about an origin O. We can use T to obtain a
similar relation about another origin, ˜O, say. Thus, suppose that r̃P and b̃ are the



270 Null-field and T -matrix methods

position vectors of P and O, respectively, with respect to ˜O, so that r̃P = rP + b̃. We
want to construct the T -matrix, ˜T, defined by

c̃ =˜Td̃� (7.69)

where

uinc�P� =∑

n�m

d̃m
n 
̂m

n �r̃P� (7.70)

and

usc�P� =∑

n�m

c̃m
n 
m

n �r̃P� (7.71)

are expansions centred at ˜O. For �r̃P � > �b̃�, the addition theorem (3.85) gives


m
n �rP� =∑

���

̂Sm�
n� �−b̃�
�

� �r̃P��

Substituting this expression in (7.63) and comparison with (7.71) gives

c̃m
n =∑

���

̂S�m
�n �−b̃� c�

� �

Similarly, use of (3.78), (7.62) and (7.70) gives

dm
n =∑

���

̂S�m
�n �b̃� d̃�

� �

Using matrix notation, we obtain

c̃ =̂S�b̃� c and d =̂S�−b̃� d̃�

where we have used (3.95), namely
[

̂S�−b�
]T =̂S�b�� (7.72)

Hence, using (7.66)1 and (7.69), we obtain the desired formula:

˜T =̂S�b̃� T̂S�−b̃�� (7.73)

7.9.3 A connection with modified fundamental solutions

In Section 6.9, we saw that boundary integral equations can be derived using a
different fundamental solution instead of G. These fundamental solutions usually
have the form (6.92). In [631], the authors generalise (6.92), and consider

G1�P�Q� = G�P�Q�−2ik
∑

n�m

∑

���

�−1�m�m�
n� 
m

n �rP�
−�
� �rQ��
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where �m�
n� are constants. They show that

∫

S−

∫

S

∣

∣

∣

∣

�

�nq

G1�p� q�

∣

∣

∣

∣

2

dsq dsp

will be minimised if �m�
n� = Tm�

n� , which means that G1 will then be the best L2-
approximation to the exact Green’s function for the exterior Neumann problem, GE;
see Section 6.12.1. Ahner [15] has discussed further connections with exact Green’s
functions.

7.9.4 Using a boundary integral equation to calculate the T -matrix

It is obvious that we can compute the field scattered by an object in (at least) two
ways. We could solve a boundary integral equation, such as (5.68) or (6.124), for
u�q�, and then use (7.6) to calculate usc�P�. Alternatively, we could use the T -matrix,
combining (7.14), (7.16) and the first of (7.66). As the underlying boundary-value
problem has exactly one solution, both ways must give the same result.

The idea of using an integral equation to obtain the T -matrix is explicit in a
short note of Gurel & Chew [451]; see also [452]. In the context of electromagnetic
scattering by thin strips, they show

how to obtain a TMM [T -matrix method] solution from an IE [integral-equation]
solution, i.e.,

IE �⇒ [Surface] Current Distribution
�⇒ T Matrix ��⇒ Scattered Field��

�∗�

� � � Although both of the methods have long histories, the idea of bridging the
two has not attracted much attention � � � The use of �∗� is best appreciated when
the individual T matrix of a particular � � � scatterer is difficult, complicated, or
simply impossible to compute using a conventional TMM [based on a null-field
approach].

(Gurel & Chew [451, p. 1624])

Let us explain how to realise this idea [795]. First, suppose that

dm
n = �nN �mM

in (7.14), so that

uinc�P� = 
̂M
N �rP� and cm

n = T mM
nN �

Denote the corresponding solution of (5.68) by UM
N �q�, so that

�I +K∗�UM
N = 2
̂M

N � (7.74)
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(More generally, we should solve a modified integral equation, such as (6.124), if
we want to avoid irregular frequencies.) Then, having found UM

N , the scattered field
is given by (7.16) and (7.17). In particular, we can calculate cm

n , whence

T mM
nN = ik�−1�m

∫

S
UM

N �q�
�

�nq


̂−m
n �rq� dsq� (7.75)

This is a formula for the entries in the T -matrix.
Notice that the integral equations to be solved, (7.74), have the same operator on

the left-hand side but many different right-hand sides; their solutions, UM
N , can be

obtained efficiently.
The formula (7.75) is simple and explicit. It bypasses all the problems associated

with the ill-conditioning of the Q-matrix, and it permits the use of sophisticated
boundary-element methods in the computation of UM

N �q� for q ∈ S. As far as we
know, this connection between boundary integral equations and T -matrix methods
has not been exploited.

Another formula for the entries in the T -matrix is given in the next section.

7.9.5 The far field

The far-field pattern f is specified by Definition 4.2 and it is given by the formula
(4.46). In particular, for plane-wave incidence, the coefficients dm

n are given by
(4.40), whence

f�r̂� �̂� = 4�
∑

n�m

∑

���

�−i�n i� Tm�
n� Y m

n �r̂�Y
�
� ��̂��

We can invert this formula, using the orthogonality of the spherical harmonics, (3.9);
the result is

Tm�
n� = in�−i��

4�

∫

�

∫

�
f�r̂� �̂� Y m

n �r̂� Y �
� ��̂� d��r̂� d���̂�� (7.76)

This formula can be found in [249, eqn (2.5)].
The formula (7.76) shows that the T -matrix can be constructed explicitly from

the far-field pattern. Thus, we can reconstruct the scattered field everywhere outside
the circumscribed sphere S+ from the scattered field at infinity. In fact, there is an
alternative reconstruction of usc, known as the Atkinson–Wilcox theorem; see [262,
§2.A.3]. Thus,

usc�P� = eikr

ikr



∑

n=0

fn�r̂�
rn

� P ∈ B+� (7.77)

where f0 ≡ f . For n = 1� 2� � � � , fn is obtained by applying a second-order differential
operator (essentially, the angular part of the Laplacian (3.2)) to fn−1. Note that f0�r̂�
is the far-field pattern corresponding to the incident field uinc that produced the
scattered field usc, whereas the T -matrix does not depend on the incident field.
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On the other hand, the formula (7.76) requires the far-field pattern for all incidence
directions �̂ and for all observation directions r̂.

It is well known that

f�r̂� �̂� = f�−�̂�−r̂�� (7.78)

which is a reciprocity theorem; see, for example, [225, Theorem 3.13] or [262,
eqn (2.46)]. When (7.78) is used in (7.76), one can easily rederive (7.67).

In two dimensions, we combine (4.12) and (4.18) to obtain

f����� =∑

n

∑

m

�−i�nim Tnm ein� e−im��

whence

Tnm = in�−i�m

�2��2

∫ �

−�

∫ �

−�
f����� e−in� eim� d� d�� (7.79)

The two-dimensional analogue of (7.77) is more complicated, and was obtained by
Karp [588]:

usc�P� = H0�kr�


∑

n=0

pn���

rn
+H1�kr�



∑

n=0

qn���

rn
� P ∈ B+� (7.80)

Here, the coefficients pn and qn can be determined recursively in terms of derivatives
of the far-field pattern f��� with respect to �. For explicit results, see [161].

7.9.6 Literature

The T -matrix for acoustic scattering problems was introduced by Waterman [1288].
Computations for rigid spheroids are given in [1249, 1177]. Results for a penetrable
sphere containing one or two smaller spherical scatterers are given in [965]. Low-
frequency approximations for the T -matrix are given in Section 8.2.

The T -matrix for electromagnetic scattering problems is discussed in detail in
Waterman’s 1971 paper [1290]. This paper also gives connections with the so-
called scattering matrix, �, defined by � = I + 2T , and contains numerical results
for various axisymmetric geometries. Since then, the T -matrix has been used in
many applications; see, for example, [964, 1154, 1155, 869, 871], [866, Chapter 6],
[870, Chapter 5] and references therein. For obstacles in half-spaces or near plane
interfaces, see, for example, [662, 666, 1263, 283]. Hunka & Mei [524] have given
results for scattering by two axisymmetric objects, using the T -matrix for each
object and an orders-of-scattering approach. The 2004 paper [873] contains over 700
references on T -matrix methods for electromagnetic scattering problems.

The T -matrix as defined is very useful if one is interested in the effects due to
rotations of the scatterer. Indeed, suppose that we have two systems of spherical polar
coordinates, �r� ���� and �r ′� �′��′�, with a common origin. Suppose that �r� ����

is fixed in space and �r ′� �′��′� is fixed in the scatterer. Then, one can compute the
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T -matrix in one system from the T -matrix in the other system [870, §5.2.1]. This
permits the analytical calculation of averages over orientation [870, §§5.3–5.6].

The T -matrix for elastic waves is discussed in [1291, 1260]. Further applications
are given in [1253, 1256]. Fluid inclusions are considered in [966].

For an elastic half-space y > 0, one can construct outgoing cylindrical wavefunc-
tions that are singular along the y-axis and that satisfy the boundary conditions on
the surface y = 0. These can then be used to derive null-field equations for scatterers
that enclose the y-axis, such as vertical cylinders. Bostock [124] has studied the
associated T -matrix and given numerical results.

The fluid–solid problem of scattering of acoustic waves by an elastic obstacle has
received considerable attention in the literature. Examples are [128, 968, 970, 1159,
352, 969]. The T -matrix for two-dimensional water waves is discussed in [784, 787].

The T -matrix has been obtained for straight thin strips [1300, 1235] and cracks
[1236] in two dimensions, and for circular screens [667], elliptical screens [663, 104]
and penny-shaped cracks [131] in three dimensions.

We have already mentioned that one can obtain the T -matrix by using elliptical
or spheroidal wavefunctions [77, 461, 463]. For additional applications to fluid–
solid problems, see [465, 464]. In [1080], the authors compute the T -matrix for
electromagnetic scattering by a spheroid, using spheroidal coordinates, and then
convert the result into spherical polar coordinates, thus facilitating orientational
averaging.

See also the references listed in Section 7.6.1.

7.10 The T -matrix for two obstacles

Consider acoustic scattering by two sound-hard obstacles in three dimensions. Thus,
from (7.7), we have the interior relation

∫

S
u�q�

�

�nq

G�P�q� dsq = 2uinc�P�� P ∈ B� (7.81)

where S = S1 ∪S2 and B = B1 ∪B2. From (7.6), we also have the integral represen-
tation

2usc�P� = −
∫

S
u�q�

�

�nq

G�P�q� dsq� P ∈ Be� (7.82)

Our goal is to construct the T -matrix for the two-obstacle scatterer, from (7.81) and
(7.82), in terms of the T -matrices for each obstacle in isolation.

Choose an origin Oj ∈ Bj , and then let S−
j and S+

j be the inscribed sphere and the
escribed sphere, respectively, to Sj , centred at Oj, j = 1� 2. The interior of S−

j is the
ball B−

j , j = 1� 2. The region exterior to S+
1 ∪S+

2 is B+
e ⊂ Be. See Fig. 7.3.
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S1 S2

O1

O

O2

S1
– S1

–
S1

+ S2
+

Fig. 7.3. Notation for two scatterers and the null-field method.

Suppose that P ∈ B+
e . Then, writing S = S1 ∪S2 in (7.82), we obtain

usc�P� =
2
∑

j=1

∑

n�m

cm
nj 
m

n �rP
j �� P ∈ B+

e � (7.83)

where

cm
nj = ik�−1�m

∫

Sj

u�q�
�

�nq


̂−m
n �rq

j � dsq (7.84)

and we have used (7.8) twice. The notation rQ
j indicates the position vector of the

point Q with respect to the origin Oj .
The formula (7.83) gives an expansion of the scattered field in B+

e in terms of two
sets of outgoing spherical wavefunctions, one centred at O1 and one centred at O2.
Evidently, if S1 and S2 are spheres centred at O1 and O2, respectively, then B+

e ≡ Be

and (7.83) reduces to the expansion (4.51) used in Section 4.7.
In order to construct the T -matrix for the two-obstacle scatterer, we have to

expand the scattered and incident fields about a single origin, O, which we choose
in the vicinity of the two obstacles. (We could choose O = O1 or O = O2, but this
would lead to an asymmetric formulation.) Let S+ be the smallest escribed sphere
to S, centred at O, so that S+ encloses both scatterers. The region exterior to S+ is
B+ ⊂ Be. Then, we have

usc�P� =∑

n�m

cm
n 
m

n �rP�� P ∈ B+� (7.85)

exactly as for one scatterer; see (7.16) and (7.17).
The expansions (7.83) and (7.85) are related. As usual, let bj be the position vector

of Oj with respect to O, so that rP
j = rP −bj , j = 1� 2. As P is outside S+, we have

�rP � > �bj�. Then, from Theorem 3.27, we have


m
n �rP

j � =∑

���

̂Sm�
n� �−bj� 
̂�

� �rP�� j = 1� 2�
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where ̂S is a separation matrix. Substituting in (7.83) and rearranging gives (7.85)
with

cm
n =

2
∑

j=1

∑

���

c
�
�j
̂S�m

�n �−bj�� (7.86)

Next, suppose that uinc is a regular wavefunction inside S+, so that

uinc�P� =∑

n�m

dm
n 
̂m

n �rP�� (7.87)

(S+ can be replaced by any smaller sphere that contains both O1 and O2.) We want
to express the coefficients cm

n in (7.85) in terms of the (known) coefficients dm
n in

(7.87), as this will give us the T -matrix for the two-obstacle scatterer.
We begin by re-expanding uinc about O1 and O2. As rP = bj + rP

j , j = 1� 2, we
have


̂m
n �rP� =∑

���

̂Sm�
n� �bj� 
̂�

� �rP
j �� j = 1� 2�

whence (7.87) gives

uinc�P� =∑

n�m

dm
nj 
̂m

n �rP
j �� j = 1� 2� (7.88)

where

dm
nj =∑

���

d�
�
̂S�m

�n �bj�� (7.89)

Now, let us relate cm
nj and dm

nj in (7.83) and (7.88), respectively. We shall do this
in two alternative ways. The first way proceeds via the null-field equations, and is
the derivation given by Peterson & Ström [963]. The second way is perhaps more
direct, and has its roots in Rayleigh’s 1892 paper; see Section 1.1.4.

7.10.1 The derivation of Peterson and Ström

We shall derive the null-field equations for a pair of sound-hard obstacles. Thus,
suppose that P ∈ B−

1 . Then, as �rq
1� > �rP

1 � for all q ∈ S = S1 ∪S2, Theorem 6.4 gives

G�P�q� = −2ik
∑

n�m

�−1�m 
̂m
n �rP

1 �
−m
n �rq

1��

This bilinear expansion can be inserted in (7.81) for P ∈ B−
1 , together with (7.88) for

j = 1; equating coefficients of 
̂m
n �rP

1 � then gives

−ik�−1�m
∫

S
u�q�

�

�nq


−m
n �rq

1� dsq = dm
n1�

n = 0� 1� 2� � � � �

m = −n� � � � � n�
(7.90)

The left-hand side of this equation is the sum of an integral over S1 and an integral
over S2. The first of these is in the same form as when S1 is an isolated scatterer; see
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(7.15). However, the integral over S2 is not in this form. To decompose this integral,
we use rq

1 = rq
2 −b, where b = b1 −b2 is the position vector of O1 with respect to O2.

Then, assuming that O1 is outside S+
2 , we have �rq

2 � < �b�. Hence, (3.84) gives


−m
n �rq

1� =∑

���

S−m��
n� �−b� 
̂�

� �rq
2� =∑

���

�−1�m+�S�m
�n �b� 
̂−�

� �rq
2��

where the second equality follows from (3.99). Substituting this expansion in (7.90)
gives

− ik�−1�m
∫

S1

u�q�
�

�nq


−m
n �rq

1� dsq

− ik
∑

���

�−1��S�m
�n �b�

∫

S2

u�q�
�

�nq


̂−m
n �rq

2� dsq = dm
n1� (7.91)

for n = 0� 1� 2� � � � and m = −n� � � � � n. Similarly, if we also assume that O2 is outside
S+

1 , we obtain

− ik�−1�m
∫

S2

u�q�
�

�nq


−m
n �rq

2� dsq

− ik
∑

���

�−1��S�m
�n �−b�

∫

S1

u�q�
�

�nq


̂−m
n �rq

1� dsq = dm
n2� (7.92)

for n = 0� 1� 2� � � � and m = −n� � � � � n. Equations (7.91) and (7.92) are the null-field
equations for scattering by two sound-hard obstacles.

To solve the null-field equations, we proceed as in Section 7.8 and write

u�q� =∑

���

u
�
�j �

�
�j�q�� q ∈ Sj� j = 1� 2�

where �
�
�j are expansion functions and u

�
�j are unknown coefficients. Substitution in

(7.91) gives

dm
n1 =∑

���

Qm�
n� �1�u

�
�1 +∑

���

∑

N�M

S�m
�n �b�̂Q

�M
�N �2�uM

N2� (7.93)

where (cf. (7.61) and (7.34))

Qm�
n� �j� = −ik�−1�m

∫

Sj

�
�
�j

�

�nq


−m
n �rq

j � dsq�

̂Qm�
n� �j� = −ik�−1�m

∫

Sj

�
�
�j

�

�nq


̂−m
n �rq

j � dsq�

Using an obvious matrix notation, we can write (7.93) as

Q1u1 + �S�b��T
̂Q2u2 = d1� (7.94)

Similarly, (7.92) gives

Q2u2 + �S�−b��T
̂Q1u1 = d2� (7.95)
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Before solving these, it is convenient to define

vj = Qjuj� j = 1� 2�

Then, we can write (7.94) and (7.95) as

v1 − �S�b��T T2v2 = d1�

v2 − �S�−b��T T1v1 = d2�

where

Tj = −̂QjQ
−1
j

is the T -matrix for the jth scatterer in isolation.
Solving formally for vj , we obtain

v1 = A1�d1 + �S�b��T T2d2
�

v2 = A2�d2 + �S�−b��T T1d1
�

where

A1 = (

I − �S�b��T T2�S�−b��T T1

)−1
� (7.96)

A2 = (

I − �S�−b��T T1�S�b��T T2

)−1
(7.97)

and I is the identity matrix. But, from (7.84), (7.86) and (7.89), we have

c =̂S�b1� c1 +̂S�b2� c2� (7.98)

cj = −̂Qjuj = Tjvj

and

dj =̂S�−bj� d� (7.99)

where we have used (7.72). Hence,

c = Td� (7.100)

where

T =̂S�b1� T1A1

{

̂S�−b1�+ �S�b��T T2
̂S�−b2�

}

+̂S�b2� T2A2

{

̂S�−b2�+ �S�−b��T T1
̂S�−b1�

}

� (7.101)

This expression for the total two-body T -matrix was first given by Peterson & Ström
[963, eqn (25)]. It ‘has the advantages that it treats the two scatterers in a symmetric
way and that the Q�j� matrices do not appear separately but only in combinations
which give the T�j� matrices’ [963, p. 774]. Consequently, (7.101) does not require
the use of the null-field method: the individual T -matrices can be obtained by any
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convenient method. The fact that (7.101) does not involve any Q-matrices suggests
that a more direct derivation exists: this is given next.

7.10.2 An alternative derivation

Consider the scatterer S1. From (7.83), the field scattered by S1 is
∑

n�m

cm
n1 
m

n �rP
1 ��

whereas the field ‘incident’ on S1 is

uinc +∑
n�m

cm
n2 
m

n �rP
2 � =∑

n�m


̂m
n �rP

1 �

{

dm
n1 +∑

���

S�m
�n �b� c

�
�2

}

�

here, we have used (7.88) with j = 1, and


m
n �rP

2 � =∑

���

Sm�
n� �b� 
̂�

� �rP
1 ��

which is valid for �rP
1 � < �b�. Hence, as T1 characterises scattering by S1, we must

have

c1 = T1

{

d1 + �S�b��T c2

}

� (7.102)

Similarly, consideration of S2 leads to

c2 = T2

{

d2 + �S�−b��T c1

}

� (7.103)

Solving (7.102) and (7.103), we obtain

c1 = B1 T1�d1 + �S�b��T T2d2
�

c2 = B2 T2�d2 + �S�−b��T T1d1
�

where

B1 = (

I −T1�S�b��T T2�S�−b��T
)−1

� (7.104)

B2 = (

I −T2�S�−b��T T1�S�b��T
)−1

� (7.105)

Notice that

B1 T1 = T1 A1 and B2 T2 = T2 A2�

where A1 and A2 are defined by (7.96) and (7.97), respectively.
Finally, construction of T follows as before, using (7.98), (7.99) and (7.100); the

result is (7.101).
One virtue of this derivation is that it does not make explicit use of the boundary

conditions on each scatterer. This information is all contained in the individual
T -matrices, T1 and T2: these matrices are used as building blocks in a natural way.
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7.10.3 Discussion

The expression (7.101) has several attractive properties. First, notice that we can
remove the second scatterer, say, by setting T2 = 0; the result is

T =̂S�b1� T1
̂S�−b1��

which is the known result for translating the origin, given previously in Section 7.9.2;
see (7.73).

Second, if all of the scatterers are spheres, then the method reduces to the method
of Section 4.7. However, even for spheres, the construction of the total T -matrix still
has value.

Third, ‘if one makes a formal expansion of the inverses which appear in (7.96) and
(7.97), the terms which appear in these expansions can be interpreted as multiple-
scattering contributions as follows: each factor T1 [T2] represents a scattering by
scatterer 1 [2] and each factor �S�−b��T (�S�b��T ) represents a propagation from 1
to 2 (2 to 1)’ [963, p. 774]. Thus, (7.101) yields the orders-of-scattering view of
multiple scattering; but, we emphasise that (7.101) is exact.

Fourth, (7.101) can be used to derive approximations in a systematic way. Thus,
wide-spacing approximations can be deduced by inserting approximations for the
separation matrices, valid for large kb; see Section 3.13.2. Alternatively, ‘small
scatterers’ can be treated by inserting low-frequency (small ka) approximations for
T1 and/or T2; such approximations can be found in [1255] and in Section 8.2.

The T -matrix (7.101) is only defined if the incident field is a regular wavefunction
inside the circumscribed sphere S+. If uinc is not regular within this region (for
example, uinc could be generated by a point source located between S and S+), the
expansion (7.87) is not valid. Nevertheless, provided uinc is regular inside S+

1 and
S+

2 , then the expansions (7.88) will be valid, and so we can still solve for c1 and c2.
The scattered field can then be calculated using (7.83), or by using (7.85) and (7.86).

7.10.4 Literature

The paper of Peterson & Ström [963] contains numerical results for plane-wave scat-
tering by a pair of identical (soft or hard) spheres; computational details were given
in an unpublished report [960]. Bates & Wall [77] have developed the corresponding
theory in two dimensions and given numerical results for scattering by elliptic and
square cylinders. For scattering by two coaxial spheroids, see [1309].

For an extension to systems governed by the Lippmann–Schwinger equation (see
Section 6.3.3), see [1153]. Periodic arrays of scatterers are considered in [961].

Recall (7.90), obtained by considering S1. One can write down similar equations
for each scatterer. Two-dimensional versions of these equations were derived by
Okamoto [930, 931] and solved numerically for various configurations of circular
and elliptic cylinders.
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The T -matrix for electromagnetic scattering by two obstacles was also obtained
by Peterson & Ström [962]. Numerical results for plane-wave scattering by a pair of
identical, perfectly conducting spheres were given. The T -matrix for two dielectric
spheres has been computed by several authors; see, for example, [246, 868, 867,
991, 992] and [209, §4.5.2]. For scattering by two coaxial spheroids, see [246].

For an extension to inhomogeneous obstacles, see [1151]. For periodic arrays, see
[1296].

The T -matrix for the scattering of elastic waves by two obstacles was obtained by
Boström [126] and by Varadan & Varadan [1258]. Numerical results for scattering
by a pair of coaxial spheroidal cavities were given. Multiple scattering of acoustic
waves by elastic obstacles is considered in [967]. In [125], the authors have given
results for the scattering of waves in a layered half-space y > 0 containing two
circular cylinders (with their axes parallel to the y-axis), using the T -matrix method
of Bostock [124] (see Section 7.9.6).

The T -matrix for two-dimensional waves on deep water with two surface-piercing
horizontal cylinders is given in [784].

7.11 The T -matrix for N obstacles

Formally, it is straightforward to construct the T -matrix for N obstacles, Bj , j =
1� 2� � � � �N . Choose an origin Oj ∈ Bj and, for simplicity, suppose that all the escribed
spheres S+

j , j = 1� 2� � � � �N , do not intersect. (This restriction can be relaxed.) Then,
the scattered field can be written as (7.85) or as

usc�P� =
N
∑

j=1

∑

n�m

cm
nj 
m

n �rP
j �� P outside

N
⋃

j=1

S+
j �

The incident field can be written as (7.87) or as (7.88) for each j. The generalisation
of (7.102) and (7.103) is

cl = Tl

{

dl +
N
∑

j=1
j �=l

[

S�blj�
]T

cj

}

� l = 1� 2� � � � �N� (7.106)

where blj is the position vector of Ol with respect to Oj . Solve this system for the
vectors c1, c2, � � � , cN ; the solution can be written in the form

cl =
N
∑

j=1

Tlj dj� l = 1� 2� � � � �N�

Then, to obtain the N -body T -matrix, we use (7.99), (7.100) and

c =
N
∑

j=1

̂S�bj� cj�
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the result is

T =
N
∑

l=1

̂S�bl�
N
∑

j=1

Tlj
̂S�−bj�� (7.107)

The matrix T is sometimes called the cluster T -matrix or the T -supermatrix.

7.11.1 Discussion and literature

The derivation given above can be found in a paper of Varadan & Varadan [1258];
see also the earlier papers [1244, 1257] on electromagnetic scattering. Subsequently,
a similar derivation was given by Lim & Hackman [717]; in fact, these authors do
not solve (7.106) for cl but an equivalent system for T−1

l cl. Numerical results are
given in [717] for acoustic scattering by a row of ten steel spherical shells in water,
and for the scattering of a P-wave by a row of five elastic spherical inclusions.

The T -matrix for N = 3 is given in [963, eqn (32)].
Note that the structure of (7.106) is exactly the same as (4.60). Indeed, (7.106)

reduces to (4.60) when all the scatterers are hard spheres.
The two-dimensional version of (7.106) is in [340, eqn (27)]; this paper contains

applications to scattering by clusters of ellipses, squares and circles. Equation (7.106)
is also derived in [640]. For scatterers in layered acoustic media, see [716].

The electromagnetic version of (7.107) is derived in [871], in [866, pp. 161–165]
and in [870, §5.9]. The electromagnetic version of (7.106) can also be found in [380,
eqn (18)]. These references and [557] contain examples and further references for
scattering by clusters of spheres. For other geometries, see, for example, [1376, 286].

The direct computation of the cluster T -matrix for N scatterers is expensive.
Consequently, various iterative and recursive methods have been developed for
computing T. For example, one can partition the N scatterers into two clusters, one
of N − N1 scatterers and one of N1 scatterers, with N1 ≥ 1. Each cluster can be
regarded as a single scatterer. (Partitioning of this kind was used in 1963 by Millar:
‘What may be novel in the present approach is to regard certain problems as two- or
three-body problems, although at least one of these bodies may contain more than one
scatterer’ [857, p. 2107].) Each cluster has its own T -matrix; call them T�N −N1�

and T�N1�. The formula for the two-body T -matrix (given in Section 7.10) can then
be used to combine T�N −N1� and T�N1� so as to obtain the N -scatterer T -matrix.
Chew and his students have exploited this idea so as to build T -matrices for large N .
For example, Wang & Chew [1283] have given results for electromagnetic scattering
by 6859 dielectric spheres. For reviews and other results, see [196, §8.6.2], [209,
§4.5.3] and [195, 199, 200, 204, 203, 640, 450]. For another application, see [1218].
For two-dimensional problems, see [169]; extensive results for scattering by regular
arrays of up to 2880 identical circular cylinders were given [170, 171].
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It turns out that the recursive algorithm used in [1283] does not always converge,
so that care is needed; recall the geometrical constraints on the derivations in Sec-
tion 7.10. For more information, see [1048, 1109]. For an improved algorithm, see
[1148, 50].

Kagemoto & Yue [576] considered water waves in a three-dimensional ocean
of constant finite depth, with N immersed rigid bodies. Assume that the jth body
can be enclosed by a vertical circular cylinder, �j . Outside �j, radiating potentials
can be expanded using (4.67), including evanescent contributions. Inside �j , regular
potentials can be expanded similarly, with Hn and Kn replaced by Jn and In, respec-
tively. Evidently, the coefficients in these two expansions are related by a T -matrix,
denoted by Bj and called the ‘diffraction transfer matrix’ in [576]. Then, the multiple-
scattering problem can be solved as above, using two-dimensional addition theorems.
This was done in [576], with several applications. Since then, many applications and
refinements have been made; see, for example, [607, 1359, 1361, 895, 182, 590, 575].
For a description of the method, see also [731, §6.2].



8
Approximations

I owe a lot to my engineering training because it [taught] me to tolerate approx-
imations. Previously to that I thought � � �one should just concentrate on exact
equations all the time. Then I got the idea that in the actual world all our equa-
tions are only approximate. We must just tend to greater and greater accuracy.
In spite of the equations being approximate, they can be beautiful.

(P.A.M. Dirac, quoted in [89, p. 36])

8.1 Introduction

In all previous chapters, we have concentrated on exact methods: for a given con-
figuration of known scattering obstacles, solve the boundary-value problem for the
scattered field. However, it may be possible to simplify the problem by exploiting,
for example, the small size of (some of) the scatterers or the large spacing between
the scatterers. On the other hand, it may not be feasible to have complete knowledge
of the scatterers; for example, their locations could be random, and this leads to other
approximations. Several of these approximations are discussed below.

8.2 Small scatterers

In many applications, individual scatterers are small compared with the length of the
incident waves, meaning that

0 < ka� 1� (8.1)

where 2a is a typical diameter of the scatterers. The assumption (8.1) leads to approx-
imations known as long-wave or low-frequency approximations. Roughly speaking,
we may expect that the acoustic field near a small scatterer is given approximately
by the solution of a related problem for Laplace’s equation. In many situations, this
expectation can be realised and justified rigorously, yielding asymptotic approxima-
tions that hold as ka→ 0.

284
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It turns out that three-dimensional problems are the most straightforward: typical
wavefunctions are analytic functions of k, so that power series in k can be found,
and these series converge in a neighbourhood of k = 0. Two-dimensional problems
are often more difficult, because terms in logk usually arise.

For many problems, complete low-frequency asymptotic expansions can be found.
However, we are mainly interested in Rayleigh approximations, defined as ‘the first
non-trivial terms in the low-frequency expansions’ [262, p. 161]. These approxima-
tions can then be incorporated into schemes for solving multiple-scattering problems.

8.2.1 Three dimensions: sound-soft obstacles

For scattering by a sound-soft obstacle, the scattered field is given exactly by (5.84).
The far field is given by (4.44) as

usc�r�∼ �ikr�−1 eikr f�r̂� as r → �, (8.2)

where, from (5.85),

f�r̂�= − ik
4�

∫

S

�u

�nq
exp �−ikr̂ · rq�dsq� (8.3)

The incident field can be expanded as

uinc�r�=
�
∑

n=0

�ik�n uninc�r� (8.4)

in a region that includes the scatterer. Then, it can be shown [262, §5.A.1] that,
near S,

u�r�= u0
inc�r�+vs�r�+O�k� as k→ 0,

where vs is the unique solution of the following Dirichlet problem:

�2vs = 0 in Be,

vs = −u0
inc on S and

vs = O�r−1� as r → �.

It follows from (8.3) (after expanding the exponential therein) that

f�r̂�= − ik
4�

∫

S

�

�nq

{

u0
inc +vs

}

dsq +O�k2� as k→ 0. (8.5)

Thus, the far field of a small soft scatterer does not depend on the direction of
observation, r̂: the scattering is isotropic.

For the special case of an incident plane wave, given by

uinc�r�= exp �ikr · �̂�� (8.6)



286 Approximations

we have u0
inc ≡ 1, and so the formulae above simplify. Thus, vs = −	c, where

�2	c = 0 in Be,

	c = 1 on S and

	c = O�r−1� as r → �.

The harmonic function 	c is called the conductor potential; see [262, eqn (3.42)].
It can be found by solving a boundary integral equation, using �rP − rQ�−1 as a
fundamental solution. For example, we can write

	c�r�=
∫

S

0�q�

dsq
�r− rq�

� (8.7)

whence 
0 solves
∫

S

0�q�

dsq
�rp − rq�

= 1 for p ∈ S. (8.8)

Making use of 	c, (8.5) gives the far-field pattern as

f�r̂� �̂�= −ik� +O�k2� as k→ 0, (8.9)

where the constant

� = − 1
4�

∫

S

�	c

�n
ds (8.10)

is the capacity of S [597, p. 330], [405, §2.9]; if 	c is sought in the form (8.7), (8.10)
gives

� =
∫

S

0�q�dsq� (8.11)

(For a sphere of radius a, 	c = a/r and � = a.) Thus, the far field of a small
soft scatterer is independent of both the observation direction and the direction of
incidence.

We can use (8.9) to calculate the T -matrix. Substituting in (7.76), we have

Tm

n� = −ik� ymn y



� +O�k2� as k→ 0,

where

ymn = �−i�n√
4�

∫



Ym
n �r̂�d
�r̂�= �n0�m0 (8.12)

(using Y 0
0 = �4��−1/2). Thus, we find that every entry of the T -matrix is O�k2� except

that

T 00
00 = −ik� +O�k2� as k→ 0.

Consequently, for any incident field uinc�r�, we have

usc�r�
 T 00
00 d

0
0 �

0
0�r��
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where

uinc�r�=∑

n�m

dmn �̂
m
n �r�� (8.13)

whence d0
0 = √

4� uinc�0�. Thus,

usc�r�
 −ik� uinc�0�h0�kr�� (8.14)

where h0�w�= eiw/�iw�. In fact, to be consistent, we should replace uinc�0� in (8.14)
by u0

inc�0�.
Notice that the approximation (8.14) holds everywhere outside the escribed sphere

to S, not just in the far field.

8.2.2 Three dimensions: sound-hard obstacles

For sound-hard obstacles, the scattered field is given exactly by (5.80) and the
far-field pattern (defined by (8.2)) is given by (5.81) as

f�r̂�= k2

4�

∫

S
u�q� �r̂ ·n�q�� exp �−ikr̂ · rq�dsq� (8.15)

For low frequencies, it can be shown [262, §5.A.2] that, near S,

u�r�= (

u0
inc +v0

h

)+ ik
(

u1
inc +v1

h

)+O�k2� as k→ 0, (8.16)

where u0
inc and u1

inc appear in the expansion (8.4), and v0
h and v1

h solve Neumann
problems for Laplace’s equation:

�2vmh = 0 in Be,

�vmh
�n

= −�uminc

�n
on S and

vmh = O�r−2� as r → �,

with m= 0�1. These problems are uniquely solvable. Hence, (8.15) gives

f�r̂�= k2

4�

∫

S
�r̂ ·n�q�� �f0 + ikf1�dsq +O�k4� as k→ 0, (8.17)

where

f0�q�= u0
inc +v0

h� f1�q�= u1
inc +v1

h − �r̂ · rq��u
0
inc +v0

h�

and we have expanded the exponential in (8.15).
For incident plane waves, we have u0

inc ≡ 1, whence v0
h ≡ 0, and so the leading

term in (8.17) reduces to

k2

4�

∫

S
�r̂ ·n�q��dsq = 0� (8.18)
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by the divergence theorem. (This explains why we retained two terms in the expansion
(8.16).) For the next term, we have u1

inc�r� = r · �̂ and so �v1
h/�n = −n · �̂ on S.

Therefore, it is convenient to introduce the vector field � , defined by

�2� = 0 in Be, (8.19)

��

�n
= n on S and (8.20)

� = O�r−2� as r → �; (8.21)

see [262, eqn (5.20)]. Hence

f1�q�= rq · ��̂− r̂�− �̂ ·� �q�� (8.22)

As divQ �r̂�rQ · ��̂− r̂���= r̂ · �̂−1,

f�r̂� �̂�= ik3

4�

{

VB �r̂ · �̂−1�−
∫

S
�r̂ ·n�q�� ��̂ ·� �q��dsq

}

+O�k4�

as k→ 0, where VB is the volume of the scatterer B.
Now, following Dassios & Kleinman [262, p. 166], we define the virtual mass

tensor W by

Wij = −
∫

S
ni�j ds =Wji� (8.23)

and the magnetic polarizability tensor M by

Mij =Wij +VB�ij =Mji� (8.24)

(For information on properties of M, see [1002, Chapter 5], [632] and [262, §5.0].
In particular, for the special case of a sphere, Mij = 3

2VB�ij .) Then, we can express
the far-field pattern concisely by

f�r̂� �̂�= ik3

4�
�r̂ ·M · �̂−VB�+O�k4� as k→ 0. (8.25)

Thus, the far field of a small hard scatterer depends linearly on both the observation
direction and the incident direction, and it is much smaller than the far field of a small
soft scatterer. This result was known to Lord Rayleigh; see [1010, §334, eqn (21)].

It turns out that the far field of a small, penetrable, homogeneous obstacle (trans-
mission problem) has a form very similar to (8.25) [262, §5.A.4]:

f�r̂� �̂�= − ik3

4�

{

r̂ ·X��� · �̂+ �1−��k0/k�
2�VB

}+O�k4� (8.26)

as k → 0. Here, k0 is the wavenumber inside B, � is the parameter occurring in the
transmission conditions across S and X��� is known as the general polarisability
tensor [262, p. 167]; it can be shown that X�0� = −M, so that (8.26) reduces to
(8.25) as � → 0.
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We can use (8.25) to calculate the T -matrix for a small sound-hard scatterer.
Substituting in (7.76), we obtain

Tm

n� = ik3

4�

{

zmn ·M · z
� −VB y
m
n y



�

}+O�k4� as k→ 0, (8.27)

where ymn = �n0�m0 is defined by (8.12) and

zmn = �−i�n√
4�

∫



r̂Ym

n �r̂�d
�r̂��

Now, from (3.24), we have

Y 0
1 =

√

3

4�
cos�� Y 1

1 = −
√

3

8�
ei	 sin �� Y−1

1 =
√

3

8�
e−i	 sin �� (8.28)

Hence, using r̂ = �sin � cos	� sin � sin	� cos��, we find that

z0
1 = �0�0�−i�/

√
3� z1

1 = �i�−1�0�/
√

6 and z−1
1 = z1

1�

with zmn = 0 otherwise.
Substitution in (8.27) shows that the T -matrix has ten entries that are O�k3� as

k→ 0:

T 00
00 = −ik3VB/�4���

T 00
11 = ik3M33/�12���

T 01
11 = −ik3�M31 + iM32�/�12�

√
2�= −T−1�0

11 �

T 10
11 = −ik3�M31 − iM32�/�12�

√
2�= −T 0�−1

11 �

T 11
11 = ik3�M11 +M22�/�24��= T−1�−1

11 �

T 1�−1
11 = ik3�M22 −M11 +2iM12�/�24���

T−1�1
11 = ik3�M22 −M11 −2iM12�/�24���

Notice that these results are in accord with Theorem 7.4. In particular, (7.68) shows
that

T
m

11 +T


m
11 = O�k6� as k→ 0.

Let us calculate the scattered field for any incident field, uinc�r�. We introduce a
vector U with components

Uj = 1

k

�uinc

�xj
evaluated at r = 0. (8.29)

Then, applying �/�xj to (8.13), making use of Theorems 3.13 and 3.14, we find

d0
1 = √

12�U3� d1
1 = −√

6��U1 − iU2� and d−1
1 = √

6��U1 + iU2��

Also, as before, d0
0 = √

4�uinc�0�.
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Next, we calculate

cmn =∑

��


Tm

n� d
� �

For example, we have

c1
1 = T 11

11 d
1
1 +T 10

11 d
0
1 +T 1�−1

11 d−1
1

= 1

2
�T 11

11 +T 1�−1
11 ��d1

1 +d−1
1 �+ 1

2
�T 11

11 −T 1�−1
11 ��d1

1 −d−1
1 �+T 10

11 d
0
1

= ik3

√
24�

�iM2j −M1j�Uj�

where summation over j from 1 to 3 is implied. Similarly,

c−1
1 = ik3

√
24�

�iM2j +M1j�Uj�

c0
1 = ik3

√
12�

M3jUj and c0
0 = − ik3

√
4�

VBuinc�0��

All the other coefficients cmn are asymptotically smaller. Hence, the scattered field is
given by

usc�r�
 c0
0�

0
0 + c1

1�
1
1 + c0

1�
0
1 + c−1

1 �−1
1


 − ik3

4�
VBuinc�0�h0�kr�+ ik3

√
24�

XjUj h1�kr��

where

Xj = �Y−1
1 −Y 1

1 �M1j + i�Y−1
1 +Y 1

1 �M2j +
√

2Y 0
1 M3j �

Making use of (8.28), we finally obtain

usc�r�
 ik3

4�
�r̂ ·M ·U h1�kr�−VBuinc�0�h0�kr�� � (8.30)

The far-field form of this expression is essentially [1002, p. 90, eqn (39)].

8.2.3 Two dimensions: introduction

The analysis for two-dimensional problems is more involved. To fix ideas, let us
consider scattering by a sound-soft cylindrical obstacle. The scattered field is then
given exactly by (5.78) and the far field is given by (4.9). From (5.79), the far-field
pattern is

f�r̂�= − i
4

∫

S

�u

�nq
exp �−ikr̂ · rq�dsq� (8.31)

As r̂ = �cos�� sin ��, we can write f�r̂�= f���.
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For low frequencies, we expand uinc as (8.4). Then, near S, we have

u�r�= u0
inc�r�+ws�r�+O�� logk�−1� as k→ 0, (8.32)

where ws solves the following Dirichlet problem:

�2ws = 0 in Be,

ws = −u0
inc on S and

ws = O�1� as r → �.

The unique solution of this problem can be found by solving a boundary integral
equation over S [1055, Theorem 3.2.7].

The result (8.32) is given in [761] and [1006, p. 330], for example. However, for
an incident plane wave,

uinc = eikr cos��−��� (8.33)

we have u0
inc = 1 and ws = −1, so that the leading term in (8.32) gives a zero

contribution to the integral in (8.31): therefore, we have to determine the term of
order � logk�−1. We do this next, using the results of Kleinman & Vainberg [626].

8.2.4 Two dimensions: Kleinman–Vainberg theory

Kleinman & Vainberg [626] have given a systematic method for obtaining low-
frequency asymptotic expansions in two dimensions for the following problem:

��2 +k2�v = F in Be, �v = 0 on S and

v satisfies the Sommerfeld radiation condition as r → �.

Here, �v denotes v or �v/�n, and F has compact support. We shall refer to this
problem as the K–V problem.

Our scattering problems can be formulated as

�� 2 +k2�usc = 0 in Be, �usc = −�uinc on S and

usc satisfies the Sommerfeld radiation condition as r → �.

Let us convert this problem into the K–V problem. Choose c so that B is contained
inside the disc r < c. Let � be a C� cut-off function, so that � = 0 for r > 2c and
� = 1 for 0 ≤ r < c. Put

usc = −uinc�+v�

Then, v solves the K–V problem with

F = ��2 +k2��uinc��= uinc�
2�+2 grad� ·graduinc�
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Notice that the total field

u= usc +uinc = �1−��uinc +v�

so that v is the total field near S (r < c) but v is the scattered field far from S (r > 2c).
The results of [626] assume that F does not depend on k, so we write

F�r�=
�
∑

n=0

�ik�nFn�r��

where

Fn = uninc�
2�+2 grad� ·graduninc� (8.34)

We write vn for the solution of the K–V problem with F = Fn, so that

v�r�=
�
∑

n=0

�ik�nvn�r�� (8.35)

We are going to approximate vn near S using solutions of related static problems.
The results are different depending on the boundary condition on S. Therefore, we
now consider soft and hard cylinders separately.

8.2.5 Two dimensions: sound-soft cylinders

Consider the following uniquely solvable problems,

�2un0 = Fn in Be,

un0 = 0 on S and

un0 = O�1� as r → �
and

�2u1 = 0 in Be,

u1 = 0 on S and

u1 = log �r/��+o�1� as r → �. (8.36)

Here, the constant � is unknown, but it is to be determined by solving the problem for
u1 with the specified logarithmic growth at infinity. (In [626], there is a parameter
�0 = − log�.) Also, let � be the complex constant occurring in the asymptotic
approximation

H
�1�
0 �w�= �2i/���logw−��+O�w2 logw� as w → 0;

thus, � = log 2 − � + i�/2, where � = 0�5772 � � � is Euler’s constant. Then [626,
Theorem 1], near S,

vn�r�= un0�r�+
Cn

0 u1�r�
logk�−�

+O�k2 logk� as k→ 0,
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where Cn
0 = limr→� un0�r�. It follows from (8.35) that we only need v0 here. Then,

the far-field pattern is given by (8.31) as

f���= − i

4

∫

S

�v0

�nq
dsq +O�k� as k→ 0. (8.37)

For a plane wave, given by (8.33), u0
inc ≡ 1 and F0 = �2�. Thus u0

0�r�= ��r�−1,
which is constant (in fact, zero) near S, and so (as expected) the leading term does
not contribute to (8.37). The next term then gives

f�����= − i
4

C0
0

logk�−�

∫

S

�u1

�nq
dsq +O�k� as k→ 0. (8.38)

However, we have C0
0 = limr→� u0

0 = −1 and Green’s theorem gives
∫

S

�u1

�nq
dsq = lim

r→�

∫ 2�

0

�u1

�r
r d� = 2��

Hence, (8.38) reduces to

f�����= 1
2
�i �logk�−��−1 +O�k� as k→ 0. (8.39)

The parameter � can be obtained explicitly for simple shapes. For a circle of
radius a, u1 = log �r/a� and so � = a. For an ellipse, we can use elliptic cylindrical
coordinates, �����, defined by (2.49), giving u1 = �−�0 (where � = �0 defines S);
then (2.50) gives (8.36) with

� = 1
2
c e�0 = 1

2
�a+b��

The corresponding low-frequency approximation for scattering by a soft elliptic
cylinder can be found in [916, eqn (48a)] and [135, §3.2.1.2].

We could simplify the formula (8.39) further, obtaining

f�����= 1

2
�i �logk��−1 +O�� logk�−2�

= 1
2
�i �logkL�−1 +O�� logk�−2�

as k → 0, where L is any constant length; for example, we could choose L = a,
where 2a is the diameter of B, or we could choose L to be the length of the boundary
S. With this latter choice, we obtain

�f������ 
 −1
2
� �logkL�−1�

a formula that was obtained by Van Bladel [1230, p. 200] in 1963; see also [475].
We can use (8.39) to calculate the T -matrix. Substituting in (7.79), we find that

T00 = 1
2

i��logk�−��−1 +O�k� as k→ 0;



294 Approximations

all other entries Tnm are asymptotically smaller. Consequently, for any incident field
uinc�r�, we obtain

usc�r�
 1
2

i��logk�−��−1uinc�0�H0�kr�� (8.40)

8.2.6 Two dimensions: sound-hard cylinders

For a sound-hard cylinder, the scattered field is given by (5.76) and the far-field
pattern (see Definition 4.1) is given by (5.77) as

f�r̂�= k

4

∫

S
u�q� �r̂ ·n�q�� exp �−ikr̂ · rq�dsq� (8.41)

For low-frequency approximations, we are led to consider the following uniquely
solvable problems,

� 2wm = Fm in Be,

�wm

�n
= 0 on S and

wm = �m�log r−��+o�1� as r → �,

where m= 0�1�2� � � � and

�m = 1

2�

∫

Be

Fm dV�

Then [626, Theorem 2], near S,

vn�r�= �n logk+wn�r�+O�k2 log3 k� as k→ 0.

For a plane wave, u0
inc ≡ 1 and u1

inc�r� = r · �̂. Then, (8.34) gives F0 = �2� and
F1 = �2�� r · �̂�. Hence,

2��0 =
∫

Be

�2� dV = −
∫

S

��

�n
ds = 0

and

2��1 = −
∫

S

�

�n
�� r · �̂�ds = −

∫

S
n · �̂ ds = 0�

where the last equality follows from an application of the divergence theorem in B,
and we have used � ≡ 1 near S. Thus,

v =
�
∑

n=0

�ik�nvn = w0 + ikw1 +O�k2 log3 k� as k→ 0.

Then, as u≡ v near S, (8.41) gives

f�r̂� �̂�= k

4

∫

S
�r̂ ·n�q�� �w0 + ikf1�dsq +O�k3 log3 k� (8.42)

as k→ 0, where f1�q�= w1 −w0 r̂ · rq.
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As �0 = 0 and F0 = � 2�, we obtain w0 = �. Then, (8.18) shows that the leading
contribution to (8.42) vanishes. As �1 = 0 and F1 = � 2�� r · �̂�, we obtain

w1�r�= � r · �̂− �̂ ·� �

where the two-dimensional vector field � is defined by (8.19), (8.20) and � =
O�r−1� as r → �. It follows that f1�q� is given precisely by (8.22) and then

f�r̂� �̂�= 1
4

ik2 �r̂ ·M · �̂−AB�+O�k3 log3 k� as k→ 0, (8.43)

where AB is the area of B,

Mij =Wij +AB�ij =Mji

and Wij is defined by (8.23). Thus, the far-field pattern is given by a formula that
is similar to the analogous formula in three dimensions, namely (8.25). A formula
similar to (8.43) can be found in [475].

For a circle of radius a, Mij = 2AB�ij and then (8.43) reduces to

f�����
 1

4
i��ka�2�2 cos ��−��−1��

in agreement with the known result [135, eqn (2.43)].
Substitution of (8.43) in (7.79) gives the T -matrix for a small sound-hard cylinder.

We obtain

Tnm = 1

4
ik2 �zn ·M · zm −AB�n0�m0�+O�k3 log3 k� as k→ 0,

where

zn = �−i�n

2�

∫ �

−�
r̂ ein� d��

Thus,

z1 = 1

2
�−i�1�= z−1 and zn = 0 for n �= ±1.

Hence, the T -matrix has five entries that are O�k2� as k→ 0:

T00 = −1

4
ik2AB�

T11 = 1

16
ik2�M11 +M22�= T−1�−1�

T1�−1 = 1
16

ik2�M22 −M11 +2iM12��

T−1�1 = 1
16

ik2�M22 −M11 −2iM12��
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Next, we calculate the scattered field for any incident field, uinc�r�. We have

d0 = uinc�0�� d1 = U1 − iU2 and d−1 = −U1 − iU2�

where U = �U1�U2� is defined by (8.29) with x1 = x and x2 = y,

uinc�r�=∑

n

dn Jn�kr� ein�

and we have used Theorem 2.9 with m = 1. For the scattered field, we calculate
cn =∑

m Tnmdm and find

c0 = −1

4
ik2ABuinc�0��

c1 = 1

8
ik2�M1j − iM2j�Uj�

c−1 = −1

8
ik2�M1j + iM2j�Uj�

where summation over j = 1 and j = 2 is implied. All the other coefficients cn are
asymptotically smaller. Hence, the scattered field is

usc 
 c0�0 + c1�1 + c−1�−1


 1
4

ik2 �r̂ ·M ·UH1�kr�−ABuinc�0�H0�kr�� � (8.44)

8.2.7 Literature

There is an extensive literature on low-frequency scattering. For the most comprehen-
sive bibliography, see the book by Dassios & Kleinman [262]. This book also devel-
ops the three-dimensional theory in detail, in the contexts of acoustic, electromagnetic
and elastodynamic scattering. For Rayleigh scattering, in particular, see [1205, 632].

The literature on two-dimensional problems is more fragmented. The definitive
theoretical analysis is probably [626]. Earlier analyses are [916, 1230, 761, 475]. See
also [1006, Appendix 1].

For scattering by specific simple shapes, see [135, 262].
Low-frequency approximations for the T -matrix have been given in [1255], but

only for ellipses and spheroids.
For water waves, the definitive review is by McIver [831].
For the scattering of long waves by a cluster of obstacles, one can regard the

cluster as a single obstacle, and then the general theory applies. However, this theory
requires the solution of an associated harmonic problem for the actual geometry
of the cluster, and this is difficult, in general. For acoustic scattering by two soft
spheres, see [1013, 183], where the associated harmonic problem is solved using
bispherical coordinates [884, p. 1298]. Nevertheless, further approximations can be
made in some situations.
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To fix ideas, consider scattering by two spheres, each of radius a. Three (related)
dimensionless parameters arise,

ka� kb and a/b�

where b is the distance between the centres of the spheres. Standard low-frequency
theory gives an approximation for a fixed geometry (a/b fixed) and long waves (kb�
1). However, in many applications, the individual scatterers are small compared with
both the spacing and the wavelength, so that

ka� 1 and a/b � 1�

Under these conditions, we can obtain two different approximations, depending on
the size of kb. If

kb = O�1� and a/b = O�ka� as ka→ 0,

we obtain a ‘small-body’ solution [830]. This corresponds to a → 0 with k and
b both fixed. With this approximation, there is really only one small parameter,
ka. Approximations of this kind are often employed; for example, wide-spacing
approximations fall into this class.

Alternatively, suppose that

ka� a/b � 1�

so that the waves are long compared with the spacing. Then, there are two independent
small parameters, kb and a/b. Exploiting this fact requires the method of matched
asymptotic expansions; see [56, 829, 830] and [831, §11]. In particular, acoustic
scattering by N identical hard circular cylinders is considered in [829]. Analogous
water-wave problems for floating hemispheres and horizontal submerged circular
cylinders are considered in [829] and [830], respectively.

8.3 Foldy’s method

In 1945, Foldy [354] published a well-known paper, entitled ‘The multiple scattering
of waves I. General theory of isotropic scattering by randomly distributed scatter-
ers’. Thus: ‘the problem of the multiple scattering of scalar waves by a random
distribution of isotropic scatterers is considered in detail on the basis of a consistent
wave treatment’ [354, Abstract]. Most of the paper is concerned with aspects of
randomness, but, in this section, we are interested in the ‘consistent wave treatment’:
it fits on p. 110 of the paper.

Foldy considers ‘isotropic point scatterers’, meaning that ‘in the neighborhood of
the j-th scatterer’, the scattered field ‘will behave like’

AjG�r− rj��



298 Approximations

where the jth scatterer is centred at rj, Aj is an unknown amplitude and G is the
free-space Green’s function; in two dimensions, we can take

G�r�=H0�k�r���
whereas in three dimensions, we can take

G�r�= h0�k�r��= exp �ik�r��/�ik�r��� (8.45)

(The chosen normalisation factors are unimportant, but we shall use (8.45) later in
this chapter.)

Foldy represents the total field as

u�r�= uinc�r�+
∑

j

AjG�r− rj�� (8.46)

where the sum is over all the scatterers. The so-called ‘external field’ is

un�r�≡ u�r�−AnG�r− rn�

= uinc�r�+
∑

j

j �=n

AjG�r− rj�� (8.47)

It can be regarded as the field incident on the nth scatterer, in the presence of all the
other scatterers.

Now, ‘characterize the scattering properties of the scatterers by’

An = gnun�rn�� (no sum!) (8.48)

‘making the strength of the scattered wave from a scatterer [namely, An] proportional
to the external field acting on it’ (namely, un�rn�). Foldy refers to gn ‘as the scattering
coefficient for the n-th scatterer’. Thus, the scattered field is determined by the value
of the ‘external field’ at the centre of the scatterer, rn, together with the quantity gn
(which we will come back to later).

So, evaluating (8.47) at rn gives, after using (8.48),

un�rn�= uinc�rn�+
∑

j

j �=n

gj uj�rj�G�rn − rj�� (8.49)

which is a linear system of algebraic equations for uj�rj�. Then, the total field is
given by (8.46) and (8.48) as

u�r�= uinc�r�+
∑

j

gj uj�rj�G�r− rj�� (8.50)

Thus: ‘These represent the fundamental equations of multiple scattering’ [354,
p. 110].

Equivalently, as we want the amplitudes Aj in (8.46), we can rewrite (8.49) as

g−1
n An = uinc�rn�+

∑

j

j �=n

Aj G�rn − rj�� (8.51)
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The direct numerical solution of Foldy’s linear system of equations was attempted
by Fikioris in 1966 [345]; he envisaged a Monte Carlo approach for calculating
average properties of random arrangements of spheres, but was severely limited by
the computing power available. Later, Foldy’s system was solved numerically (in
two dimensions) for many scatterers; see [442]. Electromagnetic versions of Foldy’s
method have been used in [1299, 562, 563].

For an incident plane wave, given by (8.6), and N scatterers, we can write (8.51) as

g−1
n Dn = 1+

N
∑

j=1
j �=n

Dj h0�k�rn − rj�� ei��j−�n�� (8.52)

where Dn = Ane−i�n and �n = krn · �̂. The far field of the N -scatterer cluster is
given by

usc�r�∼ �ikr�−1eikrF�r̂� �̂� as r → �, (8.53)

where

F�r̂� �̂�=
N
∑

j=1

Dj ei��j−�j�

is the far-field pattern and �n = krn · r̂. Twersky [1216] has examined solutions of
(8.52) when the scatterers are identical and located at the vertices of regular polygons
or polyhedra, with 2 ≤ N ≤ 6; see also [1181, 1215].

Foldy’s method can be seen as perhaps the simplest realisation of the self-consistent
method outlined in Section 1.1.3. For example, we can identify unsc�r�=AnG�r− rn�
in (1.2) and then the operator �j in (1.4) is given by

(

�juj
)

�r�= gj G�r− rj� uj�rj��

Also, the systems (8.49) and (8.51) correspond to (1.5) and (1.6), respectively.
In order to use Foldy’s method, we have to specify the scattering coefficient gj

for the jth scatterer, for each scatterer. We discuss this specification next.

8.3.1 The scattering coefficient

Consider the jth scatterer and assume, without loss of generality, that it is located at
the origin (rj = 0). The coefficient gj characterises how this scatterer scatters waves,
given that we have already assumed that the scattering is isotropic: for any incident
field uinc�r�, we have assumed that the total field near the scatterer is given by

u�r�
 uinc�r�+gjuinc�0�G�r�� (8.54)

There are several ways of thinking about gj . For example, we could simply choose
numbers for gj , without connecting them to the geometry or composition of the
scatterer.
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Another way comes from enforcing energy conservation. Thus, in three dimen-
sions, let us use (8.13) and write (8.54) as

u�r�=∑

n�m

dmn �̂
m
n �r�+gjd

0
0�

0
0�r�� (8.55)

We can assume that d0
0 = √

4� uinc�0� �= 0. An application of Green’s theorem to u

and its complex conjugate, u, gives
∫

Sj

(

u
�u

�n
−u

�u

�n

)

ds =
∫


c

(

u
�u

�r
−u

�u

�r

)

ds� (8.56)

where 
c denotes the surface of a sphere, r = c, containing the jth scatterer, Sj .
Corollary 6.6 enables the evaluation of the right-hand side of (8.56), whence

�gj�2 +Re�gj�= ik

2�d0
0�2
∫

Sj

(

u
�u

�n
−u

�u

�n

)

ds� (8.57)

exactly, for any c.
Now, suppose that u is the exact solution of a scattering problem so that, for

example, u= 0 on Sj . Then, the right-hand side of (8.57) vanishes, giving

�gj�2 +Re�gj�= 0� (8.58)

The solutions of this equation are given by

gj = −1
2

+ 1
2

ei�� (8.59)

where � is real but unknown. Arguments of this kind have been made in [1038]; for
two dimensions, see [1037, 1039].

If Sj is a sound-soft sphere of radius a, 
a, we can impose the boundary condition
u= 0 on average,

∫


a
ud
= 0, giving

gj = −�j0�ka��/�h0�ka��= −1

2
+ 1

2
e−2ika�

in agreement with (8.59) when � = −2ka.
Let us now assume that Sj is a small three-dimensional sound-soft obstacle. In

Section 8.2.1, we obtained the low-frequency Rayleigh approximation (8.14). When
this is compared with (8.54), we deduce that

gj = −ik�j� (8.60)

where �j is the capacity of Sj , defined by (8.10). Note that the approximation (8.60)
does not satisfy (8.58). However, if we replace (8.60) by

gj = −ik�j
1+ ik�j

� (8.61)

we obtain an approximation that satisfies the energy-conservation constraint (8.58)
identically, and agrees with the known leading-order low-frequency approximation.
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In two dimensions, a similar argument leads to (8.58), whereas comparison of
(8.54) with (8.40) suggests

gj = 1

2
i��logk�j −��−1 = −i��1+ i��−1� (8.62)

exactly, with �= − 1
2��log �k�j/2�+��−1. (The length �j is defined by (8.36).) Thus,

the approximation (8.62) satisfies (8.58) identically.

8.3.2 Ramm’s method

Ramm [1004, 1007] gave a method for acoustic scattering by N small sound-soft
obstacles, which is based on solving the first-kind integral equation (5.55). Thus,
look for a solution in the form of a single-layer potential,

usc�r�=
N
∑

j=1

∫

Sj


j�q�G�r−qj�dsq�

where qj ∈ Sj , G�r� = h0�k�r�� and the source densities 
j are to be found. The
boundary condition, usc +uinc = 0 on S, gives

0 = uinc�pn�+
N
∑

j=1

∫

Sj


j�q�G�pn −qj�dsq� pn ∈ Sn� (8.63)

which is a boundary integral equation for 
j . The far-field pattern is given by
(8.53) as

F�r̂�=
N
∑

j=1

Aj e−i�j �

where
Aj =

∫

Sj


j�q�dsq (8.64)

and we have made the approximation

exp �−ikr̂ ·qj�
 exp �−ikr̂ · rj�≡ e−ik�j �

as usual, rj locates the centre of the jth scatterer. Let us make similar approximations
in (8.63): we have

uinc�pn�
 uinc�rn��

G�pn −qj�
G�rn − rj� for j �= n and

G�pn −qn�
 �ik�pn −qn��−1�

whence (8.63) is approximated by

�n�pn�= uinc�rn�+
N
∑

j=1
j �=n

Aj G�rn − rj�� (8.65)
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where

�n�pn�= i

k

∫

Sn


n�q�
dsq

�pn −qn�
� pn ∈ Sn�

Now, (8.65) shows that �n is a constant, so that �i/k�
n = �n
0, where 
0 solves
(8.8). Then, integrating over Sn gives

�i/k�An = �n�n�

where �n is the capacity of Sn, and we have used (8.11) and (8.64). Hence, (8.65)
reduces to (8.51) in which

gn = −ik�n� (8.66)

which is (8.60).
We conclude that Ramm’s method [1004, 1007] gives exactly the same linear

system of algebraic equations as Foldy’s method, with the choice (8.66) for the
scattering coefficient.

8.3.3 Hard scatterers

Foldy’s method (described above) is concerned with the multiple scattering of scalar
waves by a distribution of (small) isotropic scatterers. The key word is isotropic:
the waves scattered by any one scatterer are represented by a point source located
at some point within the scatterer; see (8.46). This assumption is justified for soft
scatterers but it is not justified for hard scatterers or for penetrable scatterers, as such
scatterers always induce a dipole field; see (8.30).

Let us generalise Foldy’s method. We suppose that, in a neighbourhood of the jth
scatterer, the scattered field is given by

AjG�r− rj�+aj ·g�r− rj�� (8.67)

where the jth scatterer is centred at rj , Aj is an unknown amplitude and aj is an
unknown vector. For definiteness, we consider three-dimensional problems (the two-
dimensional analysis is very similar); thus, the free-space Green’s function, G, is
defined by (8.45). Also,

g�r�= −k−1gradG�r�= − r̂
k

d
dr
G�r��

where r̂ = r/r, so that g = r̂h1�kr�. Notice that (each component of) g is an outgoing
solution of the Helmholtz equation.

The first term in (8.67) is a source at rj ; the strength of the source (given by Aj) is
unknown. The second term is a dipole at rj ; the direction and strength of the dipole
(given by aj) are unknown. Foldy assumes that aj ≡ 0.



8.3 Foldy’s method 303

Next, we represent the total field as

u�r�= uinc�r�+
∑

j

{

AjG�r− rj�+aj ·g�r− rj�
}

� (8.68)

where the sum is over all the scatterers. The ‘exciting field’ is

un�r�≡ u�r�−AnG�r− rn�−an ·g�r− rn�

= uinc�r�+
∑

j

j �=n

{

AjG�r− rj�+aj ·g�r− rj�
}

� (8.69)

This field can be regarded as the field incident on the nth scatterer, in the presence
of all the other scatterers.

Now, let us characterise the scattering properties of the scatterers by writing

An = gnun�rn� and an = An · vn�rn��

where

vn�r�= k−1gradun� (8.70)

As in Section 8.3, gn is a scalar. The quantity An is a 3 × 3 matrix. Thus, An is
proportional to the value of the exciting field at rn, whereas vn is related to the
gradient of the exciting field at rn. We will discuss the choice of gn and An later.

Evaluating (8.69) at rn gives

g−1
n An = uinc�rn�+

∑

j

j �=n

{

aj ·g�Rnj�+AjG�Rnj�
}

� (8.71)

where Rnj = rn − rj . Also, from (8.69) and (8.70), we have

vn�r�= vinc�r�+
∑

j

j �=n

{−Aj g�r− rj�+k−1grad
[

aj ·g�r− rj�
]}

� (8.72)

where vinc�r�= k−1graduinc. Explicit calculation gives

�kRnj�
−1h1�kRnj�aj −̂Rnj�aj ·̂Rnj�h2�kRrj�

for the value of k−1grad
[

aj ·g�r− rj�
]

at r = rn, where Rnj = �Rnj� and̂Rnj = Rnj/Rnj .
Hence, evaluating (8.72) at rn, we obtain

A−1
n ·an = vinc�rn�+

∑

j

j �=n

{

h1�kRnj�

kRnj

aj

−̂Rnj�aj ·̂Rnj�h2�kRnj�−Ajg�Rnj�

}

� (8.73)
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Equations (8.71) and (8.73) give a system of linear algebraic equations for An and the
components of an. For N scatterers (in three dimensions), there are 4N equations for
the 4N scalar unknowns; in two dimensions, there are 3N equations in 3N unknowns.

We are not aware of any computations based on solving the system comprising
(8.71) and (8.73).

In order to use (8.71) and (8.73), we have to specify the coefficient gj and the
matrix Aj for the jth scatterer, for each scatterer. Consider the jth scatterer and
assume, without loss of generality, that it is located at the origin (rj = 0). For any
incident field uinc�r�, we have assumed that the total field near the scatterer is given by

u�r�
 uinc�r�+gjuinc�0�G�r�+ �g�r�� ·Aj · �vinc�0��� (8.74)

Thus, the scattered field is assumed to take the form

usc�r�
 gjuinc�0�h0�kr�+ r̂ ·Aj ·U h1�kr�� (8.75)

where U ≡ vinc�0� also appeared in (8.29). Now, let us assume further that the
scatterer is small and sound-hard. Then, the formula (8.75) can be compared with
the known low-frequency Rayleigh approximation, which is (8.30). This comparison
suggests the following choices:

gj = − ik3

4�
volj and Aj = ik3

4�
Mj �

Here, volj is the volume of the jth scatterer and Mj is the magnetic polarisability
tensor, defined by (8.24). In particular, for small hard spheres, we have Mj = 3

2 volj I,
and then the left-hand side of (8.73) reduces to −�3gn/2�−1an.

In [19, 1354], the authors consider widely-spaced scatterers. Their model includes
directional (anisotropic) effects and gives a system of N�N − 1� linear algebraic
equations. However, their model does not involve gradient quantities such as vinc�rn�,
and so it is not consistent with the known low-frequency results for small hard
scatterers, for example.

8.4 Point scatterers

There is an extensive literature on ‘point scatterers’, in which scatterers are repre-
sented by concentrated forcings to a partial differential equation. We will outline
some of this work, starting from the equations derived in Section 6.3 for acoustic
scattering by inhomogeneities.

The governing equation is (6.7), which we write as

�� 2 +k2�U = �BVU +finc� (8.76)

where finc = �BVpinc, the operator V is defined by (6.4) and �B is the characteristic
function for B: �B�P�= 1 for P ∈ B and �B�P�= 0 for P �∈ B. The function U = psc

in Be, so that U is an outgoing wavefunction.
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We are going to simplify the first term on the right-hand side of (8.76). In that
term, assume that the density  0 is constant, so that �BVU = k2�BmU , where

m�P�= 1− ��k0�P��/k�
2�

whence (8.76) becomes

�� 2 +k2�U = k2�BmU +finc� (8.77)

Suppose that Uinc is the outgoing solution of (8.76) when the term �BVU is deleted.
Then, as in Section 6.3, we obtain

U�P�= Uinc�P�+
k2

2

∫

B
m�Q�U�Q�G�P�Q�dVQ� (8.78)

Now, suppose that we have N ‘point scatterers’, located ar r = rj , j = 1�2� � � � �N .
In their substantial review paper, de Vries et al. ‘define a point scatterer located at
r = 0 according to’ [282, p. 451]

m�r�= �B ��r�� (8.79)

where prescriptions for the constant �B are given. Hence

m�r�U�r�
 �B ��r�U�0�� (8.80)

Thus, for N scatterers, we have

m�r�U�r�=
N
∑

j=1

�j ��r− rj�U�rj�� (8.81)

where �1��2� � � � ��N are given constants. Substitution in (8.78) gives

U�r�= Uinc�r�+
k2

2

N
∑

j=1

�j U�rj�G�r− rj�� (8.82)

which is reminiscent of the Foldy representation, (8.50). However, there is no easy
way to calculate the numbers U�rj�, j = 1�2� � � � �N : we cannot evaluate (8.82) at
r = rn because G�r� is singular at r = 0. Therefore, the authors of [282] are obliged to
‘regularize’ G in order to make progress; see also [1241]. Clearly, the mathematical
difficulties caused by the singularity in G are a consequence of the approxima-
tion (8.79).

An alternative approximation, which Lax [689] calls the ‘localized perturbation
method’, is

m�r�U�r�
m�r�U�0�� (8.83)

this has been used by Bass & Fix [71] for acoustic scattering, and in [72] for
electromagnetic scattering. The approximation (8.83) is expected to be reasonable
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when the function m�r� ‘has a sharp maximum at [the point] r = 0 and dies to zero
in a finite � � � vicinity of this point’ [72, p. 271]. Thus, for N scatterers, we have

m�r�U�r�=m�r�U�rj� for r ∈ Bj , j = 1�2� � � � �N ,

and then (8.78) becomes

U�r�= Uinc�r�+
N
∑

j=1

Mj�r�U�rj�� (8.84)

where

Mj�r�= k2

2

∫

Bj

m�r′�G�r− r′�dV�r′��

Evaluating (8.84) at r = rn then gives a linear system for U�rj�, j = 1�2� � � � �N :

N
∑

j=1

Anj U�rj�= Uinc�rn�� n= 1�2� � � � �N�

with Anj = �nj −Mj�rn�. In some applications, the determinant of the frequency-
dependent matrix A= �Anj� can have (complex) zeros, corresponding to resonances;
for further information, see [71, 72, 282] and references therein.

8.5 Wide-spacing approximations

At the beginning of Chapter 1, we discussed Heaviside’s notion of ‘orders of scat-
tering’, which is a recursive way of calculating multiple scattering. Indeed, this
approach has been used by many authors. Its main virtue is that it requires a method
for scattering by one obstacle in isolation, and nothing more. It leads to a sequence of
approximations, comprising increasing orders of scattering. Typically, the sequence
is truncated at a low order: when and why can this be expected to give a good approx-
imation? The answer depends on the number of spatial dimensions. Thus, in three
dimensions, scattered (spherical) waves decay as r−1, where r is the distance from
a scatterer. In two dimensions, scattered (cylindrical) waves decay as r−1/2, whereas
waves do not decay at all in one dimension. Consequently, we should expect that
calculating orders of scattering will work best in three dimensions and not at all for
one-dimensional problems.

For the spatial decay to be useful, we assume that the scatterers are widely spaced.
Strictly, this means that

a/b � 1 and kb � 1� (8.85)

where, as before, a is a length-scale characterising the size of the scatterers and b

characterises the spacing between the scatterers.
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In the sequel, we discuss a number of wide-spacing approximations. We start with
an exact analysis for the one-dimensional Helmholtz equation. This is a model for
waves on a string with a number of point constraints (such as masses or springs),
which act as ‘scatterers’ [508]. Similar problems arise in the study of waves in layered
media [138]. However, we are mainly interested in applications to the scattering of
(one-dimensional) surface water waves by horizontal cylinders; see Section 8.5.2.

Then, in Section 8.5.3, we describe a paper by Karp [587], in which the integral
equations for acoustic scattering by two obstacles are solved approximately. The
method used applies in two and three dimensions. Three-dimensional water waves are
considered in Section 8.5.4; the waves themselves can be viewed as two-dimensional,
although there are three-dimensional local potential fields near each scatterer.

8.5.1 One-dimensional problems: exact theory

The governing equation is u′′�x�+ k2u�x� = 0. We consider two ‘scatterers’, one
located at x = 0 and one at x = b.

First, consider an isolated scatterer at x = 0, with a wave incident from the left.
Thus, to the left, we have u= eikx + r e−ikx, and to the right, we have u= t eikx; r is
the (complex) reflection coefficient and t is the (complex) transmission coefficient.
For simplicity, assume that the scatterer is ‘symmetric’ so that we have the same r

and t when the incident wave comes from the right as when it comes from the left.
It is easy to see that if the scatterer is moved to x = b, then the new reflection

coefficient is r e2ikb but the transmission coefficient is unchanged.
Now, consider two scatterers; again, for simplicity, assume that the scatterers

are identical. To the left, we have u = eikx +R e−ikx, and to the right, we have
u= T eikx; the goal is to calculate the two-body (complex) reflection and transmission
coefficients, R and T , respectively.

Between the scatterers, we have u=A eikx +B e−ikx, where A and B are unknown;
these give the amplitudes of the waves bouncing back and forth between the two
scatterers.

When the wave A eikx meets the scatterer at x = b, it is transmitted as tA eikx and
reflected as r e2ikb Ae−ikx. Thus

T = tA and B = r e2ikb A�

Next, consider the scatterer at x = 0; it has two waves incident upon it, namely, eikx

from the left and B e−ikx from the right. So, to the left, the total field is

eikx + r e−ikx + tB e−ikx giving R= r+ tB�

whereas to the right, the total field is

B e−ikx + t eikx + rB eikx giving A= t+ rB�
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At this stage, we have four equations for the four unknowns R, T , A and B.
Solving these equations gives

R= r+ rt2� e2ikb� T = t2�� A= t� and B = rt� e2ikb�

where �= �1− r2e2ikb�−1.
These calculations can be extended to N scatterers. Instead of doing this, we

consider two-dimensional scattering problems.

8.5.2 Two-dimensional water waves

Consider two immersed bodies; a prototype is a pair of half-immersed, fixed, hori-
zontal, parallel circular cylinders. A regular wavetrain is incident from the left, say,
inducing a reflected wave and a transmitted wave from the left-hand cylinder; these
waves are not attenuated. In addition, there is a ‘local field’ near the cylinder. This
field decays with distance from the cylinder; in fact, it decays like r−2 along the free
surface. So, if the right-hand cylinder is sufficiently far away, the local field can be
ignored, leaving only the wave transmitted from the left-hand cylinder. This wave
will be partly reflected and partly transmitted by the right-hand cylinder, again with
an associated local field. Thus, we can envisage waves bouncing back and forth along
the free surface between the two cylinders. If we assume that we know the reflection
and transmission coefficients for each cylinder in isolation, and for waves incident
from the left and from the right, we can match the propagating waves so as to derive
approximations to the two-body reflection and transmission coefficients, exactly as
in Section 8.5.1. For detailed derivations, see [905, 1138, 784, 329] and [731, §6.3].

The description above gives the two-dimensional wide-spacing approximation. It
is essentially one-dimensional; all that matters are the waves propagating along the
free surface. Note that the notion of ‘orders of scattering’ is not appropriate; in
effect, we have taken account of all orders, with respect to the propagating waves
(this is necessary, because these waves do not attenuate). As a consequence, the
wide-spacing approximation is known to be extremely effective and accurate (even
when the conditions (8.85) are violated). Indeed, it can be shown that the wide-
spacing approximation can be derived rationally by making appropriate asymptotic
approximations in a rigorous exact formulation, namely the null-field/T -matrix for-
mulation [784].

8.5.3 Karp’s 1953 paper

In the proceedings of a 1953 conference, Karp [587] gave an approximate method for
scattering by two obstacles: ‘Let them be spaced far apart compared with wavelength,
and let each subtend a small angle when viewed from a point on the other’ [587,
p. 199]; thus, in our notation, we have (8.85). Karp considered scattering by two
identical sound-soft cylinders, and he used the first-kind integral equation, (5.74).
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We shall use the Helmholtz integral equation in three dimensions for two sound-hard
obstacles (which need not be identical in shape). Partitioning as in Section 6.12.2.1,
we obtain

A11u1 +A12u2 = 2uinc�p1�� (8.86)

A21u1 +A22u2 = 2uinc�p2�� (8.87)

where pj ∈ Sj , uj is the total field on Sj , and the operator Aij is defined by (6.139).
The terms A12u2 and A21u1 give the interaction between the scatterers. Their far-field
approximations are given by (6.163) and (6.164), respectively:

�A12u2��p1�
 �1 exp �ikb̂ ·p1�� �A21u1��p2�
 �2 exp �−ikb̂ ·p2�� (8.88)

Here, the notation is as in Section 6.12.4. Thus, we have chosen two origins, O1

inside S1 and O2 inside S2; b is the position vector of O1 with respect to O2; b = �b�
and b̂ = b/b; and pj and qj have position vectors pj and qj , respectively, with respect
to Oj , j = 1�2. The constants �1 and �2 are given by

�1 = − eikb

2�b

∫

S2

u2�q�
�

�nq
exp �−ikb̂ ·q2�dsq� (8.89)

�2 = − eikb

2�b

∫

S1

u1�q�
�

�nq
exp �ikb̂ ·q1�dsq� (8.90)

Substituting the approximations (8.88) in (8.86) and (8.87) gives

A11u1 = 2uinc�p1�−�1 exp �ikb̂ ·p1�� (8.91)

A22u2 = 2uinc�p2�−�2 exp �−ikb̂ ·p2�� (8.92)

Now, suppose we can solve the following four equations,

A11U1 = 2uinc�p1�� A11V1 = exp �ikb̂ ·p1��

A22U2 = 2uinc�p2�� A22V2 = exp �−ikb̂ ·p2��

these correspond to solving two problems for the scatterer S1 in isolation, and two
for S2. Then, linearity gives

u1 = U1 −�1V1 and u2 = U2 −�2V2�

To find �1 and �2, substitute for u1 and u2 in the right-hand sides of (8.90) and
(8.89), respectively, giving two algebraic equations in �1 and �2. Solving these
equations gives Karp’s wide-spacing approximation.

We can give a physical interpretation of (8.91) and (8.92). The first of these says
that S1 is excited by the incident field, uinc, and a plane wave coming from S2.
Similarly, (8.92) says that S2 is excited by uinc and a plane wave coming from S1.
The amplitudes of the plane waves, �1 and �2, are found by solving a 2×2 system;
this ensures self-consistency.
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Evidently, Karp’s method will generalise to N scatterers; there would be N�N −1�
plane-wave amplitudes to determine, in general. For a description in the context of
electromagnetic waves, see [564, §8.37].

Karp’s method was applied in [589] to the problem of scattering by a wide gap
between two coplanar semi-infinite screens. Subsequently, more refined approxima-
tions were developed by Zitron & Karp [1382, 1383]; see also [161]. For applications
to scattering by circular cylinders, see [511, 996].

8.5.4 Three-dimensional water waves

Consider two immersed three-dimensional bodies, S1 and S2; a prototype is a pair
of fixed, half-immersed spheres. Choose Cartesian coordinates Oxyz with the mean
free surface in the xy-plane, z increasing with depth. For simplicity, suppose that the
water is deep. Take the incident wave as

	inc = e−Kz eiK�x cos�+y sin�� = e−Kz+iKr cos ��−��� (8.93)

where K =!2/g is the wavenumber, � is the angle of incidence and �r� �� are plane
polar coordinates in the xy-plane. Choose an origin Oj at �x� y� = ��j��j� in the
vicinity of Sj, and plane polar coordinates �rj� �j� at Oj , so that x= �j + rj cos�j and
y = �j + rj sin �j , j = 1�2.

Imagine the incident wave encountering the first body, S1; a diagrammatic repre-
sentation of the scattering process is given in Fig. 8.1 (a similar process is initiated
by the incident wave encountering S2). The incident wave will induce a scattered
wave, spreading out in all directions: it behaves like

r
−1/2
1 eiKr1 as r1 → �, (8.94)

on the free surface, and so is attenuated. In addition, there is a local field near the
body. This field decays like r−2

1 along the free surface. So, if the second body is
sufficiently far away, the local field can be ignored, leaving only the attenuated
scattered wave from the first body. This wave will be partly scattered to infinity ( 1

in Fig. 8.1) and partly scattered by the second body, again with an associated local
field; this is the second order of scattering, 2 . When this wave reaches the first
body, it will be of order b−1 compared with the incident field; scattering it off the first
body gives the third order of scattering, 3 . We can make one more step, to fourth
order 4 ; subsequent steps cannot be justified as they give rise to contributions that
are comparable to the neglected local fields.

There is an additional contribution at fourth order. It arises from the next term
in (8.94); specifically, when 	inc is scattered by S1 at O1, in isolation, the scattered
field is given by

	1
sc 
 I1

eiKr1

√
r1

{

f1��1���+
1
r1

g1��1���

}

as r1 → �,
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Fig. 8.1. Scattering of water waves by two widely-spaced bodies in three dimensions.
The number � above any arrow signifies a contribution of size b� , where b is the spacing.
Contributions of O�b−2� are omitted.

on the free surface, where I1 = exp�iK��1 cos�+�1 sin��� is a known phase factor,
and f1 (the far-field pattern) and g1 are assumed known. The term involving g1

gives a contribution of order b−3/2 to the second order of scattering (indicated by the
arrows pointing down in Fig. 8.1), which is comparable to the leading contribution
to the fourth order of scattering: both contributions are marked by 4 in Fig. 8.1.

The quantities f1 and g1 come from solving the single-body problem (in fact, g1

can be expressed in terms of f1; see (8.96)). f1����� gives the far-field amplitude
in the direction � for the incident wave (8.93) when S1 is located at O. We assume
that f1����� is known (or computable) for any choices of � and �.

The approach described above has been used by Greenhow [436] for a number
of hemispheres. For two hemispheres, he calculated the second order of scattering
2 , but he was ‘anxious to avoid’ calculating to third order [436, p. 299]. In fact, it

is not too difficult to calculate all the contributions in Fig. 8.1. The key to making
these calculations tractable was given by Zitron & Karp [1382] in their 1961 paper
on the multiple scattering of acoustic waves in two dimensions.

Let ��2 −�1��2 −�1�= b�cos�� sin��. Expand 	1
sc in a neighbourhood of O2, for

large b. Straightforward calculations show that

	1
sc 
 I1 eiK�b+X� b−1/2

{

f1�����+b−1 "�X�Y �
}

� (8.95)

"�X�Y �= 1

2
�iKY 2 −X�f1�����+Yf ′

1�����+g1������

where X = r2 cos ��2 −��, Y = r2 sin ��2 −�� and

f ′
1�����= ��/���f1����� evaluated at � = �;

g1 is given exactly by

2iKg1�����= 1
4
f1�����+f ′′

1 ������ (8.96)
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The expression (8.95) shows that, to leading order in b, the field scattered by S1 is
approximately a plane wave at S2, propagating in the direction from O1 to O2 and with
a known amplitude. Consequently, the scattering of this field by S2 can be calculated.

The term involving "�X�Y� in (8.95) is not a plane wave, but it can be written as
a linear combination of certain derivatives of plane waves with respect to the angle
of incidence. Thus, if

v���= exp�iKr2 cos ��2 −����

then v′��� = iKY eiKX and v′′��� = iK�iKY 2 −X� eiKX , which are precisely the com-
binations occurring in (8.95).

The leading-order plane-wave form of (8.95) is as expected from Section 8.5.3.
It was exploited in Simon’s plane-wave approximation [1104], refined in [833], and
used in [827].

8.6 Random arrangements of small scatterers; suspensions
There are three main classes of theory which may be applied to the propagation of
ultrasound in suspensions. Phenomenological theories attempt to derive average
properties for suspensions using just the relative amounts of the constituents,
ignoring the details of their spatial arrangement. In hydrodynamic theories,
the controlling factor is the viscous drag between the suspended particles and
the surrounding fluid. In scattering theories, the particles are treated as fixed
scatterers which perturb the ultrasonic field.

(Harker & Temple [479, p. 20])

We are interested here in the third class of methods, as described in the review
by Harker & Temple [479]. (For later reviews and applications to suspensions,
see [679, 820, 985, 1134, 300, 1133].) Such methods are intended to model the
propagation of waves through a random arrangement of identical spherical scatterers,
for example. We shall not discuss statistical aspects in detail, but it is of interest to
see how multiple-scattering theories enter into the story. For a review, see [368, §VI].

We start with a simplified version of Foldy’s model [354]: N small, identical
scatterers, located at the points r1� � � � � rN . Denote the configuration of points by "N =
�r1� r2� � � � � rN �. The deterministic model for multiple scattering by the configuration
"N is summarised here: the total field is given by

u�r�"N�= uinc�r�+g
N
∑

j=1

uex�rj� rj�"N�G�r− rj�� (8.97)

where g is the scattering coefficient, the exciting field uex is given by

uex�r� rn�"N�= uinc�r�+g
N
∑

j=1
j �=n

uex�rj� rj�"N�G�r− rj� (8.98)
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and uex�rn� rn�"N� is to be determined by solving the linear system obtained by eval-
uating (8.98) at r = rn. Note that uex�r� rn�"N� was denoted by un�r� in Section 8.3.

We are interested in average properties of u, with respect to changes in "N . Thus,
we need some elements of probability theory.

8.6.1 Some probability theory

Assume that, on average, there is a constant number of scatterers per unit volume,
denoted by n0. Let BN be a region of volume �BN � = N/n0, so that, on average, BN

contains N scatterers.
Let p�r1� r2� � � � � rN �dV1 dV2 · · ·dVN be the probability of finding the scatterers in

a configuration in which the first scatterer is in the volume element dV1 about the
point r1, the second scatterer is in the volume element dV2 about the point r2, and
so on, up to rN . We assume that the integral of the joint probability distribution
p�r1� r2� � � � � rN � over all configurations is normalised to unity. We also assume that
the N scatterers are indistinguishable, so that the order of the arguments of p is
irrelevant; in particular, if the scatterers are statistically independent (their locations
are uncorrelated), we have

p�r1� r2� � � � � rN �= p�r1�p�r2� · · ·p�rN ��
In the absence of any other information, the probability of finding a particular

scatterer in dV1 at r1 is

p�r1�dV1 = dV1

∫

· · ·
∫

p�r1� r2� � � � � rN �dV2 · · ·dVN�

where each volume integration is over BN . As each of the N scatterers is equally
likely to occupy dV1, the density of scatterers at r1 is

Np�r1�= n0� (8.99)

The joint probability of finding the first scatterer in dV1 and the second in dV2 is
given by

p�r1� r2�dV1 dV2 = dV1 dV2

∫

· · ·
∫

p�r1� r2� � � � � rN �dV3 · · ·dVN �

We have

p�r1� r2�= p�r1�p�r2�r1��

which defines the conditional probability p�r2�r1�. Combining (8.99) with the nor-
malisation condition gives

1 =
∫ ∫

p�r1� r2�dV1 dV2 = n0

N

∫ ∫

p�r2�r1�dV1 dV2� (8.100)
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The configurational (or ensemble) average of a quantity f�r�"N� is defined by

�f�r��N =
∫

· · ·
∫

p�r1� r2� � � � � rN � f�r�"N�dV1 · · ·dVN� (8.101)

where the subscript N on the left-hand side indicates that the integration is over N
copies of the volume BN . Similarly, the partial average with one or more scatterers
held fixed is obtained by averaging over the appropriate conditional probability:
thus, �f�r�r1��N−1, the average of f�r�"N� over all configurations for which the first
scatterer is fixed at r1, is given by

�f�r�r1��N−1 =
∫

· · ·
∫

p�r2� � � � � rN �r1� f�r�"N�dV2 · · ·dVN � (8.102)

8.6.2 The ensemble average of u

Let us try to compute the ensemble average of u, �u�N . From (8.97), we multiply by
p�r1� r2� � � � � rN � and integrate (according to (8.101)), giving

�u�r��N = uinc�r�+g
N
∑

j=1

∫

· · ·
∫

p�r1� r2� � � � � rN �

×uex�rj� rj�"N�G�r− rj�dV1 · · ·dVN � (8.103)

But p�r1� r2� � � � � rN �= p�rj� p�r1� � � � � rj−1� rj+1� � � � � rN �rj� and

�uex�r� rj�rj��N−1
=
∫

· · ·
∫

p�r1� � � � � rj−1� rj+1� � � � � rN �rj�

×uex�r� rj�"N�dV1 · · ·dVj−1dVj+1 · · ·dVN�

whence (8.103) becomes

�u�r��N = uinc�r�+g
N
∑

j=1

∫

�uex�rj� rj�rj��N−1
p�rj�G�r− rj�dVj

= uinc�r�+gn0

∫

�uex�r
′� r′�r′��N−1 G�r− r′�dV�r′�� (8.104)

where we have used (8.99) and the indistinguishability of the scatterers.
Having examined the right-hand side of (8.104), we next try to compute the partial

average �uex�r� rn�rn��N−1. From (8.98), we multiply by

p�r1� � � � � rn−1� rn+1� � � � � rN �rn�
= p�rj�rn�p�r1� � � � � rj−1� rj+1� � � � � rn−1� rn+1� � � � � rN �rj� rn�
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and integrate (according to (8.102)), giving

�uex�r� rn�rn��N−1 =uinc�r�+g
N
∑

j=1
j �=n

∫

p�rj�rn�

×�uex�rj� rj�rj� rn��N−2
G�r− rj�dVj

=uinc�r�+g�N −1�
∫

p�r′�rn� �uex�r
′� r′�r′� rn��N−2 G�r− r′�dV�r′��

(8.105)

In (8.105), �uex�r� rj�rj� rn��N−2
is the partial average of uex�r� rj�"N� over all con-

figurations with both rj and rn held fixed. Thus,

the fact that the exciting field with one scatterer fixed is given in terms of the
field with two scatterers fixed, is the basic difficulty encountered in the implicit
approach to multiple scattering.

(Waterman & Truell [1297, p. 515])

Repeating the argument above, keeping more and more scatterers fixed, leads to a
hierarchy of equations. If N is large, it would be far too expensive to try to solve
this hierarchy exactly. Instead, it is usual to break the hierarchy in some way.

8.6.3 Foldy’s approximation

Foldy [354, p. 111] argued that the average exciting field near a scatterer held fixed
at rj is approximately equal to the average total field near rj , provided that N is
large:

�uex�r� rj�rj��N−1

 �u�r��N for r near rj . (8.106)

When this approximation is used in (8.104), we obtain

�u�r��N = uinc�r�+gn0

∫

BN

�u�r′��N G�r− r′�dV�r′�� (8.107)

which is an integral equation for �u�N .
If we apply the operator ��2 + k2� to (8.107), recalling the definition (8.45) and

the property (H.1), we find that

��2 +k2
eff��u�N = 0� (8.108)

where

k2
eff = k2 −4�ign0/k� (8.109)

We see that keff can be interpreted as the effective complex propagation constant
for the medium: the real part gives the effective wavelength and the imaginary part
gives the attenuation.
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The two-dimensional version of (8.109) is

k2
eff = k2 −4ign̂0� (8.110)

where n̂0 is the number of scatterers per unit area. The formula (8.110) can be found
in [1200, 40], for example.

The result (8.109) was obtained by Foldy [354]. In fact, he allowed for scatterers
with a variable density n�r�, whereas we took n�r� = n0 for simplicity. For further
discussion of Foldy’s analysis, see [884, pp. 1499–1501], [541, Chapter 14], [1297,
492, 493] and some papers by Angel et al. [32, 33, 12, 40]. In particular, Foldy’s
approximation (8.106) has been studied in detail, but only for one-dimensional
problems: it can be justified in certain circumstances. See the pair of papers by
Haacke & Foldy [460] and references therein for more information.

For applications to elastic waves, see [768, 264, 265, 266, 603, 602]. For an
application of (8.110) to the ultrasonic inspection of cancellous bones, see [751].

Foldy’s theory has been used to understand the propagation of sound through
bubbly liquids; see, for example, [1242, §4]. For more information on this problem,
see [393, 291, 227, 1053, 1054, 1355, 492, 570].

8.6.4 Lax’s approximation

Lax [688] suggested breaking the hierarchy obtained in Section 8.6.2 at the next
level. For finite N , this approximation, which is known as the quasi-crystalline
approximation (QCA), is

�uex�r� rj�rj� rn��N−2 
 �uex�r� rj�rj��N−1� (8.111)

Thus, writing vN �r�= �uex�r� r�r��N−1 in (8.104) and (8.105), we obtain

�u�r��N = uinc�r�+gn0

∫

BN

vN �r
′�G�r− r′�dV�r′�� (8.112)

vN �r�= uinc�r�+g�N −1�
∫

BN

p�r′�r� vN �r′�G�r− r′�dV�r′�� (8.113)

Equation (8.113) is an integral equation of the second kind for vN ; once solved, the
average (coherent) field is given by (8.112).

In order to use (8.113), we have to specify p�r2�r1�, consistent with (8.100). Also,
we want to ensure that scatterers do not overlap. For scatterers of diameter 2a, a
simple choice (involving a parameter b) is

p�r2�r1�= p0 H�R12 −b� with b ≥ 2a� (8.114)
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where H�x� is the Heaviside unit function, R12 = �r1 − r2� and p0 is a constant
determined by (8.100). In three dimensions, we obtain

p0 =
{

�BN �− 4

3
�b3

}−1


 n0/N� (8.115)

assuming that b3n0/N � 1. (The same approximation holds in two dimensions.)
The equality in (8.115) assumes that the ‘hole’ at r1 of radius b does not cut the
boundary of BN . Evidently, taking this possibility into account would not change the
approximation p0 
 n0/N .

8.6.5 A scattering problem

The scattering problem leading to (8.107) or (8.113) is complicated. However, if we
are mainly interested in obtaining approximations to keff , we can simplify the geome-
try. Thus, let BN be a rectangular box, defined by �x� < �N , �y� < �N and 0 < z < �N ,
with �N = �N/�4n0��

1/3; eventually, we let N → �. Then, we can consider the fol-
lowing scattering problem. The semi-infinite region z < 0 is filled with a homoge-
neous compressible fluid. The semi-infinite region z > 0 contains the same fluid and
many scatterers; for definiteness, we suppose that the scatterers are identical spheres
of radius a. A plane wave, defined by (8.6), is incident from z= −�; thus

uinc = exp �ikr · �̂��

with �̂ · ẑ> 0 and ẑ = �0�0�1�. There will be a reflected wave field and a transmitted
wave field. Within the inhomogeneous half-space, away from the ‘interface’ at z= 0,
we expect to see a plane wave, on average, propagating towards z= +�. This wave
should have the form

exp �ikeffr · �̂��

where the unit vector �̂ gives the direction of propagation, �̂ · ẑ ≥ 0 and Im keff > 0:
the wave decays (attenuates) as z → �. The goal is to calculate keff . We should
expect that keff depends on the various parameters of the problem except the angle
of incidence, �inc, defined by �̂ · ẑ = cos�inc. If keff were to depend on �inc, then we
could not regard keff as being the effective wavenumber: we hope to replace the
complicated scattering medium by an ‘equivalent’ homogeneous, isotropic medium,
at least if we are not too close to z= 0.

One way to tackle the scattering problem described above is to start with an
exact formulation for scattering by N obstacles, such as the multipole method of
Section 4.8 for scattering by N spheres; then perform ensemble averaging, invoking
one of the closure approximations, such as the QCA; then let N → �; and then
derive some equations which determine keff . Clearly, there are many choices to be
made, and some of these are open to criticism. Nevertheless, progress has been made,
as described next.
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8.6.6 Finite-size effects

As before, we restrict ourselves here to spherical scatterers of radius a. It is common
to express keff in terms of the volume fraction, 	; for spheres,

	= 4

3
�a3n0�

and then Foldy’s estimate (8.109) becomes

�keff/k�
2 = 1−3i	�ka�−3g� (8.116)

Many papers have been written with the aim of generalising this formula to non-
isotropic scattering, to scatterers of finite size, and to scatterers with correlated
locations. Some of these are mentioned below.

We can solve the problem of scattering by one sphere, exactly, using the method
of separation of variables; see Section 4.6. Specifically, for an incident plane wave,
we have

uinc = eikz =
�
∑

n=0

�2n+1� injn�kr�Pn�cos���

and then we can write the scattered field as

usc =
�
∑

n=0

�2n+1� inBn hn�kr�Pn�cos���

(The coefficients Bn are determined by the boundary conditions on the sphere.) In
particular, the far-field pattern is defined by (4.44) and (4.45) as

f���=
�
∑

n=0

�2n+1�Bn Pn�cos���

Thus, the forward-scattering amplitude is

f�0�=
�
∑

n=0

�2n+1�Bn

and the back-scattering amplitude is

f���=
�
∑

n=0

�2n+1� �−1�n Bn�

Waterman & Truell [1297] began with the scattering problem of Section 8.6.5,
for normal incidence (�inc = 0). They used Foldy’s closure assumption (8.106) for
an uncorrelated distribution of finite-sized scatterers and obtained the formula

(

keff

k

)2

=
[

1− 3i	
2�ka�3

f�0�
]2

+
[

3	
2�ka�3

f���

]2

(8.117)

= 1−3i	�ka�−3 f�0�+ 9
4
	2�ka�−6Q�f�� (8.118)
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where

Q�f�= �f����2 − �f�0��2� (8.119)

Twersky [1200] considered oblique incidence, and obtained (8.118) with

Q�f�= [

�f��−2�inc��
2 − �f�0��2

]

sec2 �inc� (8.120)

Javanaud & Thomas [554] considered normal incidence and obtained the formula
Q�f� = �f���− f�0��f�0�. Ye & Ding [1355] obtained Q�f� = −2�f�0��3; this
approximation is discussed further in [492, 493, 586].

If the volume fraction is small, 	 � 1, we may discard the last term in (8.118),
and so Foldy’s approximation (8.116) is recovered provided we identify f�0� with
the scattering coefficient g; indeed, this identification is correct for small sound-soft
spheres: compare (8.9) and (8.60). In fact, the formula (8.118) with Q= 0 was given
by Fermi in his lectures on nuclear physics [342, p. 202]. Moreover, the formula
(8.117) was obtained by Urick & Ament in 1949 [1221], using a different argument.

Lloyd & Berry [742] showed that the correct expression for Q is

Q�f�= −�f����2 + �f�0��2 +
∫ �

0

1
sin ��/2�

d
d�

{

�f����2
}

d�� (8.121)

(The integral can be evaluated explicitly in terms of the coefficients Bn, using the
linearisation formula for Legendre polynomials (B.10) and the formula

∫ 1

−1

1√
1−x

P ′
n�x�dx =

{

n
√

2� when n is even,
�n+1�

√
2� when n is odd.)

The method of Waterman & Truell [1297] was extended to electromagnetic waves by
Mathur & Yeh [811] and subsequently criticised and corrected by Lloyd & Berry [742].

Applications of (8.118) can be found in [1200, 1065, 478, 822, 599, 11], in [1185,
§34] and in [985, Chapter 4].

The two-dimensional formula for �keff/k�
2, correct to O�n̂2

0�, is

k2
eff = k2 −4in̂0f�0�+

8n̂2
0

�k2

∫ �

0
cot ��/2�

d

d�
�f����2 d�� (8.122)

This formula, which is reminiscent of the Lloyd–Berry formula [742], is derived
in [730].

8.6.7 Effective field methods and effective medium methods

The methods described above, starting with Foldy [354] and Lax [688], are realisa-
tions of a class of self-consistent methods known as effective field methods. In fact,

it is possible to point out two main underlying ideas of self-consistency: the
effective field and the effective medium methods. These methods are based on
different assumptions and, generally speaking, give different results when applied
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to a given composite medium. � � � It is necessary to emphasize that the hypotheses
of the methods are introduced in a heuristic manner and the resulting models and
theories are only approximations. That is why it is difficult to evaluate ad hoc
the region of their validity. Only the comparison of the theoretical predictions
with experimental data or with exact solutions (when and if such exist) allows
us to estimate the regions where the methods yield reliable results.

(Kanaun [581, p. 243])

The basic hypotheses of effective field methods are as follows [581, p. 246].

EFM1. Each scatterer in the heterogeneous medium behaves as if isolated and
immersed in the original homogeneous medium (outside the scatterers).

EFM2. The effective (exciting) field which acts on each scatterer represents a
plane wave, one and the same for every scatterer.

Higher-order statistics, describing the spatial distribution of the scatterers, can be
incorporated into effective field methods. For example, one could use Lax’s QCA,
(8.111), and then make specific assumptions concerning the form of the conditional
probability remaining, p�r2�r1�, depending on what is known about how the scatterers
are correlated.

For applications of effective field methods in acoustics, see [346, 1192, 1245,
755, 1109] in three dimensions and [123, 1251, 1243, 122, 1108, 736, 737] in two
dimensions. For applications in elastodynamics, see [767, 1324, 1246, 1247]. For
applications in electromagnetics, see [1244, 1257, 140, 581, 1189, 951, 952]. Many
of the papers by the Varadans and their colleagues make use of T -matrix methods
to accommodate non-spherical scatterers; for reviews, see [756, 1254].

Twersky has used his multiple-scattering theory (outlined in Section 6.13) to
analyse scattering by random arrangements of scatterers. See, for example, [1200,
1204, 1211, 1212, 1214] for acoustics and [1213] for electromagnetics. His theory
has been implemented numerically in [754, 1250]. For elastic waves, see [972].

The basic hypotheses of effective medium methods are as follows [581, p. 247].

EMM1. Each scatterer in the heterogeneous medium behaves as if isolated and
immersed in a homogeneous medium that has the (unknown) effective properties
of the actual heterogeneous medium.

EMM2. The average wavefield in the heterogeneous medium coincides with the
wavefield propagating in the homogeneous effective medium.

Several variants of these methods exist; see [581, pp. 247–250] and [583] for short
surveys, and the book by Choy [209]. In general, these variants have been intro-
duced because the results obtained using EMM1 and EMM2 are not always in good
agreement with experiments:

Multiple scattering is indeed the culprit that hinders effective medium theory and
it needs to be better understood � � �

(Choy [209, p. 73])
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For a heterogeneous medium containing a distribution of spheres of radius a, we
consider the following acoustic ‘coated-sphere problem’: surround a typical sphere
0 ≤ r < a by a concentric coating, a < r < b; the actual boundary condition of the
problem (such as u = 0 for soft spheres) is imposed on r = a; within the coating,
the wavenumber is k; outside the coating, r > b, the wavenumber is keff (unknown);
transmission conditions are imposed across r = b; and the incident field is a plane
wave with wavenumber keff . This leads to what Twersky called a ‘two-space’ or
‘schizoid’ problem: the scattered wave travels in k-space whereas the incident wave
travels in keff -space; see his 1962 paper [1201], and [1204] for comparisons with
[1200]. A T -matrix method for the one-body two-space problem is given in [1284].

The coated-sphere problem is one possibility for EMM1. Given b and keff , it can be
solved exactly by separation of variables. Common choices for the radius b are b= a

(no coating) or such that �a/b�3 = 	, the volume fraction occupied by the spheres.
For EMM2, we could replace k by keff in (8.118), giving

1 = 1−3i	�keffa�
−3 feff�0�+

9
4
	2�keffa�

−6Q�feff �� (8.123)

where feff��� is the far-field pattern due to the incident wave exp �ikeffz�. Equation
(8.123) simplifies to

feff�0�= −3

4
i	�keffa�

−3Q�feff �� (8.124)

and is evidently a non-linear equation for keff . A two-dimensional version of (8.123),
with Q given by (8.119), has been used by Yang & Mal [1351] in the context
of fibre-reinforced composites; see also [582]. For extensions to elastic waves, see
[1351, 1352, 1059] for plane-strain problems and [1350, 605] for spherical inclusions.

Equation (8.124) is a realisation of EMM2. More simply, one could require

feff�0�= 0 # (8.125)

‘the effective medium should be chosen so the mean forward amplitude of the field,
scattered [by] a coated inclusion embedded in the effective medium, vanishes’ [581,
p. 249]. For some applications of (8.125), see [1156, 912].

The condition (8.125) is equivalent to the coherent potential approximation (CPA)
of solid-state physics [1379, §9.4], [422], [209, §5.2], [424, §5.4]; for the mentioned
equivalence, see, for example, [1379, p. 424]. In addition, the KKR method (see Sec-
tion 1.1.5) is often combined with the CPA; see, for example, [422, Chapter XVIII]
or [423, Chapter 12].

In formulating EMM1, we considered scattering by a single coated sphere. This
is not the only option. We could choose a (representative) cluster of N scatterers.
In particular, we could choose the entire heterogeneous medium, leading to methods
that combine the QCA and the CPA; for detailed expositions, see [281, 1186, 1189].

An interesting application of the CPA was made by Jing et al. [558]. They used
clusters of two, four and ten coated spheres to study wave propagation through
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suspensions. They found that, at low frequencies, just one (longitudinal) mode can
propagate through the suspension, but additional modes can propagate at higher
frequencies.

Many other self-consistent schemes have been developed. We mention the papers
by Berryman [91, 92], Bobeth & Diener [107], Kerr [599, 600] and Sabina et al.
[1042, 1041, 1120, 1121, 583] on elastic inclusions, and those by Schwartz et al.
[1085, 1086, 271] on suspensions. A two-dimensional (plane-strain) version of [1042]
is developed in [167]. Earlier than these is the paper by O’Connell & Budiansky [921]
on effective wave-speeds in cracked solids; see also [144, 922, 521]. Chatterjee et al.
[184] compared the effective medium method of [921] with effective field methods
and found that they agreed to order 	, but not to order 	2.

As the last part of the quotation at the beginning of this section suggests [581,
p. 243], it is difficult to justify any particular effective field or effective medium
method. Consequently, it is not surprising that controversies have arisen. For some
comparisons and criticisms, see [1085, 1086, 271, 36, 394, 395, 821, 599, 600, 37,
94, 503]. For example, [1085, footnote 15] ‘in [281, 1186, 1187, 1188, 1192], an
analog of the CPA is developed. However, the proposed equations are identical to
those formulated by Korringa and Mills [649] and have been shown to be seriously
deficient [1105]’. For comparisons with Monte Carlo simulations, see [1194, 1386].

To conclude, we recall that Keller [596] has famously classified methods for
solving problems involving random arrangements of scatterers (and other problems
of wave propagation through random media). Thus

there are two kinds of methods � � � called “honest” and “dishonest” methods
respectively. In an honest method the solution u�r�"N� is first determined for
each "N . � � �The second step � � � is to compute the mean value of u�r�"N�, as
well as its variance and other statistics. � � � In a dishonest method randomness
is utilized before u�r�"N� is determined. For example, if the mean value �u� is
sought, the original equations for u may be “averaged” to yield equations for
�u�. In such cases the averaged equations also involve terms like �u2� or �nu�.
Dishonesty enters through the assumption that �u2� = �u�2 or �nu� = �n��u�
or some similar unproved assumption. � � �Dishonest methods have the advantage
over honest ones that they simplify the problem to be solved. � � �many of the
significant and non-trivial results in the theory of wave propagation in random
media have been obtained by dishonest methods.

(Keller [596, pp. 228–229])

Subsequently, at the end of his well-known 1968 review, Frisch wrote as follows.

Even if [dishonest methods] have produced many interesting results in the past,
they are now obsolete, for using dishonest methods is like gambling: one does
not know in advance whether the result will be valid or not.

(Frisch [368, p. 188])

As it has turned out, dishonest methods continue to be used widely.



Appendices

A Legendre functions

In this appendix, we collect together various formulae concerning the associated
Legendre function Pm

n . We use the following definition (Ferrers’s definition) of this
special function.

Definition A.1 For m = 0�1� � � � � n, n = 0�1�2� � � �and −1 ≤ t ≤ 1,

Pm
n �t� = �1− t2�m/2 dm

dtm
Pn�t� = �1− t2�m/2

2nn!
dm+n

dtm+n
�t2 −1�n� (A.1)

where Pn is a Legendre polynomial. The integers n and m are called the degree and
the order, respectively.

The Legendre polynomial Pn ≡ P0
n is defined by

Pn�t� = 1
2nn!

dn

dtn
�t2 −1�n

for n ≥ 0, giving P0�t� = 1 and P1�t� = t; Pn also satisfies the recurrence relation

�n+1�Pn+1�t�− �2n+1�tPn�t�+nPn−1�t� = 0� n = 1�2� � � � �

Evaluating the right-hand side of (A.1) gives

Pm
n �t� = �1− t2�m/2

��n−m�/2�
∑

l=0

Bn�m
l tn−m−2l (A.2)

for 0 ≤ m ≤ n, where Bn�m
l is defined by (3.27). Here, �n� is the integer part of n, so

that the series terminates with a term in t1 or t0. In particular, we have

Pn�t� = 1
2n

�n/2�
∑

l=0

�−1�l�2n−2l�!
l! �n− l�! �n−2l�! t

n−2l� (A.3)
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Pm
n can also be expressed in terms of the hypergeometric function, F . A convenient

representation is (GR 8.751(1))†

Pm
n �t� = �n+m�!

�n−m�!
�1− t2�m/2

2mm! F

(

m−n�m+n+1�m+1�
1
2
�1− t�

)

� (A.4)

Definition A.1 can also be used for negative integer orders. This is equivalent to
the following definition (GR 8.752(2)):

P−m
n �t� = �−1�m

�n−m�!
�n+m�! P

m
n �t�� m = 0�1� � � � � n and n ≥ 0. (A.5)

For other integer orders, we have Pm
n �t� = 0 for �m� > n.

A consequence of (A.2) and (A.5) is

Pm
n �−t� = �−1�n+mPm

n �t� for 0 ≤ �m� ≤ n, (A.6)

which shows that

Pm
n �0� = 0 when n+m is odd. (A.7)

Two special values of note are

Pm
n �1� = 	0m and Pm

n �−1� = �−1�n 	0m� (A.8)

The associated Legendre functions can be defined for complex order, complex
degree and complex argument. However, we are only interested in positive integer
degrees (n ≥ 0), integer orders (m) and real arguments with −1 ≤ t ≤ 1.

From GR 8.733(1), we have

�1− t2�
d
dt

Pm
n �t� = �n+1�t Pm

n �t�− �n−m+1�Pm
n+1�t� (A.9)

= −nt Pm
n �t�+ �n+m�Pm

n−1�t� (A.10)

= √
1− t2 Pm+1

n �t�−mtPm
n �t� (A.11)

= − �n−m+1��n+m�
√

1− t2 Pm−1
n �t�

+mtPm
n �t� (A.12)

for 1 ≤ �m� ≤ n. From (A.9) and (A.10), we obtain GR 8.733(2):

�2n+1�t Pm
n �t� = �n+m�Pm

n−1�t�+ �n−m+1�Pm
n+1�t�� (A.13)

† This shorthand notation means equation 1 of §8.751 in the book by Gradshteyn & Ryzhik [427]. Recall
that their definition of Pm

n differs by a factor of �−1�m from (A.1).
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Eliminating tPm
n between (A.9) and (A.10) gives

�2n+1��1− t2�
d

dt
Pm
n �t� = �n+1��n+m�Pm

n−1�t�−n�n−m+1�Pm
n+1�t�� (A.14)

From (A.11), we have

√
1− t2

d

dt
Pm
n �t� = Pm+1

n �t�− mt√
1− t2

Pm
n �t�� (A.15)

whereas (A.11) and (A.12) give

2mt√
1− t2

Pm
n �t� = Pm+1

n �t�+ �n−m+1��n+m�Pm−1
n �t�� (A.16)

eliminating Pm
n between (A.15) and (A.16) then gives

2
√

1− t2
d

dt
Pm
n �t� = Pm+1

n �t�− �n−m+1��n+m�Pm−1
n �t�� (A.17)

Also, multiplying (A.16) by t gives

2m√
1− t2

Pm
n �t� = t

[

Pm+1
n �t�+ �n−m+1��n+m�Pm−1

n �t�
]

+2m
√

1− t2 Pm
n �t�� (A.18)

From (A.10) and (A.12), we obtain

�n−m+1�
√

1− t2 Pm−1
n �t� = t Pm

n �t�−Pm
n−1�t�� (A.19)

after cancelling a factor of �n+m�. Eliminating tPm
n �t�, using (A.13), then gives GR

8.733(4):

�2n+1�
√

1− t2 Pm
n �t� = Pm+1

n+1 �t�−Pm+1
n−1 �t�� (A.20)

Similarly, (A.9) and (A.11) give (replacing m by m−1)
√

1− t2 Pm
n �t� = �n+m�t Pm−1

n �t�− �n−m+2�Pm−1
n+1 �t�� (A.21)

whereas subtracting (A.10) from (A.11) gives
√

1− t2 Pm+1
n �t� = �m−n�t Pm

n �t�+ �n+m�Pm
n−1�t�� (A.22)

B Integrating a product of three spherical harmonics; Gaunt
coefficients

Consider the integral

I
m
M
n�N =

∫

�
Ym
n Y 


� YM
N d�� (B.1)
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where n, � and N are non-negative. This has been studied extensively in the quantum-
mechanics literature; for an early discussion, see [229, Chapter VI, §8]. Edmonds
[305, p. 63] proves that

I
m
M
n�N =

√

�2n+1��2�+1��2N +1�
4


(

n � N

0 0 0

)(

n � N

m 
 M

)

� (B.2)

where
(

j1 j2 j3

m1 m2 m3

)

(B.3)

is called the Wigner 3-j symbol. It is known that the 3-j symbol (B.3) vanishes unless
m1 +m2 +m3 = 0; this is consistent with (B.1), which vanishes unless m+
+M = 0
due to the orthogonality of �eim��. The 3-j symbol (B.3) also vanishes unless the
‘triangle inequalities’ �j1 − j2� ≤ j3 ≤ j1 + j2 hold. Thus, (B.2) vanishes unless there
exists a (possibly degenerate) triangle with sides of lengths n, � and N .

The 3-j symbol was introduced by the physicist E.P. Wigner in a famous widely-
circulated typescript written in 1940 but published much later [1319]. Properties of
the 3-j symbol can be found in the books by Wigner [1318, Chapter 24], Messiah
[846, Appendix C.I], Edmonds [305, §3.7], Zare [1371, Chapter 2], Brink & Satchler
[141, Appendix I], Dahlen & Tromp [250, §C.7.3] and Mishchenko et al. [870,
Appendix D].

Wigner’s 3-j symbol is related to the Clebsch–Gordan (or vector-coupling) coef-
ficient � by

(

n � N

m 
 M

)

= �−1�n+�+M

√
2N +1

��n� ��N�m�
�−M�� (B.4)

see [846, eqn (C.12)], [305, eqn (3.7.3)] or [141, eqn (3.3)]. The notation for Clebsch–
Gordan coefficients varies; see Table B.1.

An explicit formula for � was obtained by Racah [993]; it contains a finite sum
of terms, each involving many factorials. See [846, eqn (C.21)], [1, §27.9], [305,
eqn (3.6.10)] or [141, eqn (2.34)].

When m1 =m2 =m3 = 0, the 3-j symbol (B.3) vanishes unless j1 +j2 +j3 is even.
Then

(

n � N

0 0 0

)

= �−1�s s!√�2s−2n�! �2s−2��! �2s−2N�!
�s−n�! �s−��! �s−N�!√�2s+1�! � (B.5)

where n+�+N = 2s; see [846, eqn (C.23b)], [305, eqn (3.7.17)] or [250, eqn (C.220)].
In particular, we have

(

n � n+�

0 0 0

)

= �−1�n+� �n+��!
n!�!

√

�2n�! �2��!
�2n+2�+1�! �
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Table B.1. Some notations for the Clebsch–Gordan
coefficients. For others, see [305, Table 3.1], [99, p. 150]

and [141, Appendix I].

This book ��j1� j2� j3�m1�m2�m3�
Condon & Shortley [229], also [1] �j1j2m1m2�j1j2j3m3�
Rose [1028, 1029] C�j1j2j3�m1m2m3�
Messiah [846], Brink & Satchler [141] �j1j2m1m2�j3m3�
Goldberger & Watson [416] �j1� j2�m1�m2�j3�m3�
Edmonds [305] �j1 m1 j2 m2�j1 j2 j3 m3�
Biedenharn & Louck [99] Cj1j2j3

m1m2m3
Zare [1371] �j1m1� j2m2�j3m3�

Another useful explicit formula is

(

n � n+�

m 
 −m−


)

= �−1�n+�+m+


√

�2n�! �2��!
�2n+2�+1�!

×
√

�n+�−m−
�! �n+�+m+
�!
�n+m�! �n−m�! ��+
�! ��−
�! � (B.6)

it is given in [305, eqn (3.7.10)] and in [141, p. 138].
If we combine the known explicit formula for � with (B.4), we obtain

I
m
M
n�N = A1A2A3A4 	m+
+M�0� (B.7)

where

A1 =
√

�2n+1��2�+1��2N +1�

4

�

A2 = �−1�s+N+M s! �2s−2n�! �2s−2��!
�2s+1�! �s−n�! �s−��! �s−N�! �

A3 =
√

�n+m�! ��−
�!
�n−m�! ��+
�!

√

�N +M�! �N −M�!
�N −�+m�! �N −n−
�! �

A4 =∑

k=0

�−1�k �2s−2N�! �n−m�! ��+
�!
k! �2s−2N −k�! �n−m−k�! ��+
−k�!

× �N −�+m�! �N −n−
�!
�N −�+m+k�! �N −n−
+k�! �

and 2s = n+ �+N . The summation is over those k for which the factorials have
non-negative arguments. (If desired, an explicit formula for the general 3-j symbol
can be obtained by combining (B.2), (B.5) and (B.7).)
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Now, the generalised hypergeometric function 3F2 is defined by [52]

3F2

[

a1� a2� a3� z

b1� b2

]

=
	
∑

k=0

�a1�k�a2�k�a3�k
�b1�k�b2�k

zk

k! �

where �a�k = a�a+1��a+2� · · · �a+k−1� is Pochhammer’s symbol; by definition,
�a�0 = 1. Note that

�n�k = �n+k−1�!
�n−1�! and �−n�k = �−1�k

n!
�n−k�! �

where n is a positive integer and k ≥ 0. Hence

A4 = 3F2

[

N −n−�� m−n� −�−
� 1
N −�+m+1� N −n−
+1

]

�

Rose [1028, eqn (B.2)] gave a similar formula for � . These formulae can be trans-
formed into many equivalent forms [52, Chapter 3]. For a detailed discussion and
further references, see [100, Chapter 5, Topic 11].

Another way of viewing (B.1) is via the formula

Pm
n �x�P



� �x� =∑

q

�̃�n�m���
�q�Pm+

q �x�� (B.8)

which is the linearisation formula for products of associated Legendre functions. The
summation is finite; it runs from q = q0�n�m���
� to q = �n+ �� in steps of 2,
where q0 is defined by (3.74). Use of (3.10) gives

�̃�n�m���
�q� = 2q+1

2
�q−m−
�!
�q+m+
�!

×
∫ 1

−1
Pm
n �x�P



� �x�P

m+

q �x�dx (B.9)

= �q+ 1
2
��−1�m+


∫ 1

−1
Pm
n �x�P



� �x�P

−m−

q �x�dx�

The coefficient �̃ is related to the Gaunt coefficient � (defined by (3.71)) by (3.72).
It follows that

I
m
M
n�N = 	m+
+M�0 �−1�M

√

�2n+1��2�+1�

4
�2N +1�

×
√

�n−m�! ��−
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�! �N +M�! �̃�n�m���
�N�
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Also, in terms of the Clebsch–Gordan coefficient � , we have

��n�m���
�N� =
√

�2n+1��2�+1�

4
�2N +1�

×��n� ��N�0�0�0���n� ��N�m�
�m+
��

The special case of (B.8) with 
 = −m has been discussed by Bruning & Lo
[145]; they give recursion relations for �̃�n�m���−m�q�. Another special case is
given next; see also [31, Corollary 6.8.3].

Example B.1 (Linearisation formula for Legendre polynomials) If we set m =

 = 0 in (B.8), we obtain

Pn�x�P��x� =∑

q

�2q+1�
(

n � q

0 0 0

)2

Pq�x�� (B.10)

where the summation is from q = �n−�� to q = n+� in steps of 2, and the Wigner
3-j symbol is given explicitly by (B.5).

It is common to refer to �̃ as a Gaunt coefficient, because Gaunt [396] published a
detailed investigation of the integral on the right-hand side of (B.9) in 1929. (We shall
always refer to � as a Gaunt coefficient.) Gaunt [396] gave various expressions for
�̃, including some special cases where he wrote �̃ as a generalised hypergeometric
function 3F2 with argument 1, which he evaluated using some results of Ramanujan
as described by Hardy [477]; see also [88, Chapter 10]. Gaunt [396] also cited a paper
by J.C. Adams [8] from 1878 on the special case m = 
 = 0, where the integrand in
(B.9) reduces to the product of three Legendre polynomials. (Adams is famous for his
calculations in 1845 predicting the existence of the planet Neptune.) In fact, Adams [9,
pp. 398–400] evaluated �̃�n�m���
�q� in general, although his results are not widely
known. They were published posthumously, and edited by his brother, W.G. Adams:

[It] has been no easy task to piece together into this connected whole the detached
portions of the work which were delivered into my hands, without any explanation
as to any part of them or as to their connection with one another � � �

(Adams [9, p. xxviii])

C Rotation matrices
So, round and around and around we go.
Where the world’s headed, nobody knows.
Oh, great googalooga, can’t you hear me talking to you?
Just a ball of confusion.

(‘Ball of confusion’, N. Whitfield & B. Strong, 1970)

Suppose that a set of Cartesian axes Oxyz is rotated into axes Ox′y′z′. This can
be specified in various ways (using direction cosines, for example), but the most
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economical way is to use three Eulerian angles, �, � and �. To effect the rotation,
one does three successive finite rotations, as follows.

(i) Rotate anti-clockwise by � about the z-axis. This takes the y-axis into a new
line called the line of nodes.

(ii) Rotate anti-clockwise by � about the line of nodes. This takes the z-axis into
the z′-axis.

(iii) Rotate anti-clockwise by � about the z′-axis. This takes the line of nodes into
the y′-axis.

This process is described in books on mechanics, such as [1316, §10] and [417,
§4-4], and in books on angular momentum in the context of quantum mechanics;
see, for example, [1029, §13], [305, §1.3], [1371, §3.2] or [141, §2.4].

The prescription ‘anti-clockwise’ needs a little more precision. Both sets of axes,
Oxyz and Ox′y′z′, are right-handed. Draw the axes Oxy on paper, with the z-axis
pointing up, out of the paper. Then, rotating Oxy anti-clockwise in the plane of the
paper defines an anti-clockwise rotation about the z-axis. Similarly, for a rotation
about the x-axis (y-axis), draw Oyz (Ozx) on paper with the x-axis (y-axis) pointing
out of the paper.

We are especially interested in the effect of rotations on spherical harmonics.
Specifically, we have

Ym
n �r̂′� =

n
∑

l=−n

Dml
n �������Y l

n�r̂�� (C.1)

where the rotation matrix D��� with entries Dml
n is to be found. We use the notation

� = ������� where convenient.
The form of this expansion is clear: if we multiply by r ′n = rn, we see that we are

expanding a harmonic polynomial of degree n on the left in terms of a basis of such
polynomials on the right; see Section 3.4.

An explicit formula for D can be given. Derivations are given in [1029, Appendix II]
and [555], and in the appendix to Chapter 7 of [243]; this latter appendix was pre-
pared by W. Magnus based on notes of G. Herglotz. Other derivations in the context
of quantum mechanics are also available; see, for example, [305, §4.1] or [1371,
§3.5].

Before giving formulae for D, consider rotations in the plane. Evidently, if axes
Oxy are rotated into Ox′y′ by an angle �, and if the corresponding polar angles are
� and �′, we have � = �′ +� so that

eil�′ = e−il�eil��

As the first rotation is about the z-axis, it follows that

Dml
n ������� = e−il�

˜Dml
n ������
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say. Similarly, the third rotation is about the z′-axis, so that we can write

Dml
n ������� = e−il� dml

n ��� e−im�� (C.2)

say, where dml
n are the entries in a reduced matrix d���.

We can deduce some properties of D��� directly. Thus, if we replace m by −m

and l by −l in (C.1), and use (3.7), we find that

Dml
n ��� = �−1�m+lD−m�−l

n ����

whence (C.2) gives

dml
n ��� = �−1�m+ld−m�−l

n ���� (C.3)

As D is a rotation matrix, it has two general properties. First, a rotation can be
reversed by reversing the steps, so that

[

Dml
n �������

]−1 = Dml
n �−��−��−���

Second, the rotation matrix must be a unitary matrix, so that D−1 = DT . Comparing
these two gives

Dlm
n ������� = Dml

n �−��−��−��� (C.4)

whence (C.2) gives

dlm
n ��� = dml

n �−��� (C.5)

Equations (C.3) and (C.5) are often called ‘symmetry relations’. The first of these
means that, without loss of generality, we can assume that m+ l ≥ 0.

Courant & Hilbert [243, p. 545] prove that

Pm
n �cos�′� eim�′ =

n
∑

l=−n

�n− l�!
�n+ l�! S

�m�l�
n Pl

n�cos�� eil�� (C.6)

where

S�m�l�
n = U�m�l�

n ��� exp �i�m− l�� − i�m+ l���

and � , � and � are related to the Eulerian angles by

� = �+�� � = 2� and � = �−��

(These relations may be proved by comparing corresponding expressions for the
3×3 orthogonal matrices that rotate one coordinate system into the other.) Once the
definition of Ym

n (Definition 3.2) has been used in (C.6), we obtain

Dml
n = �−1�m+lS�m�l�

n

√

�n+ l�! �n− l�!
�n+m�! �n−m�! �
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whence

dml
n ��� = �−1�m+lU �m�l�

n �
1
2
��

√

�n+ l�! �n− l�!
�n+m�! �n−m�! � (C.7)

Courant & Hilbert [243, pp. 544–545] give two expressions for U�m�l�
n , namely

U�m�l�
n ��� = �cos ��l+m�sin ��l−m

�n+ l�!
dn+l

dtn+l

{

tn−m�t−1�n+m
}

∣

∣

∣

∣

t=cos2 �

= �−1�n+l

(

n+m

n− l

)

�cos ��l+m�sin ��l−m

×F�l−n� n+ l+1� l+m+1� cos2 �� (C.8)

for l+m ≥ 0. As l−n ≤ 0, the hypergeometric function F is a polynomial in cos2 �.
In fact, it can be written as a Jacobi polynomial P

�a�b�
N �X�. Thus, from equations

8.960 and 8.962(1) in [427], we have

P
�a�b�
N �X� = �−1�N ��N +b+1�

N !��b+1�
F�−N�N +a+b+1� b+1�X0�

= 1
2N

N
∑

k=0

(

N +a

N −k

)(

N +b

k

)

�X−1�k�X+1�N−k�

with X0 = �1+X�/2. Comparing with (C.8), we obtain N = n−l, a= l−m, b= l+m

and X = cos 2�, whence

U�m�l�
n ��� = �cos ��l+m�sin ��l−m P

�l−m�l+m�
n−l �cos 2�� (C.9)

= cos2n �
n−l
∑

k=0

�−1�k
(

n−m

n− l−k

)(

n+m

k

)

�tan ��2k+l−m�

(The formula (C.9) can also be found in [133, §6.1] and [31, §9.14].) It follows from
(C.7) that

dml
n ��� =

n−l
∑

k=0

�−1�k+l+m�k�n�m� l�

(

cos
�

2

)2n(

tan
�

2

)2k+l−m

�

with

�k�n�m� l� =
√

�n+ l�! �n− l�! �n+m�! �n−m�!
�n− l−k�! �n+m−k�! �k+ l−m�!k! �

This result agrees with [1371, eqn (3.57)]. It holds for l+m ≥ 0; for other values
of l and m, we can use (C.3). Note also that dml

n is real so that the overbars can be
removed from (C.3) and (C.5). In particular, (C.5), (C.7) and (C.9) give

dlm
n ��� = U�m�l�

n �
1
2
��

√

�n+ l�! �n− l�!
�n+m�! �n−m�! �
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which agrees with d
�n�
lm in [305, eqn (4.1.23)]. Guseinov [454] advocates writing

�k�n�m� l� =
[(

2n
n+ l

)/(

2n
n+m

)]1/2(
n−1
k

)(

n+1
k+1−m

)

and then computing the binomial coefficients directly.
As a special case of (C.9), we have

U�0�l�
n

(

1

2
�

)

=
(

1
2

sin�
)l

P
�l�l�
n−l �cos�� = n!

�n+ l�! P
l
n�cos���

whence

D0l
n = �−1�l

√

�n− l�!
�n+ l�! P

l
n�cos�� e−il� =

√

4

2n+1

Y l
n������

Although we have explicit formulae for dml
n and Dml

n , they can also be computed
using recursion relations; see [1326, §VI], [418, 763, 208, 448] and [250, §C.8.5].

D One-dimensional finite-part integrals
Is it possible to obtain the required result without having recourse to this finally
useless mediation?

I thought it worth while to attain this, though we cannot do so without intro-
ducing a rather paradoxical notion which I shall now speak of.

(Hadamard [466, p. 133])

A numerical value may be assigned to a divergent integral in various ways. For
example, we have

∫ 1

−1

dt
t2

= −2 (D.1)

if we interpret the integral in the finite-part sense. Evidently, the integral on the left-
hand side of (D.1) is divergent, the integrand is positive and the assigned numerical
value is negative! Thus, intuition is not reliable when using non-standard definitions
of ‘integral’.

We shall mainly discuss integrals of the form

In�x� =
∫ b

a

f�t�

�t−x�n
dt� n = 1�2�

where a < x < b and f�t� is a given function. When the integrals are properly
defined, I1 is a Cauchy principal-value (CPV) integral and I2 is a Hadamard finite-
part integral; I1 is also called a singular integral and I2 is also called a hypersingular
integral.



334 Appendices

To be sure that In�x� exists, f�t� must have certain smoothness or continuity
properties. Classically, these are usually expressed in terms of Hölder continuity and
the function spaces Cm��. These spaces are described next.

• f is Hölder continuous, f ∈ C0��. This means that we can find positive constants
A and � so that

�f�t1�−f�t2�� < A�t1 − t2�� with 0 < � ≤ 1

for all t1 and t2 in a < t < b. Roughly speaking, functions in C0�� are smoother
than merely continuous functions, but they need not be differentiable (even if
� = 1). For example, f�t� = �t� is in C0�1 but it is not differentiable at t = 0.

• f has a Hölder-continuous first derivative, f ′ ∈C0�� or f ∈C1��. Roughly speaking,
functions in C1�� are smoother than merely differentiable functions, but they need
not have two continuous derivatives.

D.1 Cauchy principal-value integrals

Definition D.1 The Cauchy principal-value (CPV) integral of a function f is
defined, for a < x < b, by

I1�x� = −
∫ b

a

f�t�

t−x
dt = lim

�→0

{

∫ x−�

a

f�t�

t−x
dt+

∫ b

x+�

f�t�

t−x
dt
}

� (D.2)

This definition was given by Cauchy in 1822; see [1119, §3.8].
It is well known [898] that a sufficient condition for the existence of I1 is that f

be Hölder continuous, f ∈ C0��. In particular, when f ≡ 1, we obtain

−
∫ b

a

dt
t−x

= log
b−x

x−a
� a < x < b� (D.3)

The CPV integral can be regularised: for f ∈ C1, we have

−
∫ b

a

f�t�

t−x
dt = f�b� log�b−x�−f�a� log�x−a�−

∫ b

a
f ′�t� log �t−x�dt� (D.4)

This formula, which can be obtained by combining Definition D.1 with integration
by parts, shows that a CPV integral can be replaced by an ordinary improper integral,
but only if f is sufficiently smooth.

Again, if f is sufficiently smooth, I1�x� can be differentiated. Thus, if f ∈ C1��,
we can differentiate (D.4) to obtain

d
dx

−
∫ b

a

f�t�

t−x
dt = − f�b�

b−x
− f�a�

x−a
+ −
∫ b

a

f ′�t�
t−x

dt� (D.5)

for a proof, see [853, Chapter II, Lemma 6.1].
Much is known about the properties of the singular integral I1 and how to solve

singular integral equations. See, for example, [898] or the encyclopaedic book by
Mikhlin & Prössdorf [853].
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Smithies [1119, §3.8] has noted that Cauchy actually considered a generalisation
of (D.2), namely

lim
�→0

{

∫ x−�′�

a

f�t�

t−x
dt+

∫ b

x+�′′�

f�t�

t−x
dt
}

� a < x < b� (D.6)

where �′ and �′′ are given positive constants. Cauchy showed that the value of
(D.6) is

−
∫ b

a

f�t�

t−x
dt+f�x� log

�′

�′′ �

which he calls the ‘general value’ of the integral.

No serious use of this notion of the “general value” of an improper integral seems
to have been made by Cauchy or anyone else; on the other hand, the concept of
“principal value” has survived and has proved to be useful in numerous parts
of analysis.

(Smithies [1119, pp. 74–75])

In fact, these generalisations have been discussed in, for example, [534, 878], and
they have some relevance to changes of variable, especially in the context of integrals
over curves or surfaces.

D.2 Hadamard finite-part integrals

In June 1985 Sobolev told us “� � � [Hadamard’s] use of the finite part of a
divergent integral is just a great foresight. I realized its meaning only later � � �”

(Maz’ya & Shaposhnikova [818, pp. 216–217])

Definition D.2 The Hadamard finite-part integral of a function f is defined, for
a < x < b, by

I2�x� = ×
∫ b

a

f�t�

�t−x�2
dt

= lim
�→0

{

∫ x−�

a

f�t�dt

�t−x�2
+
∫ b

x+�

f�t�dt

�t−x�2
− 2f�x�

�

}

� (D.7)

This definition assumes implicitly that f is continuous at x. In fact, it is well known
[800] that a sufficient condition for the existence of I2 is that f ′ be Hölder continuous,
f ∈ C1��. In particular, when f ≡ 1, we obtain

×
∫ b

a

dt

�t−x�2
= b−a

�a−x��b−x�
� a < x < b� (D.8)

this value is always negative, and it reduces to (D.1) when a = −1, b = 1 and x = 0.
Equation (D.7) defines what might be called a two-sided finite part integral of

order 2; it is ‘two-sided’ because the singularity of the integrand is not at an end-point
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and it is ‘of order 2’ because of the exponent in the denominator. In fact, Hadamard
[466] is mainly concerned with one-sided finite-part integrals of non-integer order.

Definition D.3 Let 
 be a real number with 1 < 
 < 2. One-sided Hadamard
finite-part integrals of order 
 are defined by

×
∫ x

a

f�t�

�x− t�

dt = lim

�→0

{

∫ x−�

a

f�t�

�x− t�

dt− f�x�

�
−1��
−1

}

� (D.9)

×
∫ b

x

f�t�

�t−x�

dt = lim

�→0

{

∫ b

x+�

f�t�

�t−x�

dt− f�x�

�
−1��
−1

}

� (D.10)

These are the definitions originally introduced by Hadamard [466, §§80–87], in his
investigations into linear hyperbolic partial differential equations; see [818, §15.4].
Later, hyperbolic equations were solved using finite-part integrals in the context of
supersonic aerodynamics; see, for example, [1285, §3.4]. Bureau [160] gives many
applications and a good historical survey.

To motivate these definitions, consider
∫ x−�

a

f�t�

�x− t�

dt =

∫ x−�

a

f�t�−f�x�

�x− t�

dt+f�x�

∫ x−�

a

dt

�x− t�


=
∫ x−�

a

f�t�−f�x�

�x− t�

dt− f�x�

�
−1��x−a�
−1

+ f�x�

�
−1��
−1
� (D.11)

By adding and subtracting one term of the Taylor series of f�t� about the singular
point, we obtain an ordinary improper integral on the right-hand side of (D.11),
together with a bounded term and a term proportional to �1−
. This last term is
unbounded as � → 0 because 
 > 1. So, if we put this term on the left-hand side,
and then let �→ 0, we obtain a finite result. Thus, ‘we give a meaning to our integral
by removing fractional infinities’ at x [466, p. 136].

The definitions (D.9) and (D.10) are easily extended to larger non-integer values
of 
, provided that f is sufficiently smooth. One simply adds and subtracts more
terms from the Taylor series of f about the singular point, and then ‘removes the
fractional infinities’. The same ideas work when 
 = n, an integer, although the
resulting one-sided definitions involve log�. Hadamard [466, §83] considers these
briefly, and observes that they lead to definitions that are not independent of simple
changes of variables. The same ideas also arise in the theory of generalised functions;
see, for example, [1084, Chapter II, §2], [399, Chapter I, §§1.7 & 4] and [185, §§3.1
& 3.2].

We can also use Taylor expansions to regularise I1 and I2. Thus

−
∫ b

a

f�t�

t−x
dt =

∫ b

a

f�t�−f�x�

t−x
dt+f�x� log

b−x

x−a
� a < x < b� (D.12)
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where we have used (D.3). Note that the integral on the right-hand side is an ordinary
improper integral if f ∈ C0��. Thus, we have two regularisations of a CPV integral,
namely (D.4) and (D.12).

Similarly, using (D.3) and (D.8),

×
∫ b

a

f�t�

�t−x�2
dt =

∫ b

a

f�t�−f�x�− �t−x�f ′�x�
�t−x�2

dt

+ f�x� �b−a�

�a−x��b−x�
+f ′�x� log

b−x

x−a
� (D.13)

for a < x < b; again, the remaining integral is merely improper if f ∈ C1��. As an
alternative regularisation, we have

×
∫ b

a

f�t�

�t−x�2
dt = − f�b�

b−x
− f�a�

x−a
+ −
∫ b

a

f ′�t�
t−x

dt� (D.14)

If we compare this formula with (D.5), we obtain

d
dx

−
∫ b

a

f�t�

t−x
dt = ×

∫ b

a

f�t�

�t−x�2
dt� (D.15)

assuming that f ∈ C1��. This important formula suggests why finite-part integrals
might be useful: one can differentiate a CPV integral by simply differentiating the
integrand, provided the resulting integral is interpreted correctly. It is precisely
this direct, natural result that Hadamard wanted, without the ‘useless mediation’ via
improper integrals mentioned in the quotation at the beginning of this appendix.
In fact, we note that (D.15) is sometimes taken as the definition of a two-sided
finite-part integral of order 2.

D.3 Integrals over curves

When two-dimensional boundary-value problems are reduced to one-dimensional
boundary integral equations, integrals over curves are encountered. We have seen
(in Section 5.4) that such integrals can be reduced to integrals over intervals, by
parametrising the curves. However, we can define finite-part integrals over curves
directly.

Before doing so, let us digress to consider the classical definition of a singular
integral [853, Chapter II, Definition 2].

Definition D.4 Let ��z� be a function of a complex variable z, and let � be a
smooth contour in the z-plane. For sufficiently small � > 0, and for a fixed point
z0 ∈ � , put �� = �z ∈ � � �z− z0� ≥ ��. Then

−
∫

�

��z�

z− z0

dz = lim
�→0

∫

��

��z�

z− z0

dz�
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Thus, one removes a piece of � by drawing a circle of radius �, centred at z0. If �

is actually a segment of the real axis, this definition reduces to Definition D.1.
Now, consider finite-part integrals over curves, defined as follows.

Definition D.5 Let 
 be a function defined on a smooth curve S. For sufficiently
small � > 0, and for a fixed point p ∈ S, put

S� = �q ∈ S �� ≡ �rp − rq� ≥ ���

Then, the Hadamard finite-part integral of 
 is defined by

×
∫

S


�q�

�2
dsq = lim

�→0

{

∫

S�


�q�

�2
dsq − 
�p�

�

}

� p ∈ S� (D.16)

In discussing this definition, we should check that it supplies a finite value. Parametris-
ing S, the end-points of S� are given by

�2 = �2 = �x�t�−x�s��2 + �y�t�−y�s��2 
 �t− s�2v2�

where v�t� = ��x′�t��2 + �y′�t��2�1/2 and v ≡ v�s�. Thus, the end-points are at t =
s±�/v. So, in a neighbourhood of p, the expression inside braces on the right-hand
side of (D.16) becomes

∫ s−�/v ��t� v�t�

��t− s�v�2
dt+

∫

s+�/v

��t� v�t�

��t− s�v�2
dt− 2��s�

�


 ��s�

v

∫ s−�/v dt
�t− s�2

+ ��s�

v

∫

s+�/v

dt
�t− s�2

− 2��s�
�

�

where ��t� = 
�q�t��. Evaluating the two integrals, one finds that all the terms in
�−1 cancel, leaving a finite value as � → 0.

A form of (D.16) can be found in [113, eqn (12)].

D.4 Literature

There is a considerable literature on one-dimensional finite-part integrals. This cov-
ers analytical properties, definite integrals and numerical evaluation. Much of the
literature concerns methods for the analysis and numerical treatment of hypersingular
integral equations.

For a good table of finite-part integrals, see [594]. Fox [359] gave an early
discussion of two-sided finite-part integrals of integer order n with n > 2.

Quadrature rules of various kinds have been developed in [674, 938, 732, 136,
535, 98, 277, 309, 483]. See also the review [878].

Methods for regularising finite-part integrals have been discussed in [1168, 802,
24, 803, 187]. See also the collection [1113].

The basic one-dimensional (two-sided) hypersingular integral equation can be
written as (6.88); see Section 6.7.1. Many applications of such integral equations



E Proof of Theorem 5.4 339

are described in [789]. We also mention a paper by Erdélyi [320] in which the
(one-sided) integral equation

×
∫ x

a

u�t�

�x2 − t2�
/2
P

� �x/t�dt = f�x�� 0 < a ≤ x < b�

is solved; here, P

� is an associated Legendre function and the parameters 
 and �

are unrestricted. Hypersingular integral equations involving contour integrals have
been discussed in [791, 723].

An important special case of (6.88) is that with K ≡ 0. Then, after some simple
scaling, we obtain the dominant equation,

1



×
∫ 1

−1

u�t�

�t−x�2
dt = f�x�� −1 < x < 1�

The general solution of this equation is

u�x� = 1



∫ 1

−1
f�t� log

( �x− t�
1−xt+√�1−x2��1− t2�

)

dt+ A+Bx√
1−x2

�

where A and B are arbitrary constants; if u�−1�= u�1�= 0, it follows that A=B= 0.
This solution can be found in [1073, 1032, 419, 791].

E Proof of Theorem 5.4

For N
, we begin with the acoustic double-layer potential, defined by (5.8) for
P = �X�Y� in B. Then, parametrising S, we obtain

�D
��P� =
∫ 1

0
��t���t�P�� ��1�dt�

where �1 = �rP − rq� = {

�x�t�−X�2 + �y�t�−Y�2
}1/2

,

��t�P� = �x�t�−X�y′�t�− �y�t�−Y�x′�t�

and � ��1� = 1
2 i�k/�1�H

�1�
1 �k�1�. Choose X and Y so that P is close to the bound-

ary, along the normal at p = �x�s�� y�s��; thus, we set

X = x�s�+ �h/v�y′�s� and Y = y�s�− �h/v�x′�s�� 0 < s < 1�

where h is the distance along the normal at p and v ≡ v�s� = ��x′�s��2 + �y′�s��2�1/2.
Then, we are interested in

�N
��p� = lim
h→0

�

�h
�D
��P��

The calculation of this limit is complicated, so we begin with a simple explicit
example (for another, see Example 5.1).
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Example E.1 Take k= 0, x�t�= t and y�t�= 0, whence v= 1, X = s, Y =�= −h,
� = 
−1�−2

1 , �2
1 = �t− s�2 +h2 and

�D
��P� = − h




∫ 1

0

��t�

�t− s�2 +h2
dt = �0�h�� (E.1)

say, where 0 < s < 1. Next, suppose that � is linear, so that we can write ��t� =

��0 + �t− s��1�, where �0 and �1 are constants. Hence

�0�h� = −�0

{

tan−1 1− s

h
+ tan−1 s

h

}

− h�1

2
log

�1− s�2 +h2

s2 +h2

and so, for 0 < s < 1,

�N
��p� = lim
h→0

d

dh
�0�h� = �0

s�1− s�
−�1 log

1− s

s
� (E.2)

Now, return to (E.1), and proceed formally: differentiate with respect to h and
then set h = 0 to give

� ′
0�0� = − 1




∫ 1

0

��t�

�t− s�2
dt = −�0

∫ 1

0

dt

�t− s�2
−�1

∫ 1

0

dt

t− s
�

These integrals are divergent. However, if we interpret the first integral as a
Hadamard finite-part integral and the second as a Cauchy principal-value integral
(see Appendix D for definitions and properties), we obtain

� ′
0�0� = −�0 ×

∫ 1

0

dt

�t− s�2
−�1 −

∫ 1

0

dt

t− s
�

evaluating these, using (D.3) and (D.8), we obtain (E.2), as before.

In this example, we obtained the correct result by differentiating under the integral
sign and then interpreting the resulting divergent integral as a finite-part integral.

The proof of Theorem 5.4 proceeds by reducing the problem to a small neighbour-
hood of p = q (t = s), in which approximations can be made, leading to integrals
similar to (E.1).

To isolate the small neighbourhood of the singularity at t = s, we write �D
��P�=
D0�h�+D1�h�, where

D0�h� =
∫ s+	

s−	
��t���t�P�� ��1�dt� (E.3)

	 is small and positive and D1�h� = �D
��P�−D0�h�. For D1�h�, we can simply
differentiate with respect to h under the integral sign and then let h → 0, because
the singularity at t = s has been excluded. Thus

D′
1�0� = lim

h→0
D′

1�h� =
∫

T	

Q�s� t���t�dt�

where T	 = �0� s−	�∪ �s+	�1� and Q�s� t� is defined by (5.25).
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Next, we consider D0�h�, defined by (E.3). In this formula, we can replace � ��1�

by its asymptotic approximation for small �1, namely


−1

(

�−2
1 − 1

2
k2 log�1

)

� (E.4)

as the difference leads to non-singular integrals; indeed, the difference is continuously
differentiable at h = 0. Also, for small �t− s�, we have ��t�P� ∼ −hv. Therefore,
the main contribution coming from the logarithmic term is

k2v

2

h��h� with ��h� =

∫ s+	

s−	
��t� log�1 dt�

with derivative 1
2k

2�v/
����h�+h�′�h��. The integral ��h� is recognised as a clas-
sical harmonic single-layer potential. It is well known that ��h� is continuous at
h = 0, whereas h�′�h� → 0 as h → 0 (because �′�h� has a finite limit as h → 0).
Thus, we conclude that the term involving log�1 is continuously differentiable in h

at h = 0.
Turning to the most singular term in (E.4), we have

�2
1 
 h2 + �t− s�2v2

for small �t− s� and h. Thus, proceeding as before, we consider

−hv




∫ s+	

s−	

��t�

h2 + �t− s�2v2
dt = ��h�� (E.5)

say. Again, the difference is found to be continuously differentiable at h= 0; in other
words,

lim
h→0

�

�h

{

��t�P�

�2
1

+ hv

h2 + �t− s�2v2

}

exists, and is finite for all t, including t = s.
So far, we have only assumed that ��t� is continuous. We now assume more, and

suppose that � has a Hölder-continuous first derivative, � ∈ C1��; see Appendix D.
This means that

��′�t�−�′�s�� ≤ A�t− s�� (E.6)

for some A and �, with 0 < � ≤ 1. This condition cannot be weakened (pointwise),
as the following example shows.

Example E.2 Take ��t� = �t− s� ∈ C0�1. Then, from (E.5),

��h� = −2hv



∫ 	

0

x dx
h2 +v2x2

= − h

v

log

(

1+ v2	2

h2

)

and so

�′�h� = − 1
v


log
(

1+ v2	2

h2

)

+ 2v	2


�h2 +v2	2�
�
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The first term on the right-hand side is unbounded as h → 0.

Let us return to ��h�, defined by (E.5). As � ∈ C1��, we can integrate by parts to
give

��h� = − 1



���s+	�+��s−	�� tan−1 v	

h
+�1�h��

where

�1�h� = 1




∫ s+	

s−	
�′�t� tan−1 v�t− s�

h
dt

= 1



∫ s+	

s−	
��′�t�−�′�s�� tan−1 v�t− s�

h
dt�

the second equality follows by noting that tan−1 x is an odd function of x. Hence

� ′�h� = ���s+	�+��s−	��
v	


�h2 +v2	2�
+� ′

1�h�� (E.7)

where

� ′
1�h� = − v




∫ s+	

s−	
��′�t�−�′�s��

t− s

h2 +v2�t− s�2
dt�

The first term in (E.7) is continuous at h = 0, whereas

� ′
1�0� = − 1

v


∫ s+	

s−	

�′�t�−�′�s�
t− s

dt�

The following lemma proves that �� ′
1�h�−�′

1�0�� ≤Bh� for some positive �, whence
�′�h� is continuous at h = 0 with

�′�0� = 1

v	

���s+	�+��s−	��− 1
v


∫ s+	

s−	

�′�t�−�′�s�
t− s

dt� (E.8)

Lemma E.3 For � ∈ C1��, we have

��′
1�h�−� ′

1�0�� ≤ Bh�� (E.9)

where 0 < �< � and B is a constant.

Proof We have

� ′
1�h�−� ′

1�0� = h2

v


∫ s+	

s−	

�′�t�−�′�s�
�t− s��+1

�t− s��

h2 +v2�t− s�2
dt

for any �. Making use of Hölder’s inequality for integrals, we obtain

�� ′
1�h�−� ′

1�0�� ≤ h2

v

�I1�

1/p�I2�
1/q� (E.10)

where p > 1, p−1 +q−1 = 1,

I1 =
∫ s+	

s−	

∣

∣

∣

∣

�′�t�−�′�s�
�t− s��+1

∣

∣

∣

∣

p

dt� I2 =
∫ s+	

s−	

∣

∣

∣

∣

�t− s��

h2 +v2�t− s�2

∣

∣

∣

∣

q

dt
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and � is now restricted so that I1 and I2 exist. For I1, we use (E.6) to obtain

I1 ≤ 2Ap
∫ s+	

s
�t− s���−�−1�pdt = 2Ap	��−�−1�p+1

��−�−1�p+1
�

assuming that the denominator is positive.
For I2, we choose � and q so that �q = 1, whence

I2 = 2
∫ s+	

s

t− s

�h2 +v2�t− s�2�q
dt

≤
∫ 	

0

2x dx

�h2 +v2x2�q
= h2�1−q�

v2�q−1�
�

as q > 1. Hence, (E.10) gives (E.9) with � = 2+2�1−q�/q = 2/q.
Now, p, q and � must satisfy

�q = 1� p−1 +q−1 = 1� p > 1 and �−�−1+p−1 > 0�

With � = 2/q, these conditions become

� = 1
2
�� p = 2/�2−��� � > 0 and �−� > 0�

respectively, and so the lemma is proved.

Return now to ��h�, defined by (E.5). Differentiate with respect to h and formally
set h = 0 to give

� ′�0� = − 1

v


∫ s+	

s−	

��t�

�t− s�2
dt�

Of course, this integral does not exist. However, from (D.14), we have

− 1

v

×
∫ s+	

s−	

��t�

�t− s�2
dt = 1


v	
���s+	�+��s−	��− 1

v

−
∫ s+	

s−	

�′�t�
t− s

dt� (E.11)

As the range of integration is symmetric about t = s, we see that the right-hand
sides of (E.8) and (E.11) are equal. Therefore, combining all of the above results,
we obtain Theorem 5.4.

F Two-dimensional finite-part integrals

In this appendix, we consider integrals of the form

I�p� =
∫

�

�q�	�p� q�dsq� p ∈ ��

where 	�p� q� → 	 as q → p. Parametrising the surface patch � as in Section 5.5,
we obtain

I�p� =
∫



K�s1� s2� t1� t2���t1� t2�dt1 dt2� �s1� s2� ∈ 
 �
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where 
 is flat. Introduce plane polar coordinates �r� �� at the pole �s1� s2�, so that

t1 = s1 + r cos� and t2 = s2 + r sin �� (F.1)

Then, with �̃�r� �� = ��t1� t2�, we can write

I�p� =
∫



K�s1� s2� r� �� �̃�r� �� r dr d�� (F.2)

with a slight abuse of notation. By assumption, K → 	 as r → 0; to make this
explicit, we extract the dominant behaviour and write

K�s1� s2� r� �� = r−m Km�s1� s2� r� ���

where Km → a constant as r → 0 and m > 0. In practice, K − r−mKm may be
unbounded as r → 0, implying that K also has milder singularities at r = 0. Such
singularities can be subtracted by repeating the above procedure. Hence, we consider
kernels of the form

K�s1� s2� r� �� = r−m f��� s1� s2��

where f is called the characteristic of the corresponding operator.
If the parameter m satisfies 0 < m < 2, the corresponding kernel is said to be

weakly singular: the integral exists as an ordinary improper integral. Note that, as in
(F.2), dt1 dt2 = r dr d�, and the Jacobian r dilutes the singularity in K. In particular,
the integrand vanishes at r = 0 if 0 <m< 1. Integral operators with weakly-singular
kernels occur frequently in potential-theoretic problems involving smooth surfaces;
see, for example, [597] or [223, §2.3]. However, kernels with stronger singularities
also occur.

F.1 Cauchy principal-value integrals

Suppose that m ≥ 2. Then, I�p� does not exist as an ordinary improper integral. We
proceed by breaking 
 into three pieces,


 = �� ∪�� ∪�a�

where �� is a small circular disc with 0 ≤ r < �, �� is an annulus with � < r < a

(where a > 0 is fixed) and �a is the remaining ‘outer’ part of 
 . Clearly, the
contribution from integrating over �a is finite, and independent of �. We cut out the
small circular disc �� of radius �, centred at the pole, and consider

∫

��

K�s1� s2� r� �� �̃�r� �� r dr d� =
∫ a

�

∫ 2


0
r1−mf��� s1� s2� �̃�r� ��d� dr� (F.3)

Next, we introduce the Taylor expansion of � about the pole,

�̃�r� �� = ��t1� t2� = ��s1� s2�+ r

{

cos�
��

�t1

+ sin �
��

�t2

}

+· · · � (F.4)
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where the partial derivatives are evaluated at �t1� t2� = �s1� s2�. The leading term in
(F.4) contributes

f0�s1� s2���s1� s2�
∫ a

�
r1−mdr (F.5)

to (F.3), where

f0�s1� s2� =
∫ 2


0
f��� s1� s2�d�� (F.6)

Clearly, (F.5) is unbounded as � → 0 unless the characteristic is such that

f0�s1� s2� = 0� (F.7)

Moreover, if 2 ≤ m < 3, the contribution from the first-derivative terms in the
Taylor expansion of �, (F.4), will exist as a weakly-singular integral. For m = 2,
these considerations lead to the definition of two-dimensional Cauchy principal-value
integrals.

Definition F.1 Let 
 be a flat two-dimensional region, and let � be a function
defined on 
 . For sufficiently small � > 0, and for a fixed point �s1� s2� ∈ 
 , put


� = {

�t1� t2� ∈ 
 � r ≡ ��t1 − s1�
2 + �t2 − s2�

2�1/2 ≥ �
}

� (F.8)

Then, the Cauchy principal-value (CPV) integral of � is defined by

−
∫




f��� s1� s2�

r2
��t1� t2�dt1 dt2 = lim

�→0

∫


�

f��� s1� s2�

r2
��t1� t2�dt1 dt2� (F.9)

where f is a given characteristic and � is defined by (F.1).

For the CPV integral (F.9) to exist, it is necessary and sufficient that the characteristic
f satisfies (F.7). This result was obtained by Tricomi in 1928. (Note that (F.7) is not
satisfied if f ≡ 1.) Much is known about properties of multi-dimensional singular
integrals, such as (F.9). See, for example, the books by Mikhlin [852] and Mikhlin &
Prössdorf [853]. Three-dimensional singular integrals are discussed in Section H.2.

F.2 Finite-part integrals

If (F.7) is not satisfied, the CPV integral is not defined, but a finite value may be
assigned by extracting a finite part; see, for example, [878, Definition 3.3]. However,
such integrals seldom arise in practice.

In fact, we can define finite-part integrals for all m ≥ 2, provided � is sufficiently
smooth. For our purposes, the most useful has m = 3; this is the two-dimensional
analogue of Definition D.2.
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Definition F.2 Let 
 be a flat two-dimensional region, and let � be a function
defined on 
 . The finite-part integral of � is defined by

×
∫




f��� s1� s2�

r3
��t1� t2�dt1 dt2 = lim

�→0

{

∫


�

f��� s1� s2�

r3
�dt1 dt2

− f0

�
��s1� s2�+

[

fc

��

�t1

+fs

��

�t2

]

log�
}

� (F.10)

for �s1� s2� ∈ 
 , where f is a given characteristic, 
� is defined by (F.8), the partial
derivatives are evaluated at �t1� t2� = �s1� s2�,

fc�s1� s2� =
∫ 2


0
f��� s1� s2� cos� d��

fs�s1� s2� =
∫ 2


0
f��� s1� s2� sin � d�

and f0�s1� s2� is defined by (F.6),

In applications, it is common to find that the characteristic is independent of �,
whence Definition F.2 simplifies as follows.

Definition F.3 Let 
 be a flat two-dimensional region, and let � be a function
defined on 
 . The finite-part integral of � is defined by

×
∫




��t1� t2�

r3
dt1 dt2 = lim

�→0

{

∫


�

��t1� t2�

r3
dt1 dt2 − 2


�
��s1� s2�

}

(F.11)

for �s1� s2� ∈ 
 , where 
� is defined by (F.8).

F.3 Integrals over surfaces

All three definitions given above assume that a small circular disc �� has been cut
out from the flat region 
 . If the cut-out region is not circular, these definitions
must be modified, in general. For more details, see, for example, [853, Chapter IX,
§1.3] or [878, §3.1]. Specifically, suppose that the boundary of the cut-out region is
given by

r = �������� where lim
�→0

������ = �0���� (F.12)

Then, clearly, if �0��� is actually independent of �, the definitions remain unchanged:
in effect, the cut-out region becomes circular as � → 0. If �0 does depend on �, it
may still happen that the definitions remain unchanged and, in fact, this usually
happens when applications to boundary integral equations are being considered.

These remarks on non-circular cut-out regions become apposite when we define
finite-part integrals over surfaces. Thus, for example, we generalise Definition F.3
as follows.
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Definition F.4 Let 
 be a function defined on a smooth surface patch � . For
sufficiently small � > 0, and for a fixed point p ∈ � , put

�� = {

q ∈ � �� = �rp − rq� ≥ �
}

�

Then, the finite-part integral of 
 is defined by

×
∫

�


�q�

�3
dsq = lim

�→0

{

∫

��


�q�

�3
dsq − 2


�

�p�

}

� p ∈ �� (F.13)

Let us check that this definition does give a finite value. To do this, we have to
estimate the integral for small �. Thus, near the pole, we have

x�t1� t2� 
x�s1� s2�+ �t1 − s1�
�x

�t1

+ �t2 − s2�
�x

�t2

+ 1
2
�t1 − s1�

2 �
2x

�t1
2

+ �t1 − s1��t2 − s2�
�2x

�t1 �t2

+ 1

2
�t2 − s2�

2 �
2x

�t2
2
�

with similar Taylor approximations for y�t1� t2� and z�t1� t2�. Hence

�2 =�rp − rq�2 = �x�t1� t2�−x�s1� s2��
2

+ �y�t1� t2�−y�s1� s2��
2 + �z�t1� t2�− z�s1� s2��

2

=r2 � 2���+ r 3����+O�r4� (F.14)

as r → 0, where we have used (F.1),

 2��� = E cos2 �+F sin 2�+G sin2 �� (F.15)

 3��� = E1 cos3 �+F1 cos2 � sin �+F2 cos� sin2 �+G1 sin3 �� (F.16)

E = X1 ·X1� F = X1 ·X2� G = X2 ·X2�

E1 = X1 ·X11� F1 = 2X1 ·X12 +X2 ·X11�

G1 = X2 ·X22� F2 = 2X2 ·X12 +X1 ·X22�

Xi =
�rq
�ti

and Xij = �2rq
�ti �tj

evaluated at �t1� t2� = �s1� s2�.

The quantities E, F and G occur in the first fundamental form of differential geometry
([1146, Chapter IV, §5], [185, §6.4]). Note also that the normal vector N�p�, defined
by (5.26), is given by N�p� = X1 ×X2, whence �N�p�� = √

EG−F 2.
Now, for small �, the boundary of �� is given by �2 =�2 
 r2 2���, so that (F.12)

gives

�0��� = � 2����
−1/2� (F.17)
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We also have

1

�3
= 1

r3� 2����
3/2

− 3

2r2

 3���

� 2����
5/2

+O�r−1� (F.18)

as r → 0, using (F.14) and the binomial theorem.
The function ��t1� t2� = 
�q� has a Taylor expansion about the pole, given by

(F.4). Similarly, the element of surface area is given by

dsq = �N�q��dt1 dt2 = √
EG−F 2 dt1 dt2�

where, in this formula only, the square-root term is evaluated at �t1� t2�; this also has
a Taylor expansion about the pole. Combining these two expansions gives


�q�dsq 

{√

EG−F 2 ��s1� s2�

+ r ��c�s1� s2� cos�+�s�s1� s2� sin ��
}

r dr d�� (F.19)

where explicit expressions for �c and �s could be given but are not required here.
Next, we combine (F.18) with (F.19) to give

∫

��


�q�

�3
dsq 
 √

EG−F 2

{

��s1� s2�
∫ 2


0

1

� 2����
3/2

∫

��0

dr

r2
d�

+
∫ 2


0

���

∫

��0

dr

r
d�
}

� (F.20)

where 
��� =  
−3/2
2 ��c cos�+�s sin ��− 3

2 3 
−5/2
2 ��s1� s2�. The last inner integral

in (F.20) gives

∫

��0

dr
r


 − log ���0� ∼ − log�

as � → 0, and so the contribution involving log� is proportional to

∫ 2


0

���d� =

∫ 


0
�
���+
�
+��� d� = 0�

because 
�
+�� = −
���; this follows from (F.15), (F.16),  2�
+�� =  2��� and
 3�
+�� = − 3���. Hence, the term in log� is absent.

Next, consider the first term in (F.20). The inner integral is

∫

��0

dr
r2


 1

��0


 � 2����
1/2

�
�

using (F.17), whence

∫

��


�q�

�3
dsq = 
�p�

�

√
EG−F 2 I +O�1�
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as � → 0, where

I =
∫ 2


0

d�
 2���

=
∫ 2


0

d�

E cos2 �+F sin 2�+G sin2 �
= 2
√

EG−F 2
�

this integral can be evaluated easily using the calculus of residues, with an integral
around the unit circle in the complex z-plane, where z = ei�. This leaves a term in
�−1 that is exactly cancelled by the second term inside the braces on the right-hand
side of (F.13).

The calculation described above for �−3 generalises to other kernels. Details are
given in the paper by Schwab & Wendland [1083]; see also [361] for non-smooth
surfaces. The calculations involved can be performed using symbolic-manipulation
software, as demonstrated in [601]. Moreover, it turns out that typical opera-
tors arising from the reduction of elliptic boundary-value problems to boundary
integral equations are such that transforming from a surface patch � to a flat
region 
 does not introduce any modifications into the definitions of the vari-
ous finite-part integrals, provided that the mapping between � and 
 is sufficiently
smooth.

F.4 Literature

There is a considerable literature on Cauchy principal-value integrals, defined over
flat regions and over surfaces; the standard reference is [853]. Much of this is
concerned with properties of so-called singular integral operators [210, 173]. As
Mikhlin [852, p. 2] remarks: ‘The first important work on multidimensional singular
equations is due to Tricomi’ in 1928. He considered integrals of the form (F.9) (with
f independent of s1 and s2), established the condition (F.7), and examined the effects
of changing the shape of the cut-out region.

If we suppose that the Tricomi condition (F.7) is not satisfied, then we enter the
realm of finite-part integrals. Thus, following Schwartz [1084], we may define

×
∫




��t1� t2�

r2
dt1 dt2 = lim

�→0

{

∫


�

��t1� t2�

r2
dt1 dt2 +2
 ��s1� s2� log�

}

� (F.21)

this definition is given in [175, p. 17], together with some regularised versions and
some discussion of Definition F.3. Indeed, both (F.11) and (F.21) are special cases
of equation (II, 3; 5) on p. 44 of Schwartz’s book [1084].

Several physical problems involving thin flat screens, plates or cracks can be
reduced to a two-dimensional hypersingular integral equation of the form (6.89);
see Section 6.7.2. For information on regularisation methods and applications to
boundary element methods, see the corresponding references in Section D.4. Simple
finite-part integrals over flat regions 
 can sometimes be evaluated analytically.
Examples are linear variation of � in (F.11) over triangles [533], and integrals of
t�1 t

�
2 r

−� over convex regions, where �, � and � are integers [1264].
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G Maue’s formula

We sketch a proof of Maue’s formula (5.18). Let � by an open surface with boundary
��. For a vector field F, Stokes’s theorem gives

∫

�
n ! mi

�Fi

�xm

ds�x� =
∫

��
Fi dxi�

where !ijk is the alternating tensor, and � has been oriented in the standard way. We
apply Stokes’s theorem to the vector field

Fi = g !ijk
�

�xj

G�P�Q� = −g !ijk
�

�x′
j

G�P�Q��

where Q is at �x1� x2� x3�, P is at �x′
1� x

′
2� x

′
3� and g�x� is a smooth scalar field. We

suppose to begin with that P is not on �. Hence

∫

��
Fi dxi =

∫

�
! mi!ijkn 

�

�xm

(

g
�G

�xj

)

ds�x�

=
∫

�

{

nj

�

�xk

(

g
�G

�xj

)

−nk

�

�xj

(

g
�G

�xj

)}

ds�x��

using ! mi = !i m and !ijk!i m = 	j 	km−	jm	k . As G satisfies the Helmholtz equation,
we obtain

∫

��
Fi dxi = k2

∫

�
gnkGds�x�− �

�x′
k

∫

�
g
�G

�nq

ds�x�

+
∫

�

(

nk

�g

�xj
−nj

�g

�xk

)

�G

�x′
j

ds�x��

Next, put g = � and let P → p ∈ � to give

lim
P→p

�

�x′
k

∫

�
�
�G

�nq

ds�x� = lim
P→p

{

k2
∫

�
�nkGds�x�−

∫

��
Fi dxi

+ �

�x′
j

∫

�

jk�q�Gds�x�

}

�

where 
jk = nk ��/�xj − nj ��/�xk. The first two terms on the right-hand side are
continuous as P → p. The last term is the gradient of a single-layer potential; from
[223, Theorem 2.17], its limiting value is

±nj�p�
jk�p�+ −
∫

�

jk�q�

�G

�x′
j

ds�x��
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the sign being + (−) when n�p� points towards (away from) P. Hence, multiplying
by nk�p�, we obtain

�

�np

∫

�
��q�

�G

�nq

dsq

= k2
∫

�
nk�p�nk�q�G� dsq −nk�p�

∫

��
� !ijk

�G

�xj

dxi

+nk�p�−
∫

�

(

nk

��

�xj

−nj

��

�xk

)

�G

�x′
j

ds�x�

= k2
∫

�
n�p� ·n�q�G�p�q���q�dsq

+
∫

��
��q�n�p� · (dr×grad pG�p�q�

)

+ −
∫

�

(

n�q�×grad q�
) · (n�p�×grad pG�p�q�

)

dsq�

where we have noted that njnk
jk = 0. The line integral around �� will vanish if �
is a closed surface or if � = 0 on ��, and then we obtain Maue’s formula.

The proof given above is modelled on a paper by Epton [317]. For other proofs, see
[1320, 876, 848, 1170], [223, Theorem 2.23] and [976, §10.2]. Related regularisations
for Laplace’s equation are given in [142].

H Volume potentials

Define a volume potential W�P� by

W�P� =
∫

B
��Q�G�P�Q�dVQ�

where G�P�Q� = − exp �ikR�/�2
R�. The properties of such potentials are similar
to those of Newtonian potentials for which k = 0: thus, define

W0�P� = − 1

2


∫

B

��Q�

R
dVQ�

From [225, §8.2], we have

�" 2 +k2�W =
{

0� P ∈ Be�

2��P�� P ∈ B�
(H.1)

where Be is the region exterior to B. Also, if � is piecewise continuous, then W�P�

and its first partial derivatives are continuous everywhere in three-dimensional space;
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see, for example, [597, Chapter VI, §3], [244, Chapter IV, §1.2], [1231, §3.9], [225,
Theorem 8.1] and [405, §4.2].

H.1 Discontinuity properties

In addition to the classical results given above, we also require the behaviour of
the second derivatives of W near the boundary of B, S. As Kellogg remarks [597,
p. 156], ‘in general, the derivatives of second order will not exist. It is clear that
they cannot all be continuous, for as we pass from an exterior to an interior point
through the boundary where � is not 0, "2W0 experiences a break of 2�.’ It is this
discontinuous behaviour that interests us here.

The appropriate discontinuities can be found in [762, p. 175] and [778, p. 125].
Here, we sketch a derivation.

It is sufficient to examine the behaviour of W0�P� when ��Q� ≡ 1 and B has a
simple shape. To see this, we write

W�P� =
∫

B
��Q�

{

G�P�Q�+ 1

2
R

}

dVQ −
∫

B\B1

��Q�

2
R
dVQ

−
∫

B1

��Q�−��p�

2
R
dVQ +��p�W1�P�� (H.2)

where B1 ⊂ B, p ∈ �B1 ∩S, �B1 is the boundary of B1, and

W1�P� = − 1

2


∫

B1

1

R
dVQ�

We are interested in the discontinuity in certain second derivatives of W�P� as P

crosses S at p. The first three terms on the right-hand side of (H.2) have no such
discontinuities: the first term reduces the analysis to the static case, the second term
reduces the analysis to a (small) volume B1, and the third term reduces the analysis
to constant �. For B1, we take a truncated circular cylinder,

0 ≤ r ≤ a� 0 ≤ � < 2
� 0 ≤ z ≤ h�

where �r� �� z� are cylindrical polar coordinates. The base of the cylinder, z = 0,
is a tangent plane to S at p, which is itself at the origin, r = 0, z = 0. Normal
differentiation is in the negative z direction. It is also convenient to introduce local
Cartesian coordinates �x� y� z�, with x = r cos� and y = r sin �. Then, suppose that
P is at �X�Y�Z� with respect to these coordinates, and consider ��/�X�W1�P� at a
point �0�0�Z� on the z-axis; we obtain

2

�W1

�X
=
∫

B1

�

�x

(

1
R

)

dVQ = −
∫

B1

x

R3
dVQ = 0�
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by symmetry. Here, the integration point Q is at �x� y� z�. Similarly, ��/�Y�W1�P�= 0
at �0�0�Z�. Also

�W1

�Z
= 1

2


∫

B1

�

�z

(

1
R

)

dVQ =
∫ a

0

[

1

R

]z=h

z=0

r dr

=
[
√

r2 + �h−Z�2 −
√

r2 +Z2
]r=a

r=0

= �Z�− �h−Z�+√a2 + �h−Z�2 −
√

a2 +Z2�

whence

lim
Z→0+

�2W1

�Z2
− lim

Z→0−
�2W1

�Z2
= 2� (H.3)

Now, consider
[

�

�n

v

]

= lim
Z→0+

�

�Z

v− lim

Z→0−
�

�Z

v� (H.4)

where � · � is defined by (6.22) and 
v is defined by (6.19). The second term in (6.19)
is a volume potential: it does not contribute as its first derivatives are continuous
across S. The calculations above show that the only part of the first term in (6.19)
that contributes comes from

− �

�Z

∫

B

(

�e

�0

−1
)

�v

�z

( −1
4
R

)

dVQ 
 ��p�
�W1

�Z
�

where

��p� = 1
2

(

�e

�0

−1
)

�v

�np

�

Hence, (H.3) and (H.4) give (6.23).

H.2 Three-dimensional Cauchy principal-value integrals

In Section 6.4.5, we met volume integrals of the form
∫

B
��Q�

�2

�x
Q
i �x

Q
j

G�P�Q�dVQ� P ∈ B� (H.5)

where P ≡ �xP
1 � x

P
2 � x

P
3 � and Q ≡ �x

Q
1 � x

Q
2 � x

Q
3 �. These integrals exist as three-

dimensional Cauchy principal-value (CPV) integrals. To see this, it is sufficient to
examine the corresponding expressions for Newtonian potentials with ��Q� ≡ −2
,
namely

∫

B

�2

�xQ
i �xQ

j

(

1
R

)

dVQ� P ∈ B� (H.6)

the difference between (H.5) and (H.6) is an ordinary improper integral, provided
that � is Hölder-continuous.
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Introduce spherical polar coordinates �r� ���� at the pole P, so that

xQ
1 = xP

1 + r sin � cos�� xQ
2 = xP

2 + r sin � sin�� xQ
3 = xP

3 + r cos�� (H.7)

Then, as in Section F.1, break B into three pieces, B = B� ∪�� ∪�a, where B� is
a small ball with 0 ≤ r < �, �� is a spherical shell with � < r < a (where a > 0
is fixed) and �a is the remaining ‘outer’ part of B. Clearly, the contribution from
integrating over �a is finite and independent of �. We remove the ball B� of radius
�, centred at the pole, and consider

∫

��

�2

�xQ
i �xQ

j

(

1

R

)

dVQ =
∫ a

�

∫ 


0

∫ 


−

fij�����

sin �

r
d�d� dr� (H.8)

where fij is defined by

�2

�x
Q
i �x

Q
j

(

1
R

)

= − 1
R3

	ij +
3

R5
�xQ

i −xP
i ��x

Q
j −xP

j � = 1

r3
fij������

Explicitly, we have

f11 = −1+3 sin2 � cos2 �� f22 = −1+3 sin2 � sin2 ��

f33 = −1+3 cos2 �� f12 = 3 sin2 � sin� cos��

f23 = 3 sin � cos� sin�� f31 = 3 sin � cos� cos�

and fij = fji. Elementary calculations show that
∫ 


0

∫ 


−

fij����� sin � d�d� = 0� i� j = 1�2�3� (H.9)

and so the integral on the left-hand side of (H.8) vanishes for all � > 0. Thus, the
integrals in (H.5) exist as CPV integrals. These are defined as follows (cf. Defini-
tion F.1).

Definition H.1 Let � be a three-dimensional region, and let � be a function defined
on �. For sufficiently small � > 0, and for a fixed point P ∈ �, put

�� =
{

Q ∈ � � r ≡ ��xP
1 −xQ

1 �
2 + �xP

2 −xQ
2 �

2 + �xP
3 −xQ

3 �
2�1/2 ≥ �

}

�

Then, the Cauchy principal-value (CPV) integral of � is defined by

−
∫

�

f�����P�

r3
��Q�dVQ = lim

�→0

∫

��

f�����P�

r3
��Q�dVQ� (H.10)

where f is a given characteristic and ��� are defined by (H.7).

For the CPV integral (H.10) to exist, it is necessary and sufficient that f satisfies
(H.9), so that the integral of f over the unit sphere must vanish [853, Chapter IX,
Theorem 1.1].
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I Boundary integral equations for GE

Fix points P and Q in Be, and then apply Green’s theorem to GE�L�P� and G�L�Q�

with respect to the point L; as both of these are singular solutions, the result is

2GE�Q�P�−2G�P�Q� = −
∫

S
GE�l�P�

�

�nl

G�l�Q�dsl� (I.1)

If we apply the same argument, but with G�L�Q� replaced by GE�L�Q�, we deduce
that

GE�P�Q� = GE�Q�P� for all P and Q in Be, P �= Q. (I.2)

Then, combining this symmetry property with (I.1) gives

2GE�Q�P�−2G�P�Q� = −
∫

S
GE�l�Q�

�

�nl

G�l�P�dsl� (I.3)

We can obtain integral equations from the two different integral representations
for GE. First, let Q → q ∈ S in (I.1), giving

GE�q�P�+
∫

S
GE�l�P�

�

�nl

G�l� q�dsl = 2G�q�P�� (I.4)

which is a boundary integral equation for GE�q�P�; note that, for fixed P, the operator
on the left-hand side is precisely �I+K∗�. In particular, letting P → p ∈ S, we obtain
(6.135).

Second, interchange P and Q in (I.3), and then let Q → q ∈ S; the result is

GE�P�q�+
∫

S
GE�l�P�

�

�nl

G�l� q�dsl = 2G�q�P�� (I.5)

Subtracting this equation from (I.4) shows that

GE�q�P� = GE�P�q� for all P ∈ Be and q ∈ S. (I.6)

Third, let Q → q ∈ S in (I.3), giving

2GE�q�P� = 2G�q�P�−
∫

S
GE�l� q�

�

�nl

G�l�P�dsl (I.7)

(there is no jump as Q → q), which is not an integral equation. However, if we let
P → p ∈ S, we obtain

GE�q�p�+
∫

S
GE�l� q�

�

�nl

G�l�p�dsl = 2G�q�p�� (I.8)

If we interchange p and q in this equation and then subtract the result from (5.58),
we deduce that

GE�q�p� = GE�p�q� for all p and q on S, (I.9)
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whence (I.8) becomes

GE�q�p�+
∫

S
GE�q� l�

�

�nl

G�l�p�dsl = 2G�q�p�� (I.10)

Multiplying this equation by f�q� and then integrating over q ∈ S gives �I+K∗�SEf =
2Sf .

Combining (I.2), (I.6) and (I.9), we see that GE is symmetric for all locations of
the source and field points, (6.131).

Finally, we note that we can derive integral equations giving the gradient of GE

at any point P not on S, grad PG�q�P�. Thus, taking the gradient of (I.4) gives

grad PG
E�q�P�+

∫

S
grad PG

E�l�P�
�

�nl

G�l� q�dsl = 2 grad PG�q�P��

which is an integral equation for grad PG
E�q�P�. Then, (I.1) gives

2 grad PG
E�Q�P� = 2 grad PG�P�Q�−

∫

S
grad PG

E�l�P�
�

�nl

G�l�Q�dsl

for any point Q not on S.
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Born approximation, 191
boundary decomposition method, 232
bubbly liquid, 320
Burton and Miller method, 222

cancellous bones, 320
capacity, 290, 304, 306
catamaran, 149, 209
Cauchy principal-value (CPV) integrals

in one dimension, 201, 339–340
in three dimensions, 198, 358
in two dimensions, 201, 205, 349–350, 354

Chebyshev polynomials, 35, 212, 255
chiral scatterers, 18
Clebsch–Gordan coefficient, 331
clouds, 2
cluster T -matrix, 286
coated-sphere problem, 325
coherent potential approximation (CPA), 325–326
combined-field methods, 223
combined-layer methods, 221
complete set of functions, 257
conductor potential, 290
conservation of sloppiness, 91
coordinates

bipolar, 182
bispherical, 182, 300
elliptic cylindrical, 47, 151
plane polar, 31
spherical polars, 63
spheroidal, 112, 153, 278

433
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Coulomb wavefunctions, 137
crack-opening displacement, 211
cylinder functions, 34

diagonal forms, 242
direct method, 172, 176, 195, 204, 208
dishonest methods, 326
divergence theorem, 168
dock problem, 209

effective wavenumber, 319–327
effective-field methods, 323–324
effective-medium methods, 324–326
elastodynamic scattering, see scattering of elastic

waves
electric field integral equation (EFIE), 195, 199
electromagnetic scattering by

spheres, 142–143, 199–200, 249, 285, 286
spheroids, 153, 249, 255, 278, 285
thin wires, 193, 199

enhanced backscattering, 143
ensemble average, 318
Eulerian angles, 335
evanescent modes, 149
Ewald–Oseen extinction theorem, 251
exact Green’s function, 226–233, 360

for water waves, 149
extended boundary condition, 251, 255

far-field pattern, acoustics
inhomogeneous scatterers, 191
relation to T -matrix, 276
small scatterers, 289–299
three dimensions, 135, 141, 180
two dimensions, 126, 179, 235, 236

far-field pattern, elastodynamics, 203
fast multipole methods, 97, 239–245
finite-part integrals, see Hadamard finite-part

integrals
fluid–solid interaction, 21
Foldy’s approximation, 320, 322
Foldy’s method, 301, 316

generalised to non-isotropic scattering, 306
Foldy–Lax–Twersky method, 10
free-space dyadic Green’s function, 199
free-space Green’s function, 155
fundamental solution, three dimensions

acoustics, 155
bilinear expansion, 81, 215, 240, 251
integral representation, 101, 102
plane-wave expansion, 81, 101
two-centre expansion, 98, 104

elastodynamics, 200
electromagnetics, 199
water waves, 115

bilinear expansion, 116
fundamental solution, two dimensions

acoustics, 155
bilinear expansion, 40, 49
two-centre expansion, 46

elastodynamics, 200
water waves, 57

bilinear expansion, 57
Funk–Hecke formula, 73

Galerkin methods, 161, 199, 222, 270
Petrov–Galerkin method, 270–271

Gaunt coefficient, 84, 333, 334
computation, 95
definition, 84
properties, 86, 334

general polarizability tensor, 292
generalised Born series, 230
generalised multipole techniques, 249
Graf’s addition theorem for Hm�kr� eim� , 39, 47
Graf’s addition theorem for Jm�kr� eim� , 38
Green’s theorem, 168, 176

Hölder continuity, 339
Hadamard finite-part integrals, 162, 338, 348

in one dimension, 165, 211, 340–344
in two dimensions, 212, 350–354

Helmholtz integral equation, 178
Herglotz wavefunction, 236
Hobson’s theorem

in one dimension, 31
in two dimensions, 32
in three dimensions, 69

hole correction, 321
honest methods, 326
hybrid methods, 144, 150, 210
hydrometeors, 10
hypergeometric function, 329, 337

generalised, 333
hypersingular integral equation, 174, 211,

222, 343
hypersingular operator, 159–162, 165, 201, 213

imperfect interface, 21
inclusion problem, 21
independent scattering, 2
indirect method, 172, 173, 192, 202, 207
inhomogeneous scatterers

acoustics, 14, 137, 184–191
elastodynamics, 21, 204
electromagnetics, 18, 196–199
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interior Maxwell problem, 192
irregular frequencies, 173–174, 177, 192, 195,

202, 204, 208, 247, 252
methods for their elimination, 213

isotropic scattering, 289, 301, 306

Jacobi expansion, 37
Jacobi polynomial, 337

Kasterin’s 1903 thesis, 8
KKR method, 9, 325
Kleinman–Vainberg theory, 295
Kupradze 1935 thesis, 175
Kupradze matrix, 200
Kupradze method, 247
Kupradze radiation conditions, 20, 200

Lax’s QCA, 320, 324, 326
layer potentials

acoustic double-layer, 158
normal derivative, 159–162, 211

acoustic single-layer, 157, 162, 166
normal derivative, 157

elastodynamic, 200–201
electromagnetic, 191
hydrodynamic, 207

Legendre polynomial, Pn, 328
addition theorem, 66
linearisation formula, 323, 334

Legendre’s addition theorem for Pn, 66
linearisation formula for Y m

n , 84
Lippmann–Schwinger equation, 189, 284
Lloyd–Berry formula, 323
localisation, 11
localised perturbation method of Lax, 309
long-wave approximations, see low-frequency

approximations
low-frequency approximations

in three dimensions, 289–294, 300–301
one penetrable obstacle, 292
one sound-hard obstacle, 291
one sound-soft obstacle, 289, 304

in two dimensions, 294–300
one sound-hard cylinder, 298
one sound-soft cylinder, 296, 305

magnetic field integral equation (MFIE), 195, 199
magnetic polarisability tensor, 292, 308
matched asymptotic expansions, 301
matched eigenfunction expansions, 150
Mathieu functions, 48, 151
Maue’s formula, 160, 355
Maxwell’s equations, 17
method of fundamental solutions, 249

method of moments, 199, 270
Mie theory, 142
mixture problem, 14, 175
modified fundamental solutions, 213–221, 274

Neumann factor, �n, 125
Neumann’s addition theorem for J0, 37
Neumann-to-Dirichlet map, 258
Newtonian potentials, 356, 358
nodal surfaces, 224
null-field equations, 225, 251–255

irregular frequencies, 252

onion, 22, 145
orders of scattering

as an approximation, 310
connection with T -matrices, 284
for circular cylinders, 132, 134, 144
for elliptic cylinders, 152
for spheres, 139, 142, 145
for water waves, 209
Heaviside’s description, 1, 310

orientational averaging, 278

Pn, see Legendre polynomial
Pm

n , see associated Legendre function
panel method, 173, 176
partitioning, 228
penetrable scatterers, see transmission problems
plane-wave approximation, 108, 316
plane-wave expansion using

Bessel functions, 37, 125, 127
Mathieu functions, 49, 151
spherical Bessel functions, 83, 134

Pochhammer’s symbol, �a�n, 333
point scatterers, 308
point-matching, 139
principal-value integrals, see Cauchy

principal-value integrals
propagator matrix, 9

quasi-crystalline approximation, see Lax’s QCA

radiation conditions
hydrodynamics, 24
Kupradze, 20
Silver–Müller, 17
Sommerfeld, 14
two-dimensional elastodynamics, 22

radiative transfer, 10
Ramm’s method, 305
Rayleigh

1892 paper, 5
quotation, 1
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Rayleigh approximations, 289
Rayleigh hypothesis, 253, 267
Rayleigh plane-wave expansion, 83
Rayleigh surface waves, 23, 250, 255
Rayleigh–Kasterin method, 9
regularisation, 160, 339, 341–343
rotation matrices, 100, 334–338
rough surfaces, 10

scattering coefficient, 302–305
scattering matrix, 277
scattering of elastic waves by

circular cylinders, 143–145, 205, 206
cracks, 210–213, 278
elliptic cylinders, 143, 152, 205
poro-elastic spheres, 145
spheres, 143–145, 206, 231
spheroids, 206, 285

scattering of elastic waves in a half-space, 206,
278, 285

boreholes, 278, 285
buried cylinders, 145
buried spheres, 231
buried spheroids, 255
surface grooves/canyons, 145, 250

scattering of water waves by
N horizontal circular cylinders, 149
N spheres, 149
one horizontal circular cylinder, 147–148
one sphere, 148
spheroids, 209, 210
thin barriers, 147, 151, 212
two horizontal circular cylinders, 148–149, 209
two spheres, 148, 315
vertical circular cylinders, 147, 149
vertical elliptic cylinders, 152

Schenck’s method, 223–225
schizoid problem, 325
Schrödinger’s equation, 16
self-consistent methods, 4, 303, 313,

323, 326
basic framework, 4–5

SH-waves, 22
single scattering approximation, 2
singular integral equation, 195, 198, 202
singular integral operator, 201, 354
small scatterers, 288–301
Sommerfeld’s integral representation, 234
sonar, 232
spherical function, 70
spherical harmonics, Y m

n

definition, 64
form a Riesz basis, 268
integrating product of three, 331

linearisation formula, 84
orthogonality, 65

Stokes’s theorem, 161, 355
Stratton–Chu formula, 193

T -matrix
computation, 275, 277–278, 286–287
definition, 272
effect of moving the origin, 273
for electromagnetics, 277, 286
for elastodynamics, 278, 285
for N scatterers, 285
for one circular cylinder, 128
for one small scatterer, 290, 293, 300
for one sphere, 150
for two scatterers, 278–285
for water waves, 278, 285, 287
properties, 272
relation to far-field pattern, 276

T -supermatrix, 286
tesseral harmonics, 64
thermoviscous fluids, 145
time-dependent problems, 11
translation function, 97, 244
translation matrix, 9
transmission problems

acoustics, 14, 183
elastodynamics, 21, 204
electromagnetics, 18, 196

tree trunk, 22
Twersky’s method, 233–239

Ursell’s multipole potentials, 56, 147
addition theorem, 60

variational formulations, 11
vibration problem, 202
virtual mass tensor, 292
volume potentials, 185, 188, 356

Waterman–Truell formula, 322
wave-Dirichlet problem, 208
wave-power devices, 148
wavefree potentials, 55, 110, 147
wavefunctions

definition, 34
ellipsoidal, 153
elliptical, 49, 269, 278
Herglotz, 236
outgoing cylindrical, 40, 125, 127
regular cylindrical, 40, 127
spherical, 71, 258, 262, 266
spheroidal, 153, 269, 278
vector cylindrical, 54
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vector elliptical, 54
vector spherical, 108, 261
vector spheroidal, 153

weeds, 16
welded interface, 21
Whittaker functions, 137
wide-spacing approximation, 96, 107, 231, 233,

284, 301, 310–316

Wigner 3-j symbol, 85, 331–334
Wronskian for

Bessel functions, 126
spherical Bessel functions, 134, 217

Y m
n , see spherical harmonics

Záviška’s method, 131, 238
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